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Abstract

We study finite-horizon sequential selection and pricing under compressed past information.
Our main idea is that the relevant online state is not the raw history itself but a canonical
predictive state: a structured summary of the past that preserves the continuation values driving
optimal decisions.

We first prove a general compression-to-decision principle: for threshold-based selection
policies, the loss relative to the full-information online optimum is bounded by the cumulative
distortion of the continuation values induced by state compression. This yields a decomposition
of the prophet gap into a classical future-information term and a new past-compression penalty.

We then instantiate the predictive layer in a Gaussian observation model using Hardy-space
spectral factorization. Canonical predictive states are defined by orthogonal projection onto
past subspaces, and their finite-dimensional approximations are analyzed through the outer
spectral factor. For general outer-factor classes, innovation-tail estimates yield explicit prophet
and pricing guarantees. For rational causally invertible spectral factors, we prove exact finite-
dimensional realizability: the predictive state admits a finite linear state-space realization, and
the corresponding compressed-state policy coincides with the full-information online optimum.

These results provide a bridge between Dym-McKean style prediction theory and modern
prophet-inequality / posted-pricing frameworks, and suggest a broader theory in which online
approximation guarantees are controlled by the geometry of predictive-state compression.

Keywords. prophet inequality, posted pricing, optimal stopping, predictive state, Hardy space,
spectral factorization, finite-past prediction, Gaussian process, state compression, online decision-
making.
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Classical prediction theory studies how future-relevant quantities can be recovered from the past
of a stochastic process. In the scalar stationary Gaussian setting, this subject is deeply shaped by
the Kolmogorov—Wiener program and by the function-theoretic developments surrounding Dym-—
McKean, where Hardy-space factorization, past—future geometry, finite-past prediction, and inter-
polation are central themes [0} [10]. In a recent revisit, Bingham emphasized once again that the
two basic classical problems are prediction from the whole past and prediction from a finite section



of the past, and advocated short proofs that reveal the probabilistic meaning of the theory [2]. The
multivariate extension developed by Arov and Dym places finite-past prediction in a vector-valued
de Branges/Hankel framework and points toward structured finite-dimensional realizations [I].

A seemingly distant literature, originating in optimal stopping and now central in operations
research, theoretical computer science, and mechanism design, studies prophet inequalities. Here
an online decision maker is compared against an omniscient offline benchmark [II]. Over the
past decade this area has grown rapidly, in part because of its close connection to posted-price
mechanisms. In particular, prophet inequalities and posted pricing are now understood as two
faces of a common sequential decision problem: thresholds on the stopping side become prices on
the mechanism-design side, and conversely price-based mechanisms can often be analyzed through
prophet-style guarantees [7, 6], [§].

This paper proposes a bridge between these two traditions. Our basic claim is that past in-
formation should not be viewed as raw history but as a compressible Hilbert-space object. The
right online state is therefore not an arbitrary summary of the past, but a canonical predictive
state: a structured compression of the past that preserves the continuation values relevant for
decision-making.

1.1 The question and our contributions.

Once this predictive layer is isolated, one can ask a new class of questions: how does finite-
past or finite-state compression degrade a stopping policy, a prophet guarantee, or a
posted-price mechanism?

Our main contribution is to show that this question can be answered in a clean two-layer
theory. The lower layer comes from prediction theory: Dym—McKean/Hardy-space methods define
canonical predictive states and provide structured finite-dimensional approximations. The upper
layer comes from sequential decision-making: continuation values, thresholds, and prices are shown
to be stable under perturbations of these predictive states. The resulting framework splits online—
offline loss into two distinct components:

offline-online gap = future-information gap + past-compression penalty.

The first term is the classical prophet loss. The second is new, and is controlled by prediction-
theoretic approximation quantities.
Precisely, the paper makes the following contributions.

1. Predictive-state formulation of sequential selection. We formulate finite-horizon online
selection with pre-decision information as a state-compression problem. The central object is
the continuation value Cf, and the key distortion variable is

A, =Cy—CF.

This shifts the focus from reconstructing raw histories to preserving the decision-relevant ge-
ometry of the past.

2. Compression-to-decision decomposition. We prove a stability theorem showing that the

loss of a compressed-state threshold policy is bounded by the sum of continuation distortions:

Vi =V <) CE|A.
t=1



As a corollary, ~ ~
P = V' = (P, = V) + (V" = V),

which gives a clean decomposition of prophet loss into a classical future-information term and
a new past-compression term.

. Canonical predictive states from Hardy-space compression. In a discrete-time Gaus-
sian observation model, we define the canonical predictive state S} as the orthogonal projection
of a future-relevant feature U; onto the closed past subspace. Under a decision-sufficiency as-
sumption, the continuation value factors as

Cf = 04(57).

This is the formal point at which Dym—McKean / Hardy-space prediction enters sequential
decision-making.

. Quantitative approximation and exact finite-state realizations. We derive explicit
approximation bounds by expanding S} in past innovations determined by the outer spec-
tral factor. This yields decision-side rates from Hardy-side decay estimates. In the rational
spectral-factor case, we prove exact finite-dimensional realizability: the canonical predictive
state admits a finite linear state-space representation, and the corresponding compressed-state
policy coincides exactly with the full-information online optimum.

. Prophet and posted-pricing transfers. We show that any prophet inequality for the full-
information benchmark transfers immediately to compressed predictive-state policies, with an
additive penalty controlled by predictive-state approximation error. We then formulate a pric-
ing analogue for adaptive single-item posted pricing, proving that predictive-state compression
also induces additive revenue loss bounds. This identifies predictive-state compression as a
common information-theoretic layer beneath both stopping rules and price-based mechanisms.

. A program for price-based online optimization. Beyond the single-item setting, our
framework suggests a general research direction: whenever a posted-price or prophet framework
is driven by benchmark thresholds or prices that are measurable functions of a canonical
predictive state, one should expect state-compression errors to propagate into approximation
losses in a controlled way. This opens a path from classical prediction theory to modern online
allocation and mechanism design.

1.2 Main results.

Our results are organized around four theorem packages.

