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Abstract

This paper studies the problem of discrepancy estimates for pseudorandom vectors con-
structed by the elliptic curve congruential generator, particularly in the non-translational case.
Two families of results are obtained. First, in a full-coset regime characterized by a relative
maximal period condition (RMPC) on an induced one-dimensional linear congruential genera-
tor, one proves bounds of type q1/2/t for the discrepancy D, the serial discrepancy Ds, and,

under the corresponding derived RMPC, the non-overlapping discrepancy D̃s. Second, in the
general sub-period regime, one reduces bounds for D, Ds, and D̃s to estimation of Fourier ℓ1

masses of admissible index sets attached to one-dimensional linear congruential generators. This
isolates the arithmetic bottleneck for further improvement.
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1 Introduction

Let E/Fq be an elliptic curve over a finite field of cardinality q with identity element O ∈ E(Fq);
here as usual E(Fq) is the group of points of E/Fq with coordinates in Fq. Fix a non-zero integer
e and a point Q ∈ E(Fq). Consider the affine iteration using the addition law on E/Fq (here in
general for any integer e then [e] is the multiplication by e map on E):

Pn+1 = [e]Pn +Q, n ≥ 0, (1)

starting from a point P0 ∈ E(Fq) (the seed); thus we have the points Pn ∈ E(Fq) for n ≥ 0 (recall
that by the Hasse bound we have |#E(Fq)−(q+1)| ≤ 2q1/2). This could be regarded as the elliptic
curve version of the linear congruential generator, or the elliptic curve congruential generator for
short (despite this name, it should be noted though that it is a highly non-linear generator, due
to the fact that the addition law of E is given by non-linear rational functions of the coordinates).
To ease notations we assume throughout the paper that P0 lies in a purely periodic orbit, and t
denotes the period, i.e. the least positive integer such that Pt = P0.

In [1] an algorithm is given for the construction of pseudorandom vectors in a unit hypercube.
The constructions are obtained from the output map when it is being applied to the orbit {Pn}n≥0

(we recall the definitions in section two; see also [2] where Monte Carlo numerical experiments are
carried out by using these pseudorandom vectors). In loc. cit. we established, in the translation
case e = 1 (in this paper we call this as case A), explicit upper bounds for the discrepancy D
(that gives quantitative measure of uniformity of distribution), the serial s-discrepancy Ds and
its non-overlapping version D̃s (that give quantitative measure of statistical independence, here
2 ≤ s ≤ t), by reducing these bounds to bounds for additive character sums over (cyclic) subgroups
of E(Fq), and then applying square-root cancellation for such sums. These discrepancies bounds in
particular justify the name pseudorandom when t ≫ q1/2+ϵ for ϵ > 0 (at least in the translational
case e = 1). In this paper we focus on the case where e ̸= 1. This presents much more serious
difficulties, though it was observed in loc. cit. that if the period is maximal, i.e. t = #E(Fq),
then the same estimate for the discrepancy D remains valid by reducing the situation to a maximal
translation orbit. However the estimation of the serial s-discrepancy Ds, and the non-overlapping
s-discrepancy D̃s remain open when e ̸= 1 (even in the case t = #E(Fq)).

The main results proved in this paper are of two kinds:

1. In a full-coset regime (Case B), the orbit does not necessarily cover E(Fq), but it covers a full
coset of a cyclic subgroup canonically attached to (e, P0, Q). In this regime one recovers bounds
of type q1/2/t as in [1].
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2. In the general sub-period regime (Case C), the orbit is a proper subset of that coset. In this
regime the discrepancy problem is reduced to the estimation of Fourier ℓ1 mass of an admissible
index set associated with a one-dimensional linear congruential generator.

The paper is organized as follows. Section 2 recalls some of the materials from [1] including
the definitions of the output map, the notion of discrepancies, relation with Walsh functions, and
exponential sums over subgroups of E(Fq). Section 3 treats the full-coset regime and proves bounds
of size q1/2/t under the relative maximal period condition. Section 4 treats the general sub-period
regime and reduces all three discrepancy problems to the estimation of Fourier masses. Section 5
analyzes the arithmetic structure of the index sequence and derives the strengthened results in the
no mixed local factors regime (see Corollary 26 of Section 5.1 for the definition).

2 Résumé from [1]

2.1 The digital output map

As usual p is the characteristic of the finite field Fq. Write

q = par

with integers a, r ≥ 1, and fix the tower of field extensions:

Fq/Fpa/Fp.

(in Monte Carlo applications one fixes a choice of a, r and p, and then put q = par). Choose an
Fpa-basis {λ1, . . . , λr} of Fq with the corresponding dual basis {λ′1, . . . , λ′r} with respect to TrFq/Fpa

,
and an Fp-basis {κ1, . . . , κa} of Fpa , with the corresponding dual basis {κ′1, . . . , κ′a} with respect to
TrFpa/Fp

. Following section 2.3 of [1], define for any η ∈ Fq and 1 ≤ j ≤ r:

ϕj(η) :=
a∑

i=1

TrFq/Fp
(ηλ′jκ

′
i)

pi
∈ [0, 1).

(here we fix {0, 1, · · · , p − 1} ⊂ Z to be the set of representatives of elements of Fp). We remark
that in the notation of [1] we have ϕj(η) = Φ(⟨η⟩j) for any η ∈ Fq and 1 ≤ j ≤ r.

Let x, y be the usual affine Weierstrass coordinates for E/Fq (with respect to a choice of affine
Weierstrass equation for E/Fq). Define

G : E(Fq) \ {O} → [0, 1)2r

by the following: for P ∈ E(Fq) \ {O}, put

G(P ) :=
(
ϕ1(x(P )), . . . , ϕr(x(P )), ϕ1(y(P )), . . . , ϕr(y(P ))

)
∈ [0, 1)2r. (2)

This is the the output map G defined in [1] (with respect to the above choices): for each P ∈
E(Fq) \ {O}, the elements x(P ) and y(P ) of Fq are expanded relative to the chosen field bases and
then converted into points of [0, 1) by base-p expansions. Thus we obtain the point G(P ) in the
unit hypercube [0, 1)2r. The output map G is easily seen to be injective.

In [1] one also assigns an output value to O, namely G(O) = (1, . . . , 1) (in fact assigning any
point in [0, 1]2r \ [0, 1)2r as a value for G(O) works equally well). This gives the (injective) output
map G : E(Fq) → [0, 1]2r
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2.2 Notation for admissible output collections

For the orbit {Pn}n≥0 of (1), which we assume as in the Introduction that it is purely periodic with
t being the period: Pt = P0, the admissible output collection P ⊂ [0, 1)2r is:

P :=
{
G(Pn)

}
0≤n<t
Pn ̸=O

.

Its cardinality is denoted as N∗.

For integers 2 ≤ s ≤ t, the admissible serial s-tuple collection, denoted by P(s) ⊂ [0, 1)2rs , is
given by: {

(G(Pn), . . . , G(Pn+s−1))
}

0≤n<t
Pn,··· ,Pn+s−1 ̸=O

with the block (G(Pn), . . . , G(Pn+s−1)) being regarded as a point of [0, 1)2rs. The cardinality of
P(s) is denoted as N∗

s .

Finally for 2 ≤ s ≤ t the admissible non-overlapping s-tuple collection, denoted by P̃(s) ⊂
[0, 1)2rs, is given by:{

(G(Pns), G(Pns+1) . . . , G(Pns+s−1))
}

0≤n<t/gcd(s,t)
Pns,Pns+1··· ,Pns+s−1 ̸=O

with the block (G(Pns), G(Pns+1) . . . , G(Pns+s−1)) again being regarded as a point of [0, 1)2rs. The
cardinality of P̃(s) is denoted as Ñ∗

s .

If the orbit {Pn}n≥0 avoids O, then N∗ = N∗
s = t, and Ñ∗

s = t/gcd(s, t). If the orbit contains O,
the admissible counts are obtained by deleting exactly those points or blocks in which O appears;
in this case we have N∗ = t− 1, N∗

s = t− s, and Ñ∗
s = (t− s)/ gcd(s, t).

Throughout the paper, any bound on discrepancy (the definition is recalled in section 2.3 below)
that involves:

P, P(s), P̃(s)

is understood under the natural assumption that the corresponding admissible point collection is
nonempty.

