STATIONARY DISTRIBUTIONS FOR THE NONSEMIMARTINGALE
REFLECTED BROWNIAN MOTION WITH DRIFT IN A WEDGE:
EXACT LOGARITHMIC TAILS

ZIRAN LIU

ABSTRACT. We develop the quantitative tail asymptotics of the stationary distribution for the
nonsemimartingale reflected Brownian motion with constant drift in a convex planar wedge,
defined by the submartingale problem (Definition 2.1 in [9]). We give the exact logarithmic tails
for each drift p such that the stationary distribution exists, throughout 1 < a < 2 (the case
when the RBM solution to the submartingale problem is nonsemimatingale). (The existence
phase diagram for the drift u is identified in the companion paper [8].) For every stationary law
we prove explicit exponential-moment estimates, locally uniform moment bounds, analyticity of
the Laplace transform on the interior of its convergence domain, and logarithmic upper bounds
for projections, radial tails, angular sectors, closed sets, and Laplace functionals. At o = 1, the
stationary marginal in the distinguished normal direction is exactly exponential.

The main theorem determines the complete closed exponential-moment domain. Let B, =
B(—p, |p|) be the kernel disk, and let Cia(u) be its intersection with the two half-spaces
determined by the one-face reflection costs. For every stationary drift and every stationary law
U

Dy = {9 : / e m(dz) < OO} =Cu(w-SY, 1<a<2
S

Every interior point of this set is a genuine moment vector. Finite sums of exponentials provide
the matching Lyapunov functions, while killed-wedge, one-face, and broken-path estimates
provide matching stationary lower bounds. Consequently, every linear functional strictly
positive on the wedge, the radial tail, and every nondegenerate closed angular sector have exact
logarithmic asymptotics. The domain and all resulting rates depend only on the drift and
reflection geometry and not on the choice of stationary law.
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1. INTRODUCTION AND MAIN RESULTS

Let S be a convex planar wedge, and consider the reflected Brownian motion with constant
drift p and oblique reflection directions vy, ve defined by the Lakner—Liu—Reed submartingale
problem. The companion paper [8] determines the stationary-existence region for 1 < a < 2,
establishes the stationary inequality, and develops its weak elliptic formulation. The present
paper determines the stationary distribution at logarithmic scale throughout that entire region:
first through the full exponential-moment domain, and then through exact projected, radial, and
sector tail exponents.

For a stationary law 7, write

Dy () 1= {9 ER?: /See'zﬂ(dz) < oo}, Dy i= Doy ().

The set D, is the closed exponential-moment domain. Since uniqueness of the stationary
distribution is not assumed, this notation is attached to the chosen stationary law. A principal
conclusion below is that, in the classified regimes, the set is in fact determined by the drift and
reflection geometry alone.

Theorem 1.1 (qualitative stationary classification from [8]). Assume 0 < { < m. Ifa=1, a
stationary distribution exists if and only if
ng - u<0.
If 1 < a <2, a stationary distribution exists if and only if
¢ Ky := cone{—vy, —va}.
The stationary inequality, the zero-boundary-mass property, and the neutral-test identity are
recalled below from [8].

We first establish quantitative estimates that hold for every stationary law in this region.

Theorem 1.2 (quantitative stationary estimates). Let m be a stationary distribution in either
classified regime. Then m possesses an explicit nonempty region of exponential moments. On
compact subsets of this region the moments are locally bounded, and the Laplace transform is
analytic. The same estimates yield directional, radial, angular-sector, compact-set, large-deviation,
and Laplace upper bounds. If a = 1, the marginal in the direction n.y is exponential with parameter

—2ng - .
The central result identifies the exact logarithmic frontier. Let
By, == B(—p, |pl)

be the kernel disk. For each face, a one-face variational problem defines a clipping half-space;
their intersection with B, is denoted by Ci2(p). The associated lower hull is

Ki2(p) := Ciz(p) — 8.

These objects are defined explicitly in section 6.4.