(i) Compression-to-decision decomposition. For a compressed-state threshold policy 7 driven
by continuation surrogates Ct, let

Ay:=Cy—Cf

denote the continuation-value distortion relative to the full-information online benchmark. We
prove that

Vi =T < CEIA
t=1

As a consequence,

Py = Vi = (P, — V) + (V= V),



so the prophet loss decomposes into a classical future-information term and a new past-compression
penalty.

(ii) Predictive-state transfer principle. If the continuation value factors through a canonical
predictive state,

Cf = 04(57),

and O, is Lipschitz, then any predictive-state approximation §t induces a decision bound of the
form

Py~ Vi < (P Vi) + 3 LE H@t -5t
t=1

(iii) Quantitative Hardy-side approximation. In the Gaussian / Hardy-space observation
model, the canonical predictive state admits an explicit innovation expansion

St = Z A pgi—sp.

>1

Truncation at lag L yields the exact approximation formula

2

2 Z 1A
{>L

This transfers directly into prophet and pricing guarantees.

s - 5] 2

(iv) Rational exactness. When the outer spectral factor is rational and causally invertible, the
canonical predictive state admits an exact finite-dimensional linear realization. In that case the
compressed-state policy coincides with the full-information online optimum, and the additional
compression penalty vanishes identically.

Methodological viewpoint. A conceptual point deserves emphasis. We do not import Hardy
spaces into sequential decision-making as external decoration. Rather, we use them where they
are intrinsically strongest: to describe the geometry of the past, to construct canonical predictive
states, and to quantify finite-state or finite-past approximation. The decision-theoretic layer is then
built on top of this predictive geometry. In this sense, the paper is neither a repackaging of classical
prediction theory nor a purely algorithmic prophet-inequality paper; it is a coupling of the two.

Related literature. Our work sits at the intersection of three literatures.

First, it builds on classical prediction theory for stationary processes, especially the line running
from Kolmogorov—Wiener prediction through Dym—McKean and its function-theoretic descendants.
In the perspective emphasized by Bingham, the two basic classical problems are prediction from the
whole past and prediction from a finite section of the past [2]. Our use of canonical predictive states
is directly inspired by this viewpoint: the past is not treated as raw data, but as a Hilbert-space
object that can be projected, compressed, and approximated. On the multivariate side, Arov and
Dym developed a broad finite-past framework in which the relevant projections are expressed in
vector-valued de Branges / Hankel language [I]. Our paper inherits this predictive geometry, but
deploys it in a new decision-theoretic role.

Second, our work is related to the prophet-inequality literature. Prophet inequalities compare an
online decision maker against an offline benchmark with full knowledge of realized future values, and
by now form a central toolkit in online decision-making, stochastic optimization, and mechanism



design [I1, B]. We do not seek new classical prophet constants in their usual information model.
Instead, we ask how prophet-style guarantees degrade when the online algorithm has access only to
a compressed predictive state rather than the full past. In this sense, our contribution is orthogonal
to much of the traditional prophet-inequality literature: the new issue is not how to choose the
best threshold under a given information structure, but how the information structure itself may
be compressed.

Third, our work is closely connected to price-based online algorithms. A number of works have
shown that threshold strategies and posted-price mechanisms are deeply related, and that prophet
inequalities can often be proved by constructing suitable price rules [7, [6) 8]. Our pricing section
should be read as a predictive-state counterpart to this line of work: we show that if benchmark
thresholds or prices factor through canonical predictive states, then approximation of those states
induces additive losses in both stopping and pricing performance.

Finally, our framework is also complementary to recent prophet-inequality extensions that enrich
the information model, including settings with unknown distributions, noisy observations, side
predictions, and correlated values [4, 12 [3, [13]. These works modify the information available to
the online algorithm in different ways. Our approach is different: we assume the online algorithm
has access to the past only through a compressed predictive representation, and ask how much of
the full benchmark can still be recovered from that state.

Organization. Section[2]introduces the sequential selection model and the full-information bench-
mark. Section [3] proves the compression-to-decision decomposition. Section [4| constructs canonical
predictive states from Gaussian / Hardy-space data. Section develops quantitative approximation
bounds, including exact finite-state realizability in the rational case. Section [6] derives prophet-
inequality and posted-pricing consequences. We conclude with directions toward richer price-based
prophet frameworks and learned predictive states.

2 Model and Benchmarks

2.1 Standing assumptions and notation

Throughout the paper, the online decision maker acts at times ¢t = 1,...,n. The pre-decision
information at time ¢ is denoted by G;, while post-observation information is denoted by F;.

In the predictive-state layer, we assume that the pre-decision information is generated by the
past of an auxiliary observation process

gt:U(}{S: Sgt_1)7

where Y is a centered weakly stationary Gaussian process.
For each t, we fix a future-relevant feature

Ut S LQ(Q7 th)a

and assume that the decision benchmark depends on the past only through the conditional law of
U; given G;. In the stopping model this will be encoded through the continuation values Cf; in
the pricing model it will be encoded through benchmark price maps factoring through canonical
predictive states.



2.2 Sequential selection with pre-decision information
Let (92, F,P) be a probability space, and let

X1, Xn

be nonnegative integrable random variables. At each time ¢t € {1,...,n}, the decision maker first
has access to a pre-decision information o-field

gtgfa

then the reward X, is revealed, and an irrevocable stop/continue decision must be made.
We write
]:t = gt V O'(Xt)

for the post-observation information at time ¢. An admissible stopping rule is an {F;}-stopping
time 7 with values in {1,...,n,00}. We adopt the convention X, := 0.
The offline benchmark is the prophet value

P, ::E[ max Xt]

1<t<n

Our goal is to compare the performance of online policies that act using compressed summaries
of the past with both the full-information online optimum and the prophet benchmark.

2.3 The full-information online optimum
We first define the pre-decision value process of the full-information online optimum. Set
Vg =0.
Fort =n,n—1,...,1, define the continuation value
Cf = E[V;:il | gt] )

and the pre-decision value
V= Elmax{Xy, C;} | Gt] .

Proposition 2.1. The threshold rule
T stop at time t if and only if Xy > Cf
1s optimal among all admissible stopping rules. In particular,

Vi = swpE[X,].