2.3 Point collections and discrepancy

Firstly consider in general any finite collection of points P in [0, 1)d (here d is any positive integer).
Here below we consider axis-parallel d-dimensional box of the form:

B =
d∏

j=1

[aj , bj) ⊂ [0, 1)d,

The extreme discrepancy or just discrepancy of P ⊂ [0, 1)d is

D(P) := sup
B

∣∣∣∣#(P ∩B)

#P
− vol(B)

∣∣∣∣ ,
where the supremum runs over all axis-parallel d-dimensional boxes B in [0, 1)d (it is regarded as
undefined if P is empty). We have 0 ≤ D(P) ≤ 1 and it is a quantitative measure of the uniformity
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of distribution of P with respect to the usual Lebesgue measure on [0, 1)d (the closer is D(P) to
zero, the more uniform is the distribution).

Now in general consider a finite sequence of t distinct points:

{vn}0≤n<t, vn ∈ [0, 1]d

in the unit hypercube [0, 1]d of dimension d. Denote by P ⊂ [0, 1)d the admissible collection given
by:

P = {v0, · · · , vt−1} ∩ [0, 1)d

The discrepancy of the sequence {vn}0≤n<t is then defined to be the discrepancy of P ⊂ [0, 1)d.

For 2 ≤ s ≤ t the admissible serial s-tuple collection is

P(s) :=
{
(vn, . . . , vn+s−1)

}
0≤n<t

vn,··· ,vn+s−1∈[0,1)d

where the indices are taken modulo t, and the block (vn, . . . , vn+s−1) being understood as a point
of [0, 1)ds; the corresponding serial s-discrepancy of of the sequence {vn}0≤n<t, is defined to be the
discrepancy of P(s) ⊂ [0, 1)ds.

We similarly define the admissible non-overlapping s-tuple collection as:

P̃(s) :=
{
(vns, vns+1, . . . , vns+s−1)

}
0≤n<t/ gcd(s,t)

vns,vns+1,··· ,vns+s−1∈[0,1)d

again with indices taken modulo t, and the block (vns, vns+1 . . . , vns+s−1) being understood as a
point of [0, 1)ds. The corresponding non-overlapping s-discrepancy of of the sequence {vn}0≤n<t, is

defined to be the discrepancy of P̃(s) ⊂ [0, 1)ds.

Given the finite sequence {vn}0≤n<t the discrepancy is a quantitative measure of the uniformity
of distribution (with respect to the usual Lebesgue measure of [0, 1)d), while the serial s-discrepancy
(or its non-overlapping version) is a quantitative measure of statistical independence of s successive
terms of the sequence.

2.4 Walsh function and Erdös-Turan-Koksma type inequality

We recall the base-p Walsh function system. Firstly some notations. For any non-negative integer
k we write:

k =

∞∑
i=1

k(i)pi−1, k(i) ∈ {0, 1, · · · , p− 1}

be the unique expansion of k in base p (all but finitely many of the k(i)’s are equal to zero). Next
every ξ ∈ [0, 1) has a unique base p expansion:

ξ =

∞∑
i=1

ξ(i)

pi
, ξ(i) ∈ {0, 1, · · · , p− 1}

with the condition that ξ(i) ̸= p− 1 for infinitely many i. Then define:

wk(ξ) = exp
(2πi
p

∞∑
i=1

k(i)ξ(i)
)
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We refer to k as the Walsh frequency.

In dimension d ≥ 1, for k = (k(1), · · · , k(d)) where k(1), · · · , k(d) are non-negative integers, and
ξ = (ξ(1) · · · , ξ(d)), where ξ(1), · · · , ξ(d) ∈ [0, 1), define:

wk(ξ) = wk(1)(ξ
(1)) · · ·wk(d)(ξ

(d))

We refer to k as the vector Walsh frequency, or for short, again just as Walsh frequency.

For P ⊂ [0, 1)d a (non-empty) finite set, put for Walsh frequency k:

S(wk,P) =
1

#P
∑
ξ∈P

wk(ξ)

Now fix a positive integer a and we make the assumption that for all ξ ∈ P, all the coordinates
of pa · ξ are integers. Note that this condition is satisfied with P being the admissible output
collection, or the admissible serial (or non-overlapping) s-tuple collection as in section 2.2 (with
the same value of a in section 2.1). Now with respect to this fixed value of a and the dimension
d, we let ∆d to be the set of all k = (k(1), · · · , k(d)) such that 0 ≤ k(1), · · · , k(d) < pa. Finally put
∆∗

d = ∆d \ {(0, · · · , 0)}.

We now state the Erdös-Turn-Koksma type inequality with respect to the Walsh function system
as established by Hellekalek [4]:

Lemma 1. (Corollary 4 of [4]) Let P ⊂ [0, 1)d be a finite point collection lying on the grid
{0, 1/pa, . . . , (pa − 1)/pa}d. Assume that for every nonzero Walsh frequency k ∈ ∆∗

d one has:

|S(wk,P)| ≤ B,

for some real number B. Then there is some absolute constant C0 such that:

D(P) ≤ 1−
(
1− 1

pa

)d
+B

(
C0 ln(p

a) + 1
)d
, (3)

In [4] a value of C0 is given as 2.43, or one can take C0 = 1.78 by [3, Lemma 2.1]. Note also that
the term:

1−
(
1− 1

pa

)d

is as a discretization error term.

2.5 Evaluation of Walsh function on the image of the output map

We now consider the evaluation of the Walsh function on the image of the output map G; thus the
dimension d is now equal to 2r. The value of a is as in section 2.1.

Firstly let

ψ1(z) := exp
(2πi
p

TrFq/Fp
(z)

)
, z ∈ Fq,

be the standard non-trivial additive character of Fq. Any other non-trivial additive character of Fq

is then given by ψa for some a ∈ F×
q , where ψa(z) = ψ1(a · z) for z ∈ Fq.

6



Lemma 2. For each nonzero Walsh frequency k ∈ ∆∗
2r there exists elements ηk, η̃k ∈ Fq, not both

zero, such that for all P ∈ E(Fq) \ {O}, we have:

wk(G(P )) = ψ1

(
ηk · x(P ) + η̃k · y(P )

)
.

Consequently, for any subset S ⊂ E(Fq), and the point collection

P = {G(P )}P∈S, P ̸=O,

one has
|P| · S(wk,P) =

∑
P∈S, P ̸=O

ψ1

(
ηk · x(P ) + η̃k · y(P )

)
(4)

Proof. This is a standard computation, see [1, (5.2)–(5.3)] or [3, (2.2)–(2.3)]. Explicitly with
k = (k(1), · · · , k(2r)) we have:

ηk =

r∑
j=1

a∑
i=1

k(j)(i)λ′jκ
′
i

and

η̃k =
r∑

j=1

a∑
i=1

k(r+j)(i)λ′jκ
′
i

2.6 Twisted subgroup character sums

We need the following square-root cancellation estimate of Kohel-Shparlinski [5]. Firstly Fq(E) is
the function field of E over Fq, and Fq(E) is the function field of E over Fq (the algebraic closure
of Fq). We say that an element f ∈ Fq(E) is non-degenerate, if f ̸= gp − g for any g ∈ Fq(E) (f is
thus necessarily non-constant).

Lemma 3. (Corollary 1 of [5]) Let H ⊂ E(Fq) be a subgroup, and ω be a group character of H.
For ψ a nontrivial additive character of Fq and a non-degenerate f ∈ Fq(E), we have:∣∣∣∣∣∣∣∣

∑
P∈H

f(P )̸=∞

ω(P )ψ(f(P ))

∣∣∣∣∣∣∣∣ ≤ 2 deg(f) q1/2. (5)

Moreover, if the polar divisor of f is supported on a single prime divisor of E, then∣∣∣∣∣∣∣∣
∑
P∈H

f(P )̸=∞

ω(P )ψ(f(P ))

∣∣∣∣∣∣∣∣ ≤ (1 + deg(f)) q1/2. (6)

2.7 Auxiliary facts on separable multiplication maps and poles

The following two lemmas are standard and are used repeatedly in the proofs. These concern the
geometric properties of E, i.e. of E over Fq.

Lemma 4. Let n ∈ Z. Then [n] : E → E is an isogeny of degree n2; it is separable if gcd(n, p) = 1.
Moreover:
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(i) for every A ∈ E(Fq), the translation map τA(P ) := P +A is an automorphism of E over Fq

(as a genus one curve), so in particular is of degree 1;

(ii) for every nonconstant f ∈ Fq(E),

deg(f ◦ τA) = deg(f), deg(f ◦ [n]) = n2 deg(f),

and hence
deg(f ◦ (τA ◦ [n])) = n2 deg(f);

(iii) if gcd(n, p) = 1 and f has a pole of order m at Q ∈ E(Fq), then f ◦ (τA ◦ [n]) has poles of
order m at the set [n]−1(Q−A). In particular, since [n] is separable, this set has cardinality
equal to n2 over Fq.