Theorem 1.3 (closed moment domain and exact logarithmic tails). Assume 0 < £ < 7,
1< a <2, and let u be a stationary drift. For every stationary law 7 at drift u,

Dy = KlZ(M)’ int Dexp(Tr) = int ,C12(:u>a
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and
int ’Clg(u) C Dexp(ﬂ_) C KIZ(M)-
Thus the interior and the closure of the moment domain are independent of the choice of stationary
law.
For every c € SY, let
ac(p) == sup{A > 0: Ac € Kia(p)}.
Then
lim llogw{z €S:ic-z>a}=—a(p).

T—00 I
If C c SNS' is a nondegenerate closed angular interval, then

1
lim rlogw{z £0:|z| >, ‘% € C} = —min hc,, () (v).

7—00 uweC

Taking C = SNS! gives the exact radial logarithmic tail.

The proof has two complementary parts. Finite sums of exponentials, chosen so that the
leading oblique derivative on each face is negative, fill the interior of C12(p) with genuine moment
vectors. Conversely, killed-wedge estimates, one-face motion, and one-face motion followed by an
interior segment give matching lower-tail bounds. A two-dimensional clipping argument shows
that the resulting pathwise lower hull agrees with Ki2(x). In the classified geometry at most
one one-face clip is active, which upgrades the raywise identification to the whole closed domain.
These arguments also supply the lower bounds needed for the existence of the full logarithmic
limits; the moment abscissa alone would give only a liminf identity.

For semimartingale reflected Brownian motion in wedges and quadrants, transform methods,
boundary measures, and complex-analytic techniques yield convergence domains, exact tail
asymptotics, integral representations, and, in special geometries, finite sums of exponential
densities; see [1, 2, 3, 4, 5|. The process in Lakner—Liu-Reed [9] need not possess a global
boundary-local-time decomposition in the strict nonsemimartingale regime. Our argument
therefore proceeds through the submartingale formulation, bounded Lyapunov tests, the Brownian—
extended-Skorokhod decomposition away from the vertex, and finite-horizon path localization.

The paper is organized as follows. Section 2 fixes the geometry and the reflected diffusion.
Section 3 records the stationary identities and interior regularity used below, and section 4 collects
two auxiliary lemmas. Section 5 proves the quantitative stationary estimates and constructs
finite-exponential Lyapunov functions. Section 6 identifies the closed moment domain and proves
the projected, radial, and sector logarithmic asymptotics. The final section delineates the finer
questions that remain beyond the logarithmic scale.

2. GEOMETRY AND BASIC PROPERTIES OF THE REFLECTED DIFFUSION

Throughout the paper,

k
cone{wy, ..., wg} = E ajwj: a; >0
i=1

denotes the closed conical hull generated by its arguments. In particular, it is not the compact
convex hull. We use this notation consistently because the phase diagram below is organized by
conical subsets and their complements.
Let
S={(r0):r>0,0<60<E CR? 0<¢é<m,

be the convex wedge. We write its two unit generators as

u; = (1,0), ug = (cos§,siné),
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so that S = cone{uy, us}. Its two open boundary rays are denoted by 957 and 953, excluding
the vertex. Let vq,vs € R? be the reflection directions, normalized by

Ui'ni:1, i:1,2,
where n; is the inward unit normal on 95;. We write
DZ’:Ui-V, i=1,2.

Throughout, CZ(S) denotes functions whose values and first two Euclidean derivatives are
bounded on S, with derivatives understood on the interior and by continuous extension up to
each open face. Every admissible test used below is also constant on a neighborhood of the
vertex, so its derivatives extend through the corner. Generator expressions Lf are the bounded
open-wedge expressions, with arbitrary bounded values assigned on the boundary when an integral
over S is written; the zero-boundary-mass result in proposition 3.2 shows that these boundary
choices never affect stationary integrals. For gauges that are introduced before localization and
are not inserted directly into the submartingale problem, the following regularity convention is
also used: a function W is facewise C? away from the vertez if it is continuous on S, is C? in
S°, and its first and second Euclidean derivatives admit continuous limits to compact subsets of
each open face. A facewise C? gauge is called locally C?-extendable away from the vertex if, for
every compact set K C S\ {0}, its restriction to K is the restriction of a C? function on an open
neighborhood of K in R?. Boundary directional derivatives such as D;W are interpreted through
the open-face limits. Whenever a localized gauge is used as an admissible test, the statement
includes this local extendability, or verifies it directly. All functions used as admissible tests
below are bounded members of CbQ(S ), typically after localization.
We also fix the semigroup and stationarity conventions. For drift u, write