Proof. This follows by backward induction. At time ¢, conditional on G, the decision maker either
stops and receives Xy, or continues and receives conditional value Cf = E[V}% ;| | G¢|. Therefore the
optimal post-observation action is to stop if and only if X; > Cf. O



2.4 Compressed-state threshold policies
We now introduce a compressed state representation of the past. Let d € N, and let
Zy = ®4(Gy) € RY

be a G;-measurable state, where ®; is a measurable compression map.
A compressed-state continuation surrogate is any G;-measurable random variable of the form

at - Ft(Zt),

for some measurable map I'y : R? — R.
The associated compressed threshold policy is

T stop at time t if and only if X; > 5}.
Its pre-decision value process is defined recursively by
VI =0,
O =E[Vi 16/,

and ~ ~
‘/;/77 = E|:Xt 1{Xt26t} + ‘/til 1{Xt<6t} ‘ gt:| .

The central distortion quantity in this paper is the continuation-value compression error
At = at - C;

Remark 2.2. The quantity A; is decision-theoretic rather than purely predictive. It measures
not how well the past itself is reconstructed, but how well the compressed state preserves the
continuation value that drives the optimal stopping decision.

3 Stability Under Predictive-State Compression

This section is the decision-theoretic core of the paper. No Gaussianity, stationarity, Hardy-space
structure, or analytic machinery is used here. All such structure will enter later, through the
construction of the compressed states themselves.

3.1 A threshold perturbation lemma
For a, c € R, define the one-step threshold payoff map

ga(l‘, C) =T 1{:52(1} + C]-{a:<a}'

Note that
ge(z, ) = max{z, c}.

Lemma 3.1 (Threshold perturbation). For all z,a,c,c € R,
0 < max{x, C} - ga(xv C) < ‘a - C|7

and
|ga(1‘,c) - ga(x, C,)| < |C — C,‘.



Proof. We first prove
0 < max{zx,c} — ga(z,c) < l|a—c|.

If a > ¢, then g,(z,c) = max{z, c} unless = € [¢, a), in which case
max{z,c} — go(z,c)=x—c<a—c=la—c|.

If a < ¢, then g4(z,c) = max{z, c} unless = € [a, c), in which case
max{z,c} — go(r,c) =c—x <c—a=|a—c|.

This proves the first inequality.
For the second inequality, fix @ and z. If £ > a, then

ga(,¢) = 2 = ga(a, ),
so the difference is zero. If x < a, then

ga(z,0)=c¢,  galz,d) =",

hence

|ga(xvc) - ga(l'7 C,)| = |C - C,‘.

3.2 Compression-to-decision decomposition
We now show that continuation-value distortion controls the loss of the compressed-state policy.

Theorem 3.2 (Compression-to-decision decomposition). Define
Dy:=Vr—V7,  t=1,....,n+1
Then Dpy1 =0, Dy >0 for all t, and for eacht =1,...,n,
Dy < |A¢| +E[Diy1 | Gi) a.s.

Consequently,
Vi = VT < EIA
t=1

Proof. We argue by backward induction that D; > 0 for all ¢t. Since D41 = 0, the claim is trivial
at t =n 4+ 1. Suppose D1 > 0 a.s. Then

C;—CF =E[Vi, — Vi | G =E[Dyr | G > 0.
By definition,

‘/t* = E[QC; (Xt7 C;) | gt] = E[ma'X{Xta Ct*} ‘ gt] )
while

Vi = E[gat (X, C7) | Qt] :

Hence ~
Dy = E[max{X,, Cf} — g5, (X, CF) | ]

9



Add and subtract gg (X¢, CF):
Dy = E[max{Xi, C7} = g, (X1, CF) | G| + B[ 95, (X0, C) = 96,(X:,CF) | @]

By Lemma [3.1]
max{X¢, Cf} = gg,(Xe, CF) < |Cr = CF| = | Ay,

so the first term is bounded above by |A|.
Again by Lemma [3.1]

|98, (X6, C) = 96, (X2, CT)| < |CF = CF| = Dyt | Gl

Therefore
Dy < |A¢| + E[Dry1 | Gil.

This also implies D; > 0, completing the induction.
Taking expectations and iterating backward from ¢t =n to t = 1, using D,+1 = 0, yields

n
E[Di] <) E|A.
t=1
Since Dy = Vj* — V], the claim follows. O

Corollary 3.3 (Online-offline gap decomposition). The loss of the compressed-state policy relative
to the prophet benchmark decomposes as

T * * T
Po-Vi=  (Ba-W) o+ (G-W)
~—_——
future-information gap  past-compression penalty

In particular,

Py — Vlﬁ < (Pn—V7) +ZE|At‘-
t=1

Proof. This is immediate from
Py = Vi = (P = Vi) + (V= V)
and Theorem [3.21 O
Corollary 3.4 (Compressed-state prophet bound). Suppose a classical prophet inequality yields
V> aP,
for some a € (0,1]. Then

n
Vi >ab, - > KA.
t=1

Proof. By Corollary [3.3
V> Py — (P — Vi) = Y EIA ] = v = S E|A.
t=1 t=1
The stated bound follows from V" > aF,. O

10



3.3 Interface with predictive states

We now isolate the point at which predictive-state constructions enter the theory.

Assumption 3.5 (Decision sufficiency). For each t, there exists an L? random vector S} and a

measurable map
G)t :R™ - R

such that
Ct = 04(57).

Assumption 3.6 (Lipschitz continuation map). For each ¢, the map ©; is Lipschitz with constant
L; < 0o, namely
|©(u) — O(v)| < Ly ||u — vl for all u,v € R™.

Let §t be any compressed approximation to Sy, and define
Ct = @t(St)
Proposition 3.7 (Predictive-state interface). Under Assumptions and[3.6,

E|A¢] = E’@t(é\t) —0:(S7)| < LLE Hgt - 57

) .

Consequently,

P, - Vi < (Pn—m*)+ZLtEH§t—5; ,
t=1

Proof. The first bound follows directly from Assumption

1A = 104(51) — ©u(S7)| < Ly || S, - s

.
Taking expectations and substituting into Corollary gives the result. O

Remark 3.8 (Role of the predictive layer). Section reduces the sequential decision problem to
the task of constructing compressed predictive states S; that approximate the canonical states S;.
The next section instantiates this interface using Dym—McKean/Hardy-space machinery, finite-past
approximation, and structured state compression.