Proof. We work with E over Fq. It is immediate that translations are automorphisms of E (as
a genus one curve). It is also standard fact that the map [n] is an isogeny of degree n2 and is
separable whenever gcd(n, p) = 1. The degree identities follow from standard facts on morphisms
of curves and pullback of rational functions.

For part (iii), if f has a pole of order m at Q, then f ◦ τA has a pole of order m at Q − A.
Pulling back by the separable map [n] preserves the pole order at each point of the fibre and yields
exactly n2 distinct preimages.

Lemma 5. Let f ∈ Fq(E). If f has a pole whose order is not divisible by p, then f ̸= hp − h for
any h ∈ Fq(E).

Proof. We again work with E over Fq. If h has a pole of order m at some point of E(Fq), then
hp − h has a pole of order pm there, since the term hp dominates h at the pole. Therefore every
pole order of a function of the form hp − h is divisible by p. The claim follows.

3 The full-coset regime (Case B)

Throughout this section assume |e| ≥ 2 (indeed when e = −1 then the period of the orbit is at most
two and so this case could be ignored). As in the Introduction we assume that the orbit {Pn}n≥0

is purely periodic and we let t be the period.

3.1 Orbit reduction to a cyclic coset

Lemma 6 (Orbit reduction to a cyclic coset). Let {Pn}n≥0 satisfy (1). Define

βn :=
en − 1

e− 1
∈ Z (n ≥ 0; β0 = 0), R := P1 − P0 = (e− 1)P0 +Q ∈ E(Fq).

Then for all n ≥ 0,
Pn = P0 + [βn]R. (7)

In particular, the full orbit {Pn}n≥0 is contained in the coset P0 + ⟨R⟩, where ⟨R⟩ is the cyclic
subgroup of E(Fq) generated by R.

Proof. By induction on n one first obtains

Pn = [en]P0 + [βn]Q,

8



using the recursion βn+1 = eβn + 1. Subtracting P0 gives

Pn − P0 = [en − 1]P0 + [βn]Q = [βn]
(
(e− 1)P0 +Q

)
= [βn]R,

which is (7).

Lemma 7. With R as above put m = ord(R), the order of R in E(Fq). Then:

gcd(e,m) = 1.

Proof. Let d := gcd(e,m). If d > 1, then the defining recursion βn+1 = eβn + 1 gives, modulo d,

βn+1 ≡ eβn + 1 ≡ 1 (mod d) (n ≥ 0),

because d | e. Hence
βn ≡ 1 (mod d) for all n ≥ 1,

while β0 ≡ 0 (mod d). On the other hand as t is the period of the orbit we have Pt = P0, so
Lemma 6 gives

[βt]R = O.

Since ord(R) = m, it follows that m | βt, hence d | βt. This contradicts βt ≡ 1 (mod d). Therefore
d = 1.

Thus let
m := ord(R), H := ⟨R⟩ ⊂ E(Fq).

Reducing (7) modulo H, one sees that the period t of the orbit {Pn}n≥0 is equal to the period of
the sequence {βn mod m}n≥0. Moreover,

βn+1 ≡ eβn + 1 (mod m), β0 ≡ 0 (mod m). (8)

Thus the triple (e, P0, Q) that defines the elliptic curve congruential generator (1) then induces a
linear congruential generator (LCG) on Z/mZ.

3.2 The relative maximal period condition

Definition 8 (RMPC). The triple (e, P0, Q) is said to satisfy the relative maximal period condition
if the LCG (8) has full period m = ord(R), that is,

{β0, . . . , βt−1 mod m} = Z/mZ.

Equivalently, t = m, i.e. the orbit point set is the full coset P0 + ⟨R⟩.

Lemma 9 (Hull–Dobell criterion for RMPC). The LCG (8) has full period m if and only if:

(i) for every prime ℓ | m, one has ℓ | (e− 1);

(ii) if 4 | m, then 4 | (e− 1).

Proof. This is the classical Hull–Dobell criterion for the LCG xn+1 ≡ exn + 1 (mod m) to have
maximal period.

As a simple example: take Q = O; let M = ord(P0) and in the following ℓ denotes a prime
dividing M ; put e = 1+

∏
ℓ|M ℓ if 8 does not divide M , and e = 1+ 2

∏
ℓ|M ℓ if 8 divides M . Then

e − 1 divides M , and R = P1 − P0 = [e − 1]P0, hence m = ord(R) = M/(e − 1). The Hull-Dobell
criterion for RMPC is then seen to be satisfied.
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3.3 Discrepancy bound under RMPC

Theorem 10 (Discrepancy bound in the full-coset regime). Assume RMPC and so t = m =
ord(R). Define the admissible point collection as in section 2.1:

P := {G(Pn)}0≤n<t
Pn ̸=O

⊂ [0, 1)2r, N∗ := |P|.

(recall that N∗ = t if the orbit {Pn}n≥0 avoids O, and is equal to t− 1 otherwise).

Assume p ≥ 5. Then

D(P) ≤ 1−
(
1− 1

pa

)2r
+

4q1/2

N∗
(
C0 ln(p

a) + 1
)2r
. (9)

Proof. Under RMPC, Lemma 6 gives:

{P0, . . . , Pt−1} = {P0 + [u]R : u ∈ Z/tZ}.

Consider any nonzero Walsh frequency k ∈ ∆∗
2r. By Lemma 2,

N∗S(wk,P) =

t−1∑
u=0

P0+[u]R ̸=O

ψ1

(
ηk · x(P0 + [u]R) + η̃k · y(P0 + [u]R)

)
.

with ηk, η̃k ∈ Fq, not noth equal to zero.

Define
fk,P0 := ηk · x ◦ τP0 + η̃k · y ◦ τP0 ∈ Fq(E).

The polar divisor of fk,P0 is supported at the single point −P0, with the order of pole being equal
to either 2 or 3 (it is equal to 2 exactly when η̃k is zero); hence deg(fk,P0) ≤ 3. Since p ≥ 5, it
follows in particular that the order of pole is not divisible by p; therefore Lemma 5 shows that fk,P0

is non-degenerate. We then have with H = ⟨R⟩:

N∗S(wk,P) =
t−1∑
u=0

P0+[u]R ̸=O

ψ1(fk,P0)([u]R)

=
∑
P∈H

fk,P0
(P )̸=∞

ψ1(fk,P0)(P )

Now applying Lemma 3 in the single-pole form (6) yields∣∣∣∣∣∣∣∣
∑
P∈H

fk,P0
(P )̸=∞

ψ1(fk,P0(P ))

∣∣∣∣∣∣∣∣ ≤ (1 + deg(fk,P0))q
1/2 ≤ 4q1/2.

Hence |S(wk,P)| ≤ 4q1/2/N∗ for every nonzero Walsh frequency k ∈ ∆∗
2r. Applying Lemma 1 with

d = 2r proves (9).
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3.4 Serial discrepancy bound under RMPC

Theorem 11 (Serial discrepancy in the full-coset regime). Assume RMPC, gcd(e, p) = 1, and
p ≥ 5. Fix 2 ≤ s ≤ t. Let P(s) ⊂ [0, 1)2rs be the admissible serial s-tuple collection attached to the
orbit {Pn}n≥0, and let N∗

s := |P(s)|.

Then

D(P(s)) ≤ 1−
(
1− 1

pa

)2rs
+

6q1/2
(∑s−1

ι=0 e
2ι
)
+ s

N∗
s

(
C0 ln(p

a) + 1
)2rs

. (10)

Proof. Again under RMPC we have t = m = ord(R). Using the identity

βn+ι = βι + eιβn

in Z, one obtains

Pn+ι = Pι + [eιu]R, Pι = P0 + [βι]R, u := βn mod t.

Define:
Us := {u ∈ Z/tZ : Pι + [eιu]R ̸= O for all 0 ≤ ι ≤ s− 1}

then the admissible serial s-tuple point collection P(s) is the image of Us under the injective map:

u ∈ Z/tZ 7−→
(
G(P0 + [u]R), G(P1 + [eu]R), . . . , G(Ps−1 + [es−1u]R)

)
∈ [0, 1]2rs.

In particular |Us| = |P(s)| = N∗
s , that we recall is equal to t (resp. t − s) if the orbit {Pn}n≥0

avoids O (resp. otherwise).