Pfg(z) :==BE[g(Z(1))].
A probability measure 7 on S is stationary if 7P}' = 7 for every t > 0. The state space S is
locally compact and Polish. For a < 2, Lakner-Liu—Reed prove the C (S)-Feller property |9,
Theorem 2.12]; their space C(S) is the usual space Co(S) of continuous functions vanishing
at infinity. This Cy(S)-Feller property, together with tightness of occupation measures, is the
only semigroup regularity used in the Krylov—Bogoliubov argument below. The superscript u is

suppressed when the drift is fixed.
As in Lakner—Liu-Reed [9], let 01,02 € (—7/2,7/2) be the reflection angles and define

01+ 02
e

Throughout the paper we use the following sign convention for these angles. Let ¢; be the unit

tangent on 0.5; pointing away from the vertex. The normalization v; - n; = 1 is then equivalent to
V; =Ny — (tan&i)ti, 1=1,2.

Thus a positive reflection angle means that the tangential component of the reflection direction
points toward the vertex. This convention is the one used in the Varadhan—Williams harmonic
calculation in [8].

The process studied in this paper is specified by the following submartingale problem.

Definition 2.1 (Submartingale problem with drift). For a fixed drift vector y € R?, a family of
probability measures {P£' : z € S} on C(]0,c0), S) is said to solve the submartingale problem with
drift if the coordinate process Z satisfies the three conditions of Definition 2.1 in Lakner—Liu—Reed
[9]: it starts from z, it makes

t

{2y~ [ wvraends—; [ ssenas: =0}
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a submartingale for every admissible test function f € Cg(S ) that is constant near the vertex
and satisfies D; f > 0 on 95;, and it spends zero occupation time at the vertex.

The following results of Lakner-Liu-Reed [9] will be used.

(i) If @ < 2, the submartingale problem with drift has a unique solution; this is [9, Theorem 2.3].

(ii) More precisely, on the canonical space there is a Brownian motion with drift X, started at
the initial state, such that ¥ := Z — X and (Z,Y") solve the extended Skorokhod problem
for X; this is the pathwise decomposition in [9, Theorem 2.3|. Although Y need not have
bounded variation globally, this decomposition becomes the ordinary one-face Skorokhod
representation after stopping in a region that meets only one open face; see lemma 6.41
below.

(iii) If @ < 2, the transition semigroup has the Cy(S)-Feller property; in the notation of [9], this
is the C(S)-Feller property of [9, Theorem 2.12).

(iv) For the solution to the submartingale problem, the whole boundary has zero occupation
time; this is [9, Lemma 3.3|.

(v) If 0 < £ <7 and a > 1, then there exists b # 0 such that

b-z<0 (z€85\{0}), b-v; >0 (i=1,2).

This follows from the Lakner—Liu—Reed reflection-cone geometry, in particular the statement
that cone{vi,va} NS = {0} in the convex a > 1 case.
(vi) If 0 < £ <7 and a = 1, then cone{vy,v2} is a line and cone{v,va} NS = {0}.

We refer to this vector b as the geometric separator. The term strict nonsemimartingale regime
below refers only to 1 < a < 2; the boundary case o = 1 is treated separately.

The same angle convention also gives the following strict reflection-cone geometry, which will
be used in the one-dimensional and Lyapunov arguments.

Lemma 2.2 (strict reflection cone contains the wedge). Assume
0<¢é<m, l<a<?2.
Then
S = cone{uy,uz} C cone{—vy, —va}.
More explicitly, if the boundary generators have polar angles 0 and &, then the ray generated by

—v1 has angle

T
91—§<0,

and the ray generated by —vo has angle
&+ g — 0y > &.
The counterclockwise angle from —wv1 to —vg is
T+&— (01 +02) =7 — (a—1),

which lies in (&, 7). Hence the proper closed cone generated by —vy and —ve contains the whole
wedge sector.

Proof