4 Canonical Predictive States from Hardy-Space Compression

In this section we instantiate the abstract interface of Proposition [3.7 using a discrete-time Gaussian
observation layer with Hardy-space spectral factorization. The role of this section is not yet to prove
quantitative approximation rates, but to identify the canonical predictive state and to define the
finite-dimensional compression families that will later be analyzed.

11



4.1 Gaussian observation process and past subspaces

We work with a centered p-variate weakly stationary Gaussian process
Y = (Yk)k€Z7 Yk S va

with matrix spectral density ‘
W () e cP*P, 0 € [—m, ).

Assumption 4.1 (Szeg6 outer factorization). The spectral density W is positive definite a.e. and
satisfies
logdet W € L' ([—m, 7).

Hence there exists an outer matrix function
H € H?(D;CP*P)

such that A A )
W(ezﬁ) — H(ew)H(EZ@)* for a.e. 6 € [—71', 7T]'

For each decision time ¢t € {1,...,n}, we identify the pre-decision information with the obser-
vation past
Gri=0(Ys: s<t—1).

Let
H,; :=spanf{u' Yy: u € RP, s <t—1} C L*(Q).

For g € N, define the vector-valued past space
H; (q) == (H;)? € L*(Q;R9).

4.2 Future-relevant linear features and canonical predictive states

For each t, let
U; € L*(;R®)

be a future-relevant linear feature of the form

Tt
U; = Z Btﬂ'Y%_,_j, BtJ € R%*P,
=0

The integer r; > 0 is allowed to depend on .

Definition 4.2 (Canonical predictive state). The canonical predictive state associated with Uy is
L
St = My g U
the orthogonal projection of U; onto the vector-valued past space.

Proposition 4.3 (Gaussian conditional law is encoded by the canonical state). For each t:

1.
S; = E[Ut ’ Qt] a.s.

12



2. The residual
: = Ut - SZ(

1s independent of G;.

3. There exists a deterministic covariance matriz
L qt X qt
Y eR

such that
LU | G)=N(SEZH)  as.

Proof. Since Uy is a finite linear combination of Gaussian coordinates (Y;)sez, it belongs to the
Gaussian Hilbert space generated by Y. The conditional expectation onto G; agrees with orthogonal
projection onto the closed linear span #; (g:), which proves (1).

By construction, R} is orthogonal to #; (¢:). Since the joint law is Gaussian, orthogonality
implies independence; hence Ry is independent of G;. This proves (2).

Finally, by (1) and (2),

U; = S; + R:,

where S} is G;-measurable and R} is independent of G;. Therefore the conditional law of U; given
G: is Gaussian with mean S} and covariance

i = Cov(R}),

which is deterministic. O

4.3 Decision sufficiency via conditional-law reduction

The previous proposition shows that, in the Gaussian linear setting, the entire conditional law of U,
given the past is encoded by the single random vector S} together with a deterministic covariance
matrix.

This yields a concrete sufficient condition for Assumption from Section

Proposition 4.4 (Decision sufficiency from Gaussian reduction). Assume that for each t there

exists a measurable functional
At : PQ(th) — R

such that
C; = At(ﬁ(Ut ’ Qt)) a.s.

Then there exists a measurable map
@t : R - R

such that
CyF = 04(S)) a.S.
In particular, Assumption [3.5 holds with state dimension my = q;.

Proof. By Proposition
LU | G) =N(SEHEZEH) as.

Define
Or(s) :== AN (s, 57)), s € R%.

Then
Cf = At(['(Ut | gt)) = At(N(St*vth)) = 0+(57).

13



Remark 4.5. Proposition [£.4] is the formal place where prediction enters decision-making. Once
the continuation value depends on the past only through the conditional law of a future-relevant
Gaussian feature, that law collapses to the canonical predictive state S;.

Remark 4.6 (Observable versus innovation coordinates). Although several constructions below are
expressed in innovation coordinates, all predictive states and compression subspaces are elements
of the observable past space H, . Thus the resulting compressed states should be interpreted as
causal functions of past observations, not as quantities that require direct access to the innovation
sequence.

4.4 Finite-past Hardy compression families

For L € N, define the finite-window past space
H,, =span{u' Ys: u€RP, t —L<s<t—1}CH,

and again let

- —\4
Ht,L(q) = (Ht,L) .

Definition 4.7 (Hardy compression family). For each (m, L,t), let
Kt € Hy (@)

be a finite-dimensional subspace. We call

{]Cm,L,t}m,L,t
a Hardy compression family if:

1.
Icm,L,t c ICm—i—l,L,ta ICm,L,t - K:m,L—I—l,ta

for all admissible (m, L, t);
2. each Ky, 1+ is generated from a structured basis adapted to the outer factor H (for exam-

ple, a Hardy, model-space, or de Branges basis associated with the past-to-future prediction
problem).

Definition 4.8 (Compressed predictive state). Given a Hardy compression family, define the com-
pressed predictive state by

alm,L
b =T, U
Its approximation defect is
e¢(m, L ::’S*—g(m’L)‘ .
t(m, L) £ e uman

Whenever Proposition applies, define
Gt = 0y(S™H),

and let m,, 1 denote the corresponding compressed threshold policy.

14



4.5 From Hardy compression to prophet guarantees

Theorem 4.9 (Predictive-state compression bound). Assume the hypotheses of Proposition
and suppose in addition that Oy is Lipschitz with constant Ly for each t:

|O¢(u) — BOr(v)| < Lt ||Ju — vl for all u,v € R,
Then R
E|C{™" — Cf | < Liey(m, L),
and therefore
Py —V{™" < (P = Vi) + Y Lye(m, L).
t=1
Equivalently,

71—7nL>VY1 ZLtEtmL

Proof. By definition,
Ci=0usp), ™Y =eus™h).