Now given a nonzero Walsh frequency k ∈ ∆∗
2rs, we then obtain as in Lemma 2 (see for example

[1, (5.6)–(5.7)]), coefficients (ηk,ι, η̃k,ι) ∈ F2
q for 0 ≤ ι ≤ s− 1, not all zero, such that

N∗
sS(wk,P(s)) =

∑
u∈Us

ψ1

(
gk([u]R)

)
,

explicitly,

ηk,ι =
r∑

j=1

a∑
i=1

k(2rι+j)(i)λ′jκ
′
i,

η̃k,ι =

r∑
j=1

a∑
i=1

k(2rι+r+j)(i)λ′jκ
′
i,

and

gk :=

s−1∑
ι=0

(
ηk,ι · x ◦ τPι ◦ [eι] + η̃k,ι · y ◦ τPι ◦ [eι]

)
∈ Fq(E).

For each 0 ≤ ι ≤ s− 1 the element:

ηk,ι · x+ η̃k,ι · y ∈ Fq(E).

11



is either identically equal to zero (namely when ηk,ι and η̃k,ι are both zero), or is non-constant with
degree equal to 2 or 3, with a single pole supported at O (of order equal to 2 or 3). Hence the ι-th
summand (in the sum that defines gk):

ηk,ι · x ◦ τPι ◦ [eι] + η̃k,ι · y ◦ τPι ◦ [eι] ∈ Fq(E)

is either identically equal to zero, or is non-constant with degree equal to 2e2ι or 3e2ι. In particular
we obtain:

deg(gk) ≤ 3
s−1∑
ι=0

e2ι. (11)

We next show that gk is non-degenerate for each k ∈ ∆∗
2rs.

Let 0 ≤ ι0 ≤ s − 1 be maximal with (ηk,ι0 , η̃k,ι0) ̸= (0, 0). By Lemma 4 (here we use the
condition that gcd(e, p) = 1), the ι0-th summand:

ηk,ι0 · x ◦ τPι0
◦ [eι0 ] + η̃k,ι0 · y ◦ τPι0

◦ [eι0 ] ∈ Fq(E)

has pole set [eι0 ]−1(−Pι0) over Fq, with cardinality e2ι0 , and the order of these poles is either all
equal to 2, or all equal to 3.

Now for each ι < ι0, the cardinality of the pole set of the ι-th summand has is at most e2ι.
Hence the union of all pole sets for ι < ι0 has cardinality at most

ι0−1∑
ι=0

e2ι < e2ι0 (|e| ≥ 2).

Therefore there exists a point P ∗ which is a pole of the ι0-th summand and not a pole of any
smaller ι-th summand. At P ∗ the ι0-th summand has pole order 2 or 3. Thus gk itself has a pole
of order 2 or 3 at P ∗. Since p ≥ 5, this pole order is not divisible by p, and Lemma 5 implies that
gk is non-degenerate.

Finally for every k ∈ ∆∗
2rs let

Uk := {u ∈ Z/tZ : gk([u]R) ̸= ∞}.

Then Us ⊆ Uk for every k ∈ ∆∗
2rs, and in any case:

|Uk \ Us| ≤ |Z/tZ \ Us| ≤ s.

Since each summand ψ1(gk([u]R)) has absolute value 1 on Uk, one obtains∣∣∣∣∣∑
u∈Us

ψ1(gk([u]R))

∣∣∣∣∣ ≤
∣∣∣∣∣∣
∑
u∈Uk

ψ1(gk([u]R))

∣∣∣∣∣∣+ s.

Now with H = ⟨R⟩ we have: ∑
u∈Uk

ψ1(gk([u]R)) =
∑
P∈H

gk(P )̸=∞

ψ1(gk(P ))

12



so Lemma 3 applied to the sum on the RHS (which is applicable as we have shown that gk is
non-degenerate), together with (11), give:∣∣∣∣∣∣

∑
u∈Uk

ψ1(gk([u]R))

∣∣∣∣∣∣ ≤ 2 deg(gk)q
1/2 ≤ 6q1/2

s−1∑
ι=0

e2ι.

Thus to conclude for every k ∈ ∆∗
2rs we obtain:

∣∣∣N∗
sS(wk,P(s))

∣∣∣ ≤ 6q1/2
s−1∑
ι=0

e2ι + s.

Applying Lemma 1 with d = 2rs proves (10).

Remark 12. If the orbit {Pn}n≥0 avoids O, then the boundary correction term +s in (10) is not
needed.

3.5 Non-overlapping discrepancy bound under a derived RMPC

Definition 13 (Derived RMPC). Fix s ≥ 2 and define

Rs := Ps − P0, γn =
ens − 1

es − 1

Let ms := ord(Rs). The derived RMPC of step s is the requirement that the LCG

γn+1 ≡ esγn + 1 (mod ms), γ0 ≡ 0 (mod ms),

has full period ms.

Just as in Lemma 9, by using the classical Hull-Dobell criterion, we see that the derived RMPC
of step s is satisfied, if and only if:

(i) for every prime ℓ | ms, one has ℓ | (es − 1);

(ii) if 4 | ms, then 4 | (es − 1).

In particular asms|m (because Rs = Ps−P0 = [βs]R ∈ ⟨R⟩), we see that RMPC implies derived
RMPC of step s for any s ≥ 2.

Theorem 14 (Non-overlapping discrepancy in the full-coset regime). Assume |e| ≥ 2, gcd(e, p) =
1, and p ≥ 5. Fix s ≥ 2 and assume the derived RMPC of step s. Let P̃(s) be the admissible
non-overlapping s-tuple collection, and let Ñ∗

s := |P̃(s)|. Then

D(P̃(s)) ≤ 1−
(
1− 1

pa

)2rs
+

6q1/2
(∑s−1

ι=0 e
2ι
)
+ s/ gcd(s, t)

Ñ∗
s

(
C0 ln(p

a) + 1
)2rs

. (12)

13



Proof. Firstly, the period of the sequence {Pns}n≥0 is equal to Ls := t/ gcd(s, t), and by direct
computation one has

Pns = P0 + [γn]Rs,

from which is follows firstly that that Ls is equal to the period of the LCG {γn mod ms}n≥0;
secondly, the derived RMPC of step s is equivalent to the condition that the sequence {Pns}n≥0

traverses the full coset P0 + ⟨Rs⟩, i.e. that:

Ls = ms.

More generally one again obtain by direct computation that for 0 ≤ ι ≤ s− 1 and n ≥ 0:

Pns+ι = Pι + [eιγn]Rs.

Thus under the derived RMPC of step s, define:

Ũs := {u ∈ Z/LsZ : Pι + [eιu]Rs ̸= O for all 0 ≤ ι ≤ s− 1}

then the admissible non-overlapping s-tuple collection P̃(s) is the image of Ũs under the injective
map:

u ∈ Z/LsZ 7−→
(
G(P0 + [u]Rs), G(P1 + [eu]Rs), . . . , G(Ps−1 + [es−1u]Rs)

)
∈ [0, 1]2rs.

Thus |Ũs| = |P̃(s)| = Ñ∗
s , that we recall is equal to Ls = t/ gcd(s, t) if the orbit {Pn}n≥0 avoids O,

and is equal to (t− s)/ gcd(s, t) otherwise. In particular that

|Z/LsZ \ Ũs| ≤ s/ gcd(s, t).

The rest of the proof is then similar to the proof of Theorem 11. Fix k ∈ ∆∗
2rs. Then we have

by similar considerations:

Ñ∗
sS(wk, P̃(s)) =

∑
u∈Ũs

ψ1

(
gk([u]Rs)

)
,

where gk ∈ Fq(E) is the same as in loc. cit.:

gk :=

s−1∑
ι=0

(
ηk,ι · x ◦ τPι ◦ [eι] + η̃k,ι · y ◦ τPι ◦ [eι]

)
and recall that we have established that

deg(gk) ≤ 3
s−1∑
ι=0

e2ι

and that gk is non-degenerate (under the same assumptions that p ≥ 5 and gcd(e, p) = 1).

Let
Ũk := {u ∈ Z/LsZ : gk([u]Rs) ̸= ∞}.

Then Ũs ⊆ Ũk, and so in any case that:

|Ũk \ Ũs| ≤ |Z/LsZ \ Ũs| ≤ s/ gcd(s, t).
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Therefore ∣∣∣∣∣∣
∑
u∈Ũs

ψ1(gk([u]Rs))

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣
∑
u∈Ũk

ψ1(gk([u]Rs))

∣∣∣∣∣∣+ s/ gcd(s, t).

Applying Lemma 3 with H being the cyclic subgroup ⟨Rs⟩ yields∣∣∣∣∣∣
∑
u∈Ũk

ψ1(gk([u]Rs))

∣∣∣∣∣∣ ≤ 2 deg(gk)q
1/2 ≤ 6q1/2

s−1∑
ι=0

e2ι.