Hence R N
E™ ) — ci| = |ouS™) - 0u(sp)| < Le S - 5|

Taking expectations and using the definition of £,(m, L) yields
E‘ ét(’”’” - Cy } < Liei(m, L).
The decision bound then follows from Corollary [3.3]in Section O

Proposition 4.10 (Density implies asymptotic optimality). Fiz t. Assume that

U Kom,pt =H; (qr).

m,L>1
Then
et(m, L) = 0 as m, L — oo,

along any cofinal sequence.
Consequently, if

n
Z Lt 5t(m, L) — 0,

then
|2 7
Moreover,
P, — V™t = P, — VY
Proof. Since

* a(m,L)
St - HHt_((It)Ut’ St H}C U

m,L,t
and the subspaces I, 1. are increasing with dense union in #; (g;), the Hilbert projection theorem
implies

Hgt(m’L) —SF Pl

Thus e¢(m, L) — 0.
The convergence of values follows from Theorem O
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5 Quantitative Approximation: Innovation Tails and Rational Ex-
actness

In this section we develop the first two theorem packages of the paper.

e For general outer-factor classes, we derive explicit approximation bounds from the innovation
expansion of the canonical predictive state.

e For rational spectral factors, we show that the canonical predictive state admits an exact
finite-dimensional realization, yielding exact compressed-state optimality.

The first part gives robust quantitative control with minimal structural assumptions; the second
part identifies the exact finite-state regime that should serve as the principal model class for the
first paper.

5.1 Innovation representation of the canonical predictive state

We retain the setup of Sectiondl In addition to Assumption we assume that the process admits
the corresponding Wold-Hardy innovation representation

o0
th = Z hfet—fv te Za
=0

where

H(z) = Z hezt
=0

is the outer spectral factor of W, and (g¢)¢ez is an i.i.d. centered Gaussian innovation sequence in
RP with covariance matrix I,.
Recall that

Tt
Uy =Y Bi;Yiyj,  Bij € R
Jj=0
Proposition 5.1 (Innovation expansion of the canonical predictive state). Define matrices

Tt
At’g = ZBt,jhj+€7 J4 > 1.
j=0

Then the canonical predictive state admits the exact expansion
o0
S; = ZA@K Et—y m LQ(Q,R%)
(=1

Equivalently,
U, = S; + Ry,

where

e J
*
Rt = Z § Bt,jhu5t+j—Uu

7=0u=0

and Ry is independent of G;.
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Proof. Expanding each Y;|; in innovations gives

Tt o0
U = Z By ; Z hegitj—e.
=0 =0

Split the sum according to whether t +j — ¢ <t—1lort+j—{>t.
The past-measurable part corresponds to £ > j + 1. Writing

=7+, r>1,

we obtain
0o Tt

T4 00 00
E Bt,j E hj—i—'r Et—r = g Bt,jhj—i-r Et—r = E At,'rgt—r-
=0 r=1 0 r=1

r=1 j=

This belongs to H; (¢¢), hence must coincide with S} = I (g Ut-
The remaining terms are precisely those with £ < j, i.e.

Tt J
R: = Z E Bt,jhu Et+j—u-
7=0 u=0
These depend only on innovations €¢, €441, . .., ¢+, and are therefore independent of G;. O

Remark 5.2. Proposition is the first place where the Hardy factor H enters quantitatively.
The approximation problem for S} is now reduced to approximating an explicit innovation series
with coefficients A; , determined by the spectral factor.

5.2 Finite-window compression and exact tail formula

The simplest structured compression family is the innovation-window family. For L € N, define

L
/Canﬁg1 = {ZMZEte My e thxl)} C Hy (qt)-
/=1

Define the truncated predictive state
L
S’\ISL) = HKzl’?Ut = ZAt,ZEt—Z-
=1
Theorem 5.3 (Exact innovation-tail formula). For every t and L > 1,

2
= A
L2(;Rat) Z>ZL H t’A

Consequently, if Cf = ©(SF) and Oy is Lipschitz with constant Ly, then

n 1/2
&—W%q&_szp«ZmMﬁ>,
t=1

{>L

Q@V:Hg_gﬁ 2.

where 7, denotes the threshold policy driven by

ét(L) = @t(gt(L))

17



Proof. By Proposition [5.1]

Sp — S\t(L) = Z Ay gty
>L

Since the innovations are independent with covariance I,

2
=S tr(AnAl) = A

E ZAt,EEth %
>L 9  £>L >L
This proves the exact tail formula.
The decision bound follows from Theorem [4.9]in Section (4l O

Corollary 5.4 (Geometric rate). Assume that for each t there exist constants Cy > 0 and p; € (0,1)
such that
| Az el o < Cipt for all ¢ > 1.

Then .
C
er(L) < Ly
V1—=rp;
and hence

Taking square roots gives the claim. O

Corollary 5.5 (Polynomial rate). Assume that for each t there exist constants Cy > 0 and By > 0
such that
||At,Z”F < Cy(1 +£)7(’8t+1) forall £ > 1.

Then there exists a constant ét > 0 such that
(L) < C L_(ﬁt‘i‘%)’

and therefore
P, — V" < (P, — V') + ZLt Cy L~ (Pta),
t=1

Proof. By Theorem
(L)’ < CZY (140722,
{>L

Since 23, + 2 > 1, the tail of this series is bounded by a constant times L~(2%+1)  Taking square
roots yields the result. O
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Remark 5.6 (From spectral-factor decay to decision rates). Because

Tt

A= Z Bt jhjte,
=0

any decay estimate on the spectral-factor coefficients hy transfers directly to the predictive coeffi-
cients A; . Thus geometric or polynomial approximation rates for the compressed policy can be
read off from Hardy-side regularity of the outer factor.

5.3 Exact finite-dimensional realization for rational spectral factors

We now identify the exact finite-state regime. This is the principal exact model class for the first
paper.

Assumption 5.7 (Rational causally invertible outer factor). The outer factor H is rational and
admits a stable state-space realization

H(z)=D+2C(I —2A)"'B,

with
A e R4, B e R¥*P, C e RP*4, D e RP*P,

and spectral radius p(A) < 1. In addition,
H™' € H>(D;CP*?).
Under Assumption [5.7]
ho = D, he = CA''B, 0> 1.

Definition 5.8 (Rational predictive state). Define the d-dimensional state

& = Z A1 Be .

=1
Proposition 5.9 (Finite-dimensional realization of the canonical predictive state). Under Assump-
tion the process (&) is Gy-measurable and obeys the linear recursion
§tr1 = A& + Bey.

Moreover, for each t,
Tt

SZ( == Mtgta Mt = ZBt,]CAJ
7=0

Proof. By Proposition in Appendix [C] the innovation sequence is recoverable from the observ-
able past by a stable causal filter. Hence the state

[e.9]

&= A"'Bey

(=1

is G;-measurable.
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The recursion

%) 9]
§t+l = Z AZ_IB Et+1—4 = BSt + Z Ae_lB Et+1—4 = B8t + Aft
/=1 (=2

is immediate from the definition.
Next, by Proposition [5.1 and the rational form of hy,

Tt Tt Tt
Ao =) Bijhjpe=Y By ,CAIP'B=|Y "B, ;CA | A 'B=MA"'B.
§=0 §=0 §=0

Therefore

oo o0
Sy = Z Agpei—r = Z MA*1Be; 4= M&;.
=1 =1

O]

Theorem 5.10 (Exact finite-state compression in the rational case). Assume the hypotheses of
Proposition [{.4, Assumption [3.6, and Assumption[5.7. Let the compressed state be

Zy =& e R
Define R
Ct = @t(MtZt)-

Then
Cy =Cf a.s. for everyt,

and hence the compressed threshold policy m.a¢ coincides with the full-information online optimum:
V*lﬁrat — ‘/1*'
Consequently,
P, — V™ = P, — V".

Proof. By Proposition [5.9
Sy = M& = My Zy.

By decision sufficiency, R
C; - @t(SZ() == @t(MtZt) == Ct.

Therefore the threshold rule generated by @ is exactly the optimal rule 7* from Proposition
Hence
‘/'17rrat — ‘/1*'

The final identity is immediate. O

Corollary 5.11 (Exact transfer of prophet guarantees in the rational case). If the underlying model
class admits a prophet inequality
‘/1* > aPn

for some a € (0, 1], then under Assumption

Vit > ab,.
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Proof. Combine Theorem with the displayed bound for V7. O

Remark 5.12 (AAK/Hankel refinement). Theorem suggests a direct but possibly inefficient
compression family. A sharper alternative is to construct K, 1 from a finite-rank approximation
of the relevant predictive Hankel operator. This is natural for at least two reasons:

1. finite-rank Hankel structure is the analytic signature of rationality;

2. AAK theory identifies best rank-m Hankel approximation with rational approximation in
Hardy-space language.

In the rational case, the Hankel rank is finite and exactness should occur once m exceeds that rank.
Developing this sharper compression theorem is a natural goal for a strengthened final version or
a second paper.

6 Prophet and Posted-Pricing Consequences

This section records the main consequences of the predictive-state framework for prophet inequal-
ities and posted-price mechanisms.
6.1 Prophet-inequality transfers

Corollary 6.1 (General prophet transfer). Assume that the full-information online benchmark
satisfies
‘/1* > ab,

for some a € (0,1]. Under the hypotheses of Theorem
n
Vvlﬂpm’L > OéPn — Z Lt st(m, L)
t=1
Equivalently,

P, V™" <(1—a)P, + Z Liei(m,L).
t=1

Proof. By Theorem
Trm L > ‘/1 Z Lt St m, L

Combining this with V|* > aP, yields the claim. O

Corollary 6.2 (Innovation-tail prophet bound). Under the hypotheses of Theorem if

V' > aby,
then
n 1/2
VITFL > ab, — Z Ly (Z HAt,KH%) .
t=1 {>L
Proof. Combine Corollary [6.1] with Theorem O
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Corollary 6.3 (Geometric prophet transfer). Under the hypotheses of C’omllary if

Vl* Z O[Pn,
then . L
LiCy Py +
Vi s ap, -3 Gt
= V1-i
Proof. Immediate from Corollary O

Corollary 6.4 (Polynomial prophet transfer). Under the hypotheses of Corollary if

Vl* 2 O[Pn,
then .
Vi > aPy = Y LG Lm0,
=1
Proof. Immediate from Corollary [6.1] and Corollary O

Corollary 6.5 (Rational exact transfer). Assume the hypotheses of Theorem |5.10. If the full-
information online benchmark satisfies
Vl* 2 O[Pn,

then the rational predictive-state policy satisfies the same guarantee:
Vlﬂ'rat Z O[Pn.

In particular,
P, — V™ = P, — V".
Proof. This follows immediately from Theorem [5.10} O

Remark 6.6 (Interpretation). The preceding corollaries show that prophet inequalities survive
predictive-state compression with an additive penalty that is entirely prediction-theoretic. Thus
the online approximation loss of a compressed policy is the sum of a classical prophet term and a
Hardy-side state-compression term. In the rational case, the latter vanishes exactly.

6.2 Adaptive posted pricing with predictive states

We now formulate a pricing analogue of the compression principle. We consider the single-item
sequential posted-pricing problem.
At each time ¢t € {1,...,n}, provided the item has not yet been sold, a buyer arrives with

random valuation
B; > 0.

Before posting a price, the seller observes pre-price information
Gt

Let B
Fi(p) =P(B: > p| Gt)

denote the conditional sale probability at price p.
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If the seller posts price p;, then the item is sold immediately if B; > p;, yielding revenue py;
otherwise the seller continues to the next period. Thus, given a continuation value ¢ > 0, the
one-step conditional revenue functional is

Ji(p,¢) == pFi(p) + (1 — Fi(p))c.

Assumption 6.7 (Price regularity). For each ¢, the admissible price set P; is a nonempty compact
subset of R4, and for every fixed continuation value ¢, the map

p = Ji(p,c)
is continuous on P.

Lemma 6.8 (Existence of measurable benchmark prices). Under Assumption there exists a
Gi-measurable selector
p; € argmax Jy(p, K7).
PEP:
Proof. This is a standard measurable maximum argument on a compact action set. O
Definition 6.9 (Full-information posted-pricing benchmark). Set
R;-ﬁ-l = 0.