Therefore ∣∣∣Ñ∗
sS(wk, P̃(s))

∣∣∣ ≤ 6q1/2
s−1∑
ι=0

e2ι + s/ gcd(s, t).

Finally applying Lemma 1 in dimension 2rs proves (12).

Remark 15. If the orbit {Pn}n≥0 avoids O, then the boundary correction term +s/ gcd(s, t) in (12)
is not needed.

4 The general sub-period regime (Case C)

We retain the notation

R = (e− 1)P0 +Q, m = ord(R), H = ⟨R⟩,

βn :=
en − 1

e− 1
∈ Z (n ≥ 0; β0 = 0)

and we write
B = {β0, . . . , βt−1 mod m} ⊂ Z/mZ

for the cycle associated with the LCG (8) (recall that the period t of {Pn}n≥0 coincides with the
period of the LCG (8); in particular |B| = t). Unlike Case B (namely RMPC), in this section we
do not require t = m (nor do we require the derived RMPC); thus apriori we could not directly
apply Lemma 3. To deal with this we use Fourier techniques.

4.1 Definition of the Fourier ℓ1 mass

Definition 16 (Fourier transform and Fourier ℓ1 mass). Let M ≥ 1 be a positive integer and let
A ⊂ Z/MZ be an arbitrary subset. Define the Fourier transform of 1A (the characteristic function
of A as a subset of Z/MZ) as:

1̂A
(M)

(j) :=
∑
u∈A

e−2πiju/M , 0 ≤ j < M,

and the Fourier ℓ1 mass of A:

LM (A) :=
1

M

M−1∑
j=0

∣∣∣1̂A(M)
(j)

∣∣∣ .
We have the elementary but useful:
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Lemma 17. Let M ≥ 1 and let A ⊂ Z/MZ be an arbitrary subset. Then

LM (A) ≤
√
|A|.

Proof. Parseval gives
M−1∑
j=0

∣∣∣1̂A(M)
(j)

∣∣∣2 =M |A|.

Applying Cauchy–Schwarz,

M−1∑
j=0

∣∣∣1̂A(M)
(j)

∣∣∣ ≤ √
M

√
M |A| =M

√
|A|.

Dividing by M gives the result.

Lemma 18. Let S ∈ E(Fq) has order M , and let HS = ⟨S⟩. For any subset A ⊂ Z/MZ and any
function F : HS → C, we have:∑

u∈A
F ([u]S) =

1

M

M−1∑
j=0

1̂A
(M)

(j)
∑

P∈HS

ωj(P )F (P ), (13)

where for j = 0, 1 · · · ,M − 1, ωj is the group character of HS given by ωj([u]S) := e2πiju/M .

Proof. This is the orthogonality relation on Z/MZ:

1A(u) =
1

M

M−1∑
j=0

1̂A
(M)

(j)e2πiju/M .

Substituting this expression into:∑
u∈A

F ([u]S) =
∑

u∈Z/MZ

1A(u)F ([u]S)

yields (13).

Proposition 19 (Orbit-sum bound via Fourier ℓ1 mass). Let S ∈ E(Fq) has order M , let A ⊂
Z/MZ be an arbitrary subset, and let f ∈ Fq(E) be a rational function that is non-degenerate.
Then ∣∣∣∣∣∣∣∣

∑
u∈A

f([u]S)̸=∞

ψ1(f([u]S))

∣∣∣∣∣∣∣∣ ≤ 2 deg(f) q1/2 LM (A). (14)

If the polar divisor of f is supported on a single prime divisor of E, one may replace 2 deg(f) by
1 + deg(f).

Proof. Define

F (P ) :=

{
ψ1(f(P )), f(P ) ̸= ∞,

0, f(P ) = ∞.

Applying Lemma 18 with this F , the inner sum becomes exactly the finite-value twisted subgroup
sum appearing in Lemma 3 (with the subgroup of E(Fq) being taken to be HS and the group
character being ωj , j = 0, 1, · · · ,M − 1). Taking absolute values and summing with weights∣∣∣1̂A(M)

(j)
∣∣∣ /M yields (14).

16



4.2 Admissible index sets

Recall the identity (n ≥ 0):
Pn = P0 + [βn]R

and more generally (n, ι ≥ 0):
Pn+ι = Pι + [eιβn]R

For one-point discrepancy, define

Badm := {u ∈ B : P0 + [u]R ̸= O}.

Then P is the image of Badm under the injective map:

u ∈ B 7−→ G(P0 + [u]R) ∈ [0, 1]2r.

and so
|Badm| = |P| = N∗, |B \Badm| ≤ 1

For serial discrepancy of length s, define

Bs,adm := {u ∈ B : Pι + [eιu]R ̸= O for all 0 ≤ ι ≤ s− 1}.

Then P(s) is the image of Bs,adm under the injective map:

u ∈ B 7−→
(
G(P0 + [u]R), G(P1 + [eu]R), . . . , G(Ps−1 + [es−1u]R)

)
∈ [0, 1]2rs.

and so
|Bs,adm| = |P(s)| = N∗

s , |B \Bs,adm| ≤ s

For the non-overlapping variant, fix s ≥ 2 and keep the notation

Rs := Ps − P0, ms := ord(Rs)

γn :=
ens − 1

es − 1
∈ Z (n ≥ 0; γ0 = 0)

Ls := t/ gcd(s, t).

and recall that Ls is the period of the sequence {Pns}n≥0.

Also recall that:

Pns = P0 + [γn]Rs, γn+1 ≡ esγn + 1 (mod ms), γ0 ≡ 0 (mod ms).

from which one deduces (as seen before) that Ls is equal to the period of the LCG {γn mod ms}n≥0.

Set
B̃s := {γ0, . . . , γLs−1 mod ms} ⊂ Z/msZ.

and define:

B̃s,adm := {u ∈ B̃s : Pι + [eιu]Rs ̸= O for all 0 ≤ ι ≤ s− 1}.
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Again recall the more general identity (n, ι ≥ 0):

Pns+ι = Pι + [eιγn]Rs

and thus P̃(s) is the image of B̃s,adm under the injective map:

u ∈ B̃s 7−→
(
G(P0 + [u]Rs), G(P1 + [eu]Rs), . . . , G(Ps−1 + [es−1u]Rs)

)
∈ [0, 1]2rs.

and so
|B̃s,adm| = |P̃(s)| = Ñ∗

s , |B̃s \ B̃s,adm| ≤ s/ gcd(s, t)

Lemma 20. Let M ≥ 1 and let A ⊆ B ⊆ Z/MZ. Then

LM (A) ≤ LM (B) + |B \A|1/2.

In particular,
Lm(Badm) ≤ Lm(B) + 1,

Lm(Bs,adm) ≤ Lm(B) + s1/2,

Lms(B̃s,adm) ≤ Lms(B̃s) +
(
s/ gcd(s, t)

)1/2
,

Proof. Write B = A ⊔ C with C = B \A. Then

1̂A
(M)

(j) = 1̂B
(M)

(j)− 1̂C
(M)

(j),

so ∣∣∣1̂A(M)
(j)

∣∣∣ ≤ ∣∣∣1̂B(M)
(j)

∣∣∣+ ∣∣∣1̂C (M)
(j)

∣∣∣ .
Summing over j and dividing by M gives

LM (A) ≤ LM (B) + LM (C).

Apply Lemma 17 to obtain LM (C) ≤ |C|1/2 and we are done.

Remark 21. If the orbit {Pn}n≥0 avoids O, then B = Badm = Bs,adm, and B̃s = B̃s,adm, and so the
boundary correction terms:

+1, +s1/2, +(s/ gcd(s, t))1/2

in Lemma 20 are not needed.

4.3 Discrepancy bound in the general sub-period regime

Theorem 22 (Discrepancy bound via admissible Fourier mass). Let

P := {G(Pn)}0≤n<t
Pn ̸=O

, N∗ := |P|.

Assume p ≥ 5. Then

D(P) ≤ 1−
(
1− 1

pa

)2r
+

4q1/2

N∗ Lm(Badm)
(
C0 ln(p

a) + 1
)2r
. (15)

Consequently,

D(P) ≤ 1−
(
1− 1

pa

)2r
+

4q1/2

N∗
(
Lm(B) + 1

) (
C0 ln(p

a) + 1
)2r
. (16)
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Proof. We know that P is the image of Badm under

u ∈ B 7−→ G(P0 + [u]R) ∈ [0, 1]2r

So given Walsh frequency k ∈ ∆∗
2r, by Lemma 2, we have

N∗S(wk,P) =
∑

u∈Badm

ψ1

(
ηkx(P0 + [u]R) + η̃ky(P0 + [u]R)

)
.