Fort=n,n—1,...,1, define
KZ( = ]E[R:-‘rl ‘ gt]a

choose a measurable maximizer
* *
p; € argmax Ji(p, K}),
pEPL

and set
Ry = Ju(p}, Kf).

Definition 6.10 (Compressed predictive-state pricing policy). Let §t be a compressed predictive
state. A predictive-state price map is a measurable function

T, R™ R,

We define the compressed posted price by

The induced revenue-to-go process is
Rh., =0, K} :=E[R} | G,

and N N
Rf = Jt(]/)\t,K#)

Assumption 6.11 (Price-response Lipschitzness). For each ¢, there exists k; < oo such that
| Je(ps €) = (0, 0)] < wulp — |

for all p,p’ € P; and all admissible continuation values c.
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Theorem 6.12 (Price perturbation decomposition). Let
D .= Rf — R,
Under Assumption|6.11
DYP < klpi — be| + E[DPY, [ Gi]  as.
for everyt =1,...,n. Consequently,
n
R — Ry < ZHtEUU; — Dtl-
t=1
Proof. By definition of R} and Rtﬁ )
D = J(p;, K7) — Jt(ﬁtaKtﬁ)'
Add and subtract Ji(pt, K7):
DI = (Ji(p}, K7) = B K7)) + (Je(Br. K7) = Jo(Be, KT)).
The first term is bounded by

K| i — il
by Assumption
For the second term, since

Ji(p,c) =pFe(p) + (1 = Fie(p))e,

we have R R R
| Je(Pe, K7) — Jo(De, K| = (1= Fe(pr)) | K7 — K| < |KT — K.
Finally, R R
Kt* - Ktu = E[ ?+1 - Rf—&-l | gt] = E[Dg:l | gt]-

Combining the bounds yields

D}? < wilpy — bl +E[DZY | Gil.
Taking expectations and iterating backward from ¢t = n proves the claim. O

Corollary 6.13 (Predictive-state pricing transfer). Assume that the benchmark prices are functions
of the canomnical predictive states:

p; = W:(S57),
where W, is Lipschitz with constant M;:
(Wi (u) = We(v)| < My flu—vll,.
Let

~

]/9\,5 = \I!t(St)
Then, under Assumption|6.11

n
Ri - Rl <Y wME|S, - 5t
t=1

.
In particular, for the Hardy-compression family of Definition [4.8,

n
Rf — R{™ < kiMyey(m, L).
t=1
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Proof. By Lipschitz continuity of W,

Ipf = il = [a(S7) = Wu(B)] < M, |8 — s

.
Substitute this into Theorem [6.121 O

Corollary 6.14 (Rational exact pricing transfer). Assume the rational setup of Theorem and
suppose the benchmark price rule factors through the canonical predictive state:

pi = W (S)).

If we use the rational predictive state
Zy=6&

from Definition [5.8, then the compressed pricing policy satisfies

Dt =D} a.s. for everyt,
and hence R
RI™ = Ry.
Proof. By Proposition
St = M;&.

Thus the rational predictive state recovers the exact canonical state, and so
pe = Wu(S7) = pi.
The equality of revenue follows from Theorem |6.12 O

Remark 6.15 (How this connects to prophet-based pricing frameworks). Theorem is the
single-item pricing analogue of the compression-to-decision decomposition for stopping rules. It
should be viewed as the local building block for more general price-based prophet frameworks.
In settings where a prophet inequality is established through benchmark prices (e.g. balanced or
smooth posted-price rules), one expects the same predictive-state compression principle to prop-
agate through the proof once the benchmark prices are measurable functions of the canonical
predictive state and the price-based inequalities are stable under perturbation.

7 Discussion and Open Directions

The results of this paper identify predictive-state compression as a new information-theoretic layer
beneath prophet inequalities and posted-price mechanisms. At a technical level, the paper isolates a
canonical predictive state, proves that continuation values and prices are stable under perturbations
of this state, and then transfers approximation bounds from the prediction layer to the decision
layer. At a conceptual level, it suggests a broader program: online approximation guarantees should
be analyzable not only in terms of the future information that is missing, but also in terms of how
the available past is represented and compressed.
We conclude by outlining several directions in which this program can be pushed further.
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7.1 Beyond single-item selection and pricing

The most immediate extension is from single-choice stopping and single-item posted pricing to
richer feasibility environments. The price-based prophet framework suggests that many stochastic
online maximization problems can be analyzed by benchmark prices rather than by raw threshold
rules. This raises the following question.

When a benchmark price system is measurable with respect to a canonical predictive
state, can predictive-state compression be propagated through the entire price-based proof
in order to obtain additive or multiplicative approximation guarantees under compressed
information?

A positive answer would extend the present paper from binary stopping and single-item pricing
to settings such as packing, matroids, matching, and more general online allocation problems.
Conceptually, this would turn predictive compression into a reusable module inside price-based
prophet frameworks.

7.2 Noisy observations, side predictions, and learning-augmented prophet in-
equalities

Recent work has moved prophet inequalities toward richer information models, including noisy
observations and external predictions [4} [3 [13]. This suggests a natural next step for our framework.
Instead of assuming that a compressed predictive state is computed from an ideal past, one may
let the state be learned from noisy or partially observed historical signals. The resulting theory
would have to combine two types of error:

decision loss < predictive-state approximation error + observation / learning error.

~

This leads to a concrete research agenda:

1. derive predictive-state compression bounds when the observation layer is noisy or misspecified;

2. combine those bounds with recent prophet-inequality models with noisy observations or side
predictions;

3. study robustness/consistency tradeoffs when a learned predictor or side signal is accurate on
average but unreliable in the worst case.

7.3 Correlations and richer dependence structures

Our present Gaussian observation layer is highly structured and is chosen because it gives a trans-
parent bridge to Hardy-space prediction. But sequential decision problems often involve dependence
structures that are not captured by independent or conditionally independent value models. This
motivates a broader question:

Can predictive-state compression be used to organize prophet inequalities under depen-
dence, by separating the effect of dependence itself from the effect of finite-memory or
compressed-state representation?