Hence
N∗S(wk,P) =

∑
u∈Badm

ψ1

(
fk,P0([u]R)

)
.

where fk,P0 is as in Theorem 10, where we have shown that it is non-degenerate and deg(fk,P0) ≤ 3.
Applying Proposition 19 with f = fk,P0 , S = R, M = m, and A = Badm gives

|N∗S(wk,P)| ≤ (1 + deg(fk,P0))q
1/2 Lm(Badm) ≤ 4q1/2Lm(Badm).

Applying Lemma 1 with d = 2r yields (15). The rougher estimate (16) follows from Lemma 20.

4.4 Serial discrepancy in the general sub-period regime

Theorem 23 (Serial discrepancy bound via admissible Fourier mass). Assume |e| ≥ 2, gcd(e, p) =
1, and p ≥ 5. Fix 2 ≤ s < t and let P(s) be the admissible serial s-tuple collection, of cardinality
N∗

s . Then

D(P(s)) ≤ 1−
(
1− 1

pa

)2rs
+

6q1/2

N∗
s

( s−1∑
ι=0

e2ι
)
Lm(Bs,adm)

(
C0 ln(p

a) + 1
)2rs

. (17)

Consequently,

D(P(s)) ≤ 1−
(
1− 1

pa

)2rs
+

6q1/2

N∗
s

( s−1∑
ι=0

e2ι
)(

Lm(B) + s1/2
) (
C0 ln(p

a) + 1
)2rs

. (18)

Proof. We know that P(s) is the image of Bs,adm under the injective map:

u ∈ B 7−→
(
G(P0 + [u]R), G(P1 + [eu]R), . . . , G(Ps−1 + [es−1u]R)

)
∈ [0, 1]2rs

So given Walsh frequency k ∈ ∆∗
2rs, we have as in the proof of Theorem 11:

N∗
sS(wk,P(s)) =

∑
u∈Bs,adm

ψ1

(
gk([u]R)

)
where gk is the same function in the proof of Theorem 11, where we have shown that it is non-
degenerate and

deg(gk) ≤ 3
s−1∑
ι=0

e2ι

Applying Proposition 19 with f = gk, S = R, M = m, and A = Bs,adm yields∣∣∣N∗
sS(wk,P(s))

∣∣∣ ≤ 2 deg(gk)q
1/2 Lm(Bs,adm) ≤ 6q1/2

( s−1∑
ι=0

e2ι
)
Lm(Bs,adm).

Applying Lemma 1 in dimension 2rs yields (17). The rough bound (18) follows from Lemma 20.
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4.5 Non-overlapping discrepancy in the general sub-period regime

Theorem 24 (Non-overlapping discrepancy bound via admissible Fourier mass). Assume |e| ≥ 2,
gcd(e, p) = 1, and p ≥ 5. Fix s ≥ 2 and let P̃(s) be the admissible non-overlapping s-tuple collection,
of cardinality Ñ∗

s . Then

D(P̃(s)) ≤ 1−
(
1− 1

pa

)2rs
+

6q1/2

Ñ∗
s

( s−1∑
ι=0

e2ι
)
Lms(B̃s,adm)

(
C0 ln(p

a) + 1
)2rs

. (19)

Consequently,

D(P̃(s)) ≤ 1−
(
1− 1

pa

)2rs
+

6q1/2

Ñ∗
s

( s−1∑
ι=0

e2ι
)(

Lms(B̃s) +
(
s/ gcd(s, t)

)1/2) (
C0 ln(p

a) + 1
)2rs

(20)

Proof. We know that P̃(s) is the image of B̃s,adm under the injective map:

u ∈ B̃s 7−→
(
G(P0 + [u]Rs), G(P1 + [eu]Rs), . . . , G(Ps−1 + [es−1u]Rs)

)
∈ [0, 1]2rs

So given Walsh frequency k ∈ ∆∗
2rs, we have as in the proof of Theorem 14:

Ñ∗
sS(wk, P̃(s)) =

∑
u∈B̃s,adm

ψ1

(
gk([u]Rs)

)
Applying Proposition 19 with f = gk, S = Rs, M = ms, and A = B̃s,adm yields

∣∣∣Ñ∗
sS(wk, P̃(s))

∣∣∣ ≤ 2 deg(gk)q
1/2 Lms(B̃s,adm) ≤ 6q1/2

( s−1∑
ι=0

e2ι
)
Lms(B̃s,adm).

Applying Lemma 1 in dimension 2rs yields (19). The rough bound (20) again follows from
Lemma 20.

5 Arithmetic structure of the index sequence

Theorem 22, Theorem 23, and Theorem 24 reduce the discrepancy problem to admissible Fourier
masses of one-dimensional LCG index sets. This section isolates the arithmetic structure of those
index sets.

5.1 Local behavior modulo prime powers

Write the prime-power factorization

m =
∏
ℓ

ℓνℓ .

For a prime ℓ | m, let
aℓ := vℓ(e− 1).

where vℓ is the normalized valuation at the prime ℓ.

Lemma 25 (Local behavior modulo prime powers). Let ℓν ∥ m (so ν = νℓ) and set a := aℓ. Then:
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(a) For every b ≤ min{a, ν}, one has

βn ≡ n (mod ℓb).

In particular, if a ≥ ν, then βn ≡ n (mod ℓν) for all n.

(b) If a = 0, then there exists a unique fixed point β∗,ℓ mod ℓν ∈ (Z/ℓνZ)× such that

β∗,ℓ ≡ eβ∗,ℓ + 1 (mod ℓν),

and
βn − β∗,ℓ ≡ −β∗,ℓen (mod ℓν).

Proof. (a) As e ≡ 1 (mod ℓb), so the recursion (8) becomes

βn+1 ≡ βn + 1 (mod ℓb), β0 ≡ 0,

hence βn ≡ n (mod ℓb).
(b) If a = 0, then 1 − e is invertible modulo ℓν , so the fixed-point congruence has a unique

solution β∗,ℓ mod ℓν ∈ (Z/ℓνZ)×. Subtracting the fixed-point relation from the recursion relation
gives

(βn+1 − β∗,ℓ) ≡ e(βn − β∗,ℓ) (mod ℓν),

and iteration yields the stated formula.

Corollary 26 (No mixed local factors regime). Assume that for every prime ℓ | m, one has either
vℓ(e− 1) = 0 or vℓ(e− 1) ≥ νℓ. Define

mtr :=
∏

vℓ(e−1)≥νℓ

ℓνℓ , mpow :=
∏

vℓ(e−1)=0

ℓνℓ ,

Then m = mtrmpow, gcd(mtr,mpow) = 1, and there exists β∗ mod mpow ∈ (Z/mpowZ)× such that
under the Chinese Remainder Theorem isomorphism

Z/mZ ∼= Z/mtrZ× Z/mpowZ,

one has
βn 7−→

(
n mod mtr, β∗(1− en) mod mpow

)
.

Proof. For every prime power ℓνℓ dividing mtr, part (a) of Lemma 25 gives βn ≡ n mod ℓνℓ . For
every prime power ℓνℓ dividing mpow, part (b) gives a local fixed point β∗,ℓ mod ℓνℓ ∈ (Z/ℓνℓZ)×
and hence

βn ≡ β∗,ℓ(1− en) (mod ℓνℓ).

The Chinese Remainder Theorem then yields unique

β∗ mod mpow ∈ (Z/mpowZ)×

such that β∗ ≡ β∗,ℓ mod ℓνℓ for every prime ℓ dividing mpow, in other words β∗ mod mpow is the
unique solution of the fixed point congruence:

β∗ = eβ∗ + 1 mod mpow

and the claimed formula follows.
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Remark 27. The proofs of Lemma 25 and Corollary 26 depend only on the fact that the recursion
is of the form:

xn+1 ≡ axn + 1 (mod M).

Accordingly, the same arguments apply verbatim to any such recursion after replacing (e,m, {βn})
by (a,M, {xn}). This observation applies in particular to the setting (es,ms, {γn}), and we will use
similar notations below with (es,ms, {γn}) in place of (e,m, {βn}).
Remark 28. Lemma 25 shows that the unresolved arithmetic is concentrated in the mixed local
prime powers, namely those with

0 < vℓ(e− 1) < νℓ.

If no such factors occur, the index sequence {βn mod m} is explicitly described by Corollary 26
as a Chinese Remainder Theorem combination of a translation component and a power-generator
component.

Remark 29 (Conventions for trivial power components). If mpow = 1, then the pure power compo-
nent is trivial. In that case we set

τ := 1, G := {0} ⊂ Z/1Z.

Similarly, if ms,pow = 1, we set

τs := 1, Gs := {0} ⊂ Z/1Z.