The recent literature on prophet inequalities with correlated values suggests that threshold-
based methods become substantially more delicate once one leaves the product setting [12]. From
our perspective, this is precisely where a predictive state may matter most: rather than reacting
to raw correlated histories, an online policy could act on a canonical state that captures only the
future-relevant dependence.
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7.4 Continuous-time prediction and canonical systems

Although the present paper is written in discrete time, the predictive layer is clearly not limited
to that setting. One of the motivations from the very beginning was the Dym—McKean/Bingham
perspective on whole-past and finite-past prediction in continuous time [2]. This suggests a sec-
ond line of future work: replace the discrete Hardy-space model on the disk by a continuous-time
upper-half-plane or canonical-system model, and then transport the resulting predictive-state ap-
proximation theory back into sequential decision problems through discretization, windowing, or
event-driven stopping models.

7.5 Low-rank Hardy compression and model reduction

The innovation-window truncation theorem in this paper is robust but not necessarily optimal
in state dimension. The next natural improvement is therefore low-rank predictive compression.
The guiding idea is to replace raw window truncation by a structured finite-rank approximation
of the relevant predictive Hankel operator. This should produce substantially sharper guarantees,
especially when the predictive layer is close to rational or nearly rational. In the rational case, the
present paper already proves exact finite-state realizability. The next step is to understand the
near-rational regime.

7.6 Predictive states as a bridge to learned sequential decision models

Finally, the present framework suggests a more ambitious connection to modern Al and sequential

learning. A recurrent or state-space decision model can be viewed as a compressed representation

of the past. From this viewpoint, the canonical predictive state becomes a normative benchmark:

it is the structured state that preserves the continuation values relevant for downstream decisions.
This suggests several longer-term directions:

1. define representation error for sequential decision models in terms of distance to a canonical
predictive state;

2. relate state dimension, memory length, and online performance through predictive-state ap-
proximation quantities;

3. study whether learned recurrent or state-space policies can be regularized toward causally
stable predictive-state architectures.

Final perspective. The main message of the paper is that missing future information is not
the only source of online suboptimality. Even when the relevant history is available in principle,
the online policy may only access it through a compressed state. Once this distinction is made
explicit, prediction theory becomes directly relevant to online decision-making. In this sense, the
present work should be read not as an endpoint, but as a first step toward a broader theory of
information-constrained sequential optimization.

A Auxiliary Hilbert-space facts

This appendix records two standard Hilbert-space facts used implicitly in the main text.
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Lemma A.1 (Projection onto increasing closed subspaces). Let M; C Mgy C --- be closed sub-
spaces of a Hilbert space H, and let

My = U M.

m>1

If P,, and Py denote the orthogonal projections onto M,, and My, respectively, then for every
reH,
| Pz — Poox|| = 0 as m — oo.

Proof. Set y = Pxx. Since y € My, there exists a sequence y,, € M,, such that ||y, — y|| — 0.
By the minimizing property of orthogonal projection,

|2 = Pzl < [z — yml-
Passing to the limit gives

limsup ||z — Ppx| < ||z — y|| = ||z — Psox]|-
m—r00

On the other hand, because M,, C M,
[ = Poo|| < [ = Prz].
Hence ||z — Pyx|| — || — Pxx||. Using the Pythagorean identity,
| Pt — Prz||? = ||z — Ppz||® — ||z — Psoz||*> = 0.
O

Lemma A.2 (Vector-valued projection convergence). Let My, C Mo be as in Lemmal[A.1 Then
for any finite q and any v € HY,
|1 PP — P&l — 0,

where BS{]) and Pég) denote the coordinatewise orthogonal projections onto My, and M.

Proof. Apply Lemma coordinatewise and sum over the ¢ coordinates. ]

B Measurability and selection details

We give a precise measurable-maximum statement underlying Lemma

Proposition B.1 (Measurable maximum on a compact action set). Let (Q,G) be a measurable
space, let P C R be a nonempty compact set, and let f: Q) x P — R satisfy:

1. for every p € P, the map w v+ f(w,p) is G-measurable;
2. for every w € Q, the map p — f(w,p) is continuous.
Then the argmax correspondence

[(w) = arg max f(w,p)

has nonempty compact values and admits a G-measurable selector.
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Proof. By continuity and compactness, I'(w) is nonempty and compact for all w. Since f is a
Carathéodory integrand, the measurable maximum theorem implies that the value function

H
w = max f{w,p)

is measurable and that I' has measurable graph. Because P is a compact metric space, the
Kuratowski-Ryll-Nardzewski measurable selection theorem provides a measurable selector. O

Proof of Lemma[6.8. Apply Proposition with
f(w7p) = Jt(p7 K;(W))

The assumed continuity in p and compactness of P, give a nonempty compact argmax set, and
measurability follows because K} is G;-measurable. O]

C State-space realization details in the rational case

The purpose of this appendix is to justify the measurability claim used in Proposition [5.9

Proposition C.1 (Causal invertibility and recovery of innovations). Assume Assumption [5.7
Write

o
G(z)=H(z)"" =) gnz"
m=0
where G € H*(ID; CP*P). Then the innovation sequence admits the causal representation
(o]
€ = Z ImYi—m n LQ(Q;RP).
m=0

In particular, e is measurable with respect to o(Ys : s <t).

Proof. Since
o0
Y=Yl
=0

we may write formally Y = H(L)e, where L denotes the backward shift. Because H is causally
invertible and G = H~! € H*, we have ¢ = G(L)Y. Expanding G gives

S
&t = Z ng;f—m-
m=0

To justify convergence, note that G € H* defines a bounded causal convolution operator on square-
integrable one-sided sequences; applying this operator to the Wold representation of Y yields the
identity in L2 Since all finite partial sums are measurable with respect to o(Y; : s < t) and the
limit holds in L?, the limit is also measurable with respect to that o-field. O

Corollary C.2. Under the hypotheses of Proposition[C.1], for every t the state
[o.¢]
&t = Z AT'Bey
(=1

is measurable with respect to Gy = o(Ys : s <t —1).

Proof. Each &;_, is measurable with respect to o(Y : s <t — ) C G;. Hence every finite partial
sum is Gi-measurable. Since p(A) < 1, the series converges in L?(Q;R?), and therefore its limit is
also G;-measurable. O
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