With these conventions, all subsequent formulas remain valid without further case distinctions.

Theorem 30. Assume the hypotheses of Corollary 26. If mpow = 1, set

τ := 1, G := {0} ⊂ Z/1Z.

If mpow > 1, set τ to be equal to the order of e mod mpow in the multiplicative group (Z/mpowZ)×
(recall by Lemma 7 we have that e is relatively prime to m, hence relatively prime to mpow), and
G ⊂ Z/mpowZ the subset:

G := {β∗(1− ev) mod mpow : 0 ≤ v < τ} ⊂ Z/mpowZ.

(so |G| = τ). Assume in addition that

gcd(mtr, τ) = 1.

Then the following hold:

(i) We have t = mtrτ .

(ii) Under the Chinese Remainder Theorem isomorphism:

Z/mZ ∼= Z/mtrZ× Z/mpowZ,

the cycle B of the LCG {βn mod m}n≥0:

B = {β0, . . . , βt−1 mod m}

is exactly the Cartesian product
B = Z/mtrZ× G.
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(iii) The normalized Fourier ℓ1 mass satisfies

Lm(B) = Lmpow(G).

Consequently,

Lm(Badm) ≤ Lmpow(G) + 1, Lm(Bs,adm) ≤ Lmpow(G) + s1/2.

Proof. If mpow = 1, then mtr = m, τ = 1, and G = {0}. Corollary 26 gives βn ≡ n (mod m), so
the period is t = m = mtrτ , the cycle is B = Z/mZ = Z/mtrZ× G, and Lm(B) = 1 = L1(G). The
remaining claims are immediate from Lemma 20. Thus assume mpow > 1. By Corollary 26, under
the Chinese Remainder Theorem isomorphism one has:

βn mod m 7−→
(
n mod mtr, β∗(1− en) mod mpow

)
.

The first coordinate has period mtr. The second coordinate has period τ : indeed, if

β∗(1− en+r) ≡ β∗(1− en) (mod mpow),

then
β∗e

n(er − 1) ≡ 0 (mod mpow).

Therefore as both e and β∗ are invertible modulo mpow we have:

er ≡ 1 (mod mpow),

so τ | r. Hence the second coordinate has exact period τ . Thus as t is the period of {βn mod m}n≥0

it follows that:

t = lcm(mtr, τ) = mtrτ,

because gcd(mtr, τ) = 1. This proves (i).

To prove (ii), let (u, v) ∈ Z/mtrZ× {0, . . . , τ − 1}. By the Chinese Remainder Theorem (using
the assumption that mtr and τ are relatively prime) there exists a unique residue class n mod t
such that

n ≡ u (mod mtr), n ≡ v (mod τ).

Since en ≡ ev (mod mpow), Corollary 26 gives

βn mod m 7−→
(
u mod mtr, β∗(1− ev) mod mpow

)
.

Thus every element of Z/mtrZ×G occurs in B. Conversely, we already know that every βn mod m
has this form under the Chinese Remainder Theorem isomorphism, thus proving

B = Z/mtrZ× G.

For (iii), observe first that the normalized Fourier ℓ1 mass is invariant under additive-group
isomorphisms. Hence one may compute Lm(B) on the product group

Z/mtrZ× Z/mpowZ
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using product characters

χa,b(x, y) := exp
(
− 2πi

ax

mtr

)
exp

(
− 2πi

by

mpow

)
,

with 0 ≤ a < mtr and 0 ≤ b < mpow. Since B = Z/mtrZ× G, one has

1̂B
(m)

(a, b) =
∑

x∈Z/mtrZ

e−2πiax/mtr
∑
y∈G

e−2πiby/mpow .

The first factor vanishes unless a = 0, in which case it equals mtr. Therefore

mtr−1∑
a=0

mpow−1∑
b=0

∣∣1̂B(m)
(a, b)

∣∣ = mtr

mpow−1∑
b=0

∣∣1̂G(mpow)
(b)

∣∣.
Dividing by m = mtrmpow yields

Lm(B) = Lmpow(G).

The final inequalities now follow from Lemma 20.

Corollary 31 (Improved discrepancy bounds in the no-mixed regime). Under the hypotheses of
Theorem 30,

D(P) ≤ 1−
(
1− 1

pa

)2r
+

4q1/2

N∗
(
Lmpow(G) + 1

)(
C0 ln(p

a) + 1
)2r
, (21)

D(P(s)) ≤ 1−
(
1− 1

pa

)2rs
+

6q1/2

N∗
s

( s−1∑
ι=0

e2ι
)(

Lmpow(G) + s1/2
)(
C0 ln(p

a) + 1
)2rs

. (22)

In particular, since Lmpow(G) ≤ |G|1/2 = τ1/2 by Lemma 17, we have:

D(P) ≤ 1−
(
1− 1

pa

)2r
+

4q1/2

N∗
(
τ1/2 + 1

)(
C0 ln(p

a) + 1
)2r
, (23)

D(P(s)) ≤ 1−
(
1− 1

pa

)2rs
+

6q1/2

N∗
s

( s−1∑
ι=0

e2ι
)(
τ1/2 + s1/2

)(
C0 ln(p

a) + 1
)2rs

. (24)

Proof. Combine Theorem 30 with Theorem 22, Theorem 23.

Theorem 32. Fix s ≥ 2 and as before:

Rs := Ps − P0 = [βs]R,

ms := ord(Rs), B̃s := {γ0, . . . , γLs−1 mod ms} ⊂ Z/msZ,

where
γn+1 ≡ esγn + 1 (mod ms), γ0 ≡ 0, Ls := t/ gcd(t, s).

Assume that for every prime ℓ | ms, one has either vℓ(e
s − 1) = 0 or vℓ(e

s − 1) ≥ νℓ,s, where

ms =
∏
ℓ

ℓνℓ,s .
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Define

ms,tr :=
∏

vℓ(es−1)≥νℓ,s

ℓνℓ,s , ms,pow :=
∏

vℓ(es−1)=0

ℓνℓ,s ,

so ms = ms,trms,pow and gcd(ms,tr,ms,pow) = 1.

If ms,pow = 1, set
τs := 1, Gs := {0} ⊂ Z/1Z.

If ms,pow > 1, let γ∗,s mod ms,pow ∈ (Z/ms,powZ)× be the unique solution of

γ∗,s ≡ esγ∗,s + 1 (mod ms,pow),

Set τs to be equal to the order of es mod ms,pow in the multiplicative group (Z/ms,powZ)×, and

Gs := {γ∗,s(1− (es)v) mod ms,pow : 0 ≤ v < τs}.

(and so |Gs| = τs). Assume moreover that

gcd(ms,tr, τs) = 1.

Then the following hold:

(i) We have Ls = ms,trτs.

(ii) Under the Chinese Remainder Theorem isomorphism:

Z/msZ ∼= Z/ms,trZ× Z/ms,powZ,

we have
B̃s = Z/ms,trZ× Gs.

(iii) The normalized Fourier ℓ1 mass satisfies

Lms(B̃s) = Lms,pow(Gs).

Consequently,

Lms(B̃s,adm) ≤ Lms,pow(Gs) +
(
s/ gcd(s, t)

)1/2
.

Proof. If ms,pow = 1, then τs = 1 and Gs = {0}. In this case the no-mixed hypothesis forces
ms = ms,tr, and the same analysis as in the proof of Lemma 25 and Corollary 26, applied to the
recursion:

γn+1 ≡ esγn + 1 (mod ms)

shows that
γn ≡ n (mod ms).

Hence as Ls is the period of {γn mod ms}n≥0, we have

Ls = ms = ms,trτs,

and
B̃s = Z/msZ = Z/ms,trZ× Gs,
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and Lms(B̃s) = 1 = L1(Gs). The remaining claim follows from Lemma 20. Thus assumems,pow > 1.
Every prime divisor of ms,pow satisfies vℓ(e

s − 1) = 0, so the element 1 − es is invertible modulo
ms,pow; hence the fixed-point congruence

γ∗,s ≡ esγ∗,s + 1 (mod ms,pow)

has a unique solution in (Z/ms,powZ)×. The same analysis as in the proof of Lemma 25 and
Corollary 26 then yields the decomposition

γn mod ms 7−→
(
n mod ms,tr, γ∗,s(1− (es)n) mod ms,pow

)
under the Chinese Remainder Theorem isomorphism. Exactly as in the proof of Theorem 30, the
first coordinate has period ms,tr, the second has exact period τs, and the hypothesis that ms,tr and
τs are co-prime implies that:

Ls = lcm(ms,tr, τs) = ms,trτs.

This proves (i). Again by using the hypothesis that ms,tr and τs are co-prime, the same Chinese
Remainder Theorem argument as in the proof of Theorem 30 gives the proof of (ii), namely that:

B̃s = Z/ms,trZ× Gs.

For (iii), compute the Fourier transform of 1
B̃s

on the product group

Z/ms,trZ× Z/ms,powZ.

As in the proof of Theorem 30, the full translation factor forces vanishing of all nontrivial frequencies
in the first coordinate, and one obtains

Lms(B̃s) = Lms,pow(Gs).

Finally, Lemma 20 gives

Lms(B̃s,adm) ≤ Lms(B̃s) + (s/ gcd(s, t))1/2 = Lms,pow(Gs) + (s/ gcd(s, t))1/2.

Corollary 33 (Improved non-overlapping discrepancy bounds in the derived no-mixed regime).
Under the hypotheses of Theorem 32,

D(P̃(s)) ≤ 1−
(
1− 1

pa

)2rs
+

6q1/2

Ñ∗
s

( s−1∑
ι=0

e2ι
)(

Lms,pow(Gs) +
(
s/ gcd(s, t)

)1/2)(
C0 ln(p

a) + 1
)2rs
(25)

and in particular since Lms,pow(Gs) ≤ |Gs|1/2 = τ
1/2
s by Lemma 17, we have:

D(P̃(s)) ≤ 1−
(
1− 1

pa

)2rs
+

6q1/2

Ñ∗
s

( s−1∑
ι=0

e2ι
)(
τ1/2s +

(
s/ gcd(s, t)

)1/2)(
C0 ln(p

a) + 1
)2rs

(26)

Proof. Combine Theorem 24, Theorem 32.
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Theorem 34 (Pure power representation of the Fourier masses in the no-mixed regime). Under
the hypotheses of Theorem 30, one has

Lmpow(G) =
1

mpow

mpow−1∑
b=0

∣∣∣∣∣
τ−1∑
v=0

exp
(2πi bev
mpow

)∣∣∣∣∣ . (27)

Under the hypotheses of Theorem 32, one has

Lms,pow(Gs) =
1

ms,pow

ms,pow−1∑
b=0

∣∣∣∣∣
τs−1∑
v=0

exp
(2πi b(es)v

ms,pow

)∣∣∣∣∣ . (28)

Proof. We prove (27); the proof of (28) is identical after replacing

(e,mpow, β∗, τ,G) by (es,ms,pow, γ∗,s, τs,Gs).

If mpow = 1, then τ = 1 and G = {0}, so both sides of (27) are equal to 1. Thus assume
mpow > 1. By Theorem 30,

G = {β∗(1− ev) mod mpow : 0 ≤ v < τ}.

Therefore, for each b modulo mpow,

∑
g∈G

exp
(
− 2πibg

mpow

)
= exp

(
− 2πibβ∗

mpow

) τ−1∑
v=0

exp
(2πi bβ∗ev

mpow

)
.

Taking absolute values removes the phase factor exp(−2πibβ∗/mpow). Recall that β∗ mod mpow

is invertible and so multiplication by β∗ mod mpow permutes the residue classes modulo mpow, so
averaging over b gives:

Lmpow(G) =
1

mpow

mpow−1∑
b=0

∣∣∣∣∣
τ−1∑
v=0

exp
(2πi bev
mpow

)∣∣∣∣∣ .

Remark 35. Theorem 34 shows that, in the no-mixed regimes, the remaining analytic input needed
to further improve the estimates of the Fourier masses of G and Gs, is good estimates for exponential
sums along the multiplicative orbit

1, e, e2, . . . , eτ−1 (mod mpow),

(or more precisely, what is really needed is estimates of average of these sums with respect to the
parameter b as in the statement of Theorem 34); similarly for the orbit generated by es modulo
ms,pow.

As an illustration we show:

Proposition 36. Assume the hypotheses of Theorem 30, and suppose in addition that mpow = ℓν ,
where ℓ is an odd prime, and that τ = ℓν−1(ℓ− 1). Then we have:

Lmpow(G) = (2ℓ− 3)/ℓ ≤ 2.
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Consequently,

D(P) ≤ 1−
(
1− 1

pa

)2r
+

12q1/2

N∗
(
C0 ln(p

a) + 1
)2r
, (29)

D(P(s)) ≤ 1−
(
1− 1

pa

)2rs
+

6q1/2

N∗
s

( s−1∑
ι=0

e2ι
)(

2 + s1/2
) (
C0 ln(p

a) + 1
)2rs

. (30)

Proof. Since mpow = ℓν (ℓ is an odd prime) and τ = ℓν−1(ℓ − 1), so e is a primitive root modℓν .
Hence:

τ−1∑
v=0

exp
(2πi bev
mpow

)
=

∑
x∈(Z/ℓνZ)×

exp
(2πi bx

ℓν

)

For 1 ≤ b ≤ τ − 1 = ℓν−1(ℓ− 1)− 1, write b = cℓf , where f = vℓ(b) ≤ ν − 1 and gcd(c, ℓ) = 1.
We then have: ∑

x∈(Z/ℓνZ)×
exp

(2πi bx
ℓν

)
=

∑
x∈(Z/ℓνZ)×

exp
(2πi cx
ℓν−f

)
=

∑
x∈(Z/ℓνZ)×

exp
(2πi x
ℓν−f

)
= ℓf

∑
x∈(Z/ℓν−fZ)×

exp
(2πi x
ℓν−f

)
(as each x ∈ (Z/ℓν−fZ)× has exaxctly ℓf pre-images in x ∈ (Z/ℓνZ)×).

Now using the identity (the ℓn-th cyclotomic polynomial, n ≥ 1):

Xℓn − 1

Xℓn−1 − 1
= Xℓn−1(ℓ−1) +Xℓn−1(ℓ−2) · · ·+Xℓn−1

+ 1

=
∏

x∈(Z/ℓnZ)×

(
X − exp

(2πi x
ℓn

))
we have that the value of: ∑

x∈(Z/ℓnZ)×
exp

(2πi x
ℓn

)
is equal to 0 if n > 1, and is equal to −1 if n = 1.

Hence for 1 ≤ b ≤ τ − 1, the value of the sum∑
x∈(Z/ℓνZ)×

exp
(2πi bx

ℓν

)
is equal to 0 if vℓ(b) < ν − 1, and is equal to −ℓν−1 if vℓ(b) = ν − 1.
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Now in the pure power representation of the Fourier mass Lmpow(G) = Lℓν (G) in the no-mixed
regime as given in Theorem 34, for the outer sum over 0 ≤ b ≤ τ − 1, the term b = 0 contributes
τ = ℓν−1(ℓ− 1). While for terms corresponding to b ̸= 0, it contributes the value 0 if vℓ(b) < ν − 1;
while it contributes the value ℓν−1 if vℓ(b) = ν − 1, and there are ℓ − 2 such terms, namely
b = ℓν−1, 2ℓν−1, · · · , (ℓ− 2)ℓν−1. Hence:

Lℓν (G) =
ℓν−1(ℓ− 1) + ℓν−1(ℓ− 2)

ℓν

=
2ℓ− 3

ℓ

In particular Lℓν (G) ≤ 2, and on applying Corollary 31 finishes the proof.

5.2 Conclusion

The results in Section 4 show that any bounds of the form

q1/2Lm(Badm)

N∗ ≪ 1

qϵ
,

q1/2Lm(Bs,adm)

N∗
s

≪ 1

qϵ
,

q1/2Lms(B̃s,adm)

Ñ∗
s

≪ 1

qϵ
(31)

(here ϵ > 0) would produce the corresponding discrepancy bounds for P, P(s), and P̃(s) respec-
tively, and hence gives quantitative justification of the uniform distribution (respectively statistical
independence) property of P.

This suggests three concrete directions for further improvement. In the no-mixed regime, how-
ever, Section 5.1 already reduces the problem completely to the pure power components G and Gs;
in fact as we have seen in Corollary 31 and Corollary 33 in the no-mixed regime case, by using the
elementary square root bounds Lm(G) ≤ |G|1/2 and Lmpow(Gs) ≤ |Gs|1/2, one can already give quite
explicit sufficient conditions that would ensure that bounds of type (31) holds.

• interval estimates in the pure translation local regime;

• exponential-sum estimates for multiplicative orbits in the pure power local regime; in the no-
mixed regime, Theorem 30, Theorem 32, and Theorem 34 reduce the relevant Fourier masses to
explicit averages of such sums for the pure power components G and Gs;

• bilinear-sum methods over elliptic curves, following Shparlinski [6] and Ahmadi–Shparlinski [7],
to treat the mixed regime directly.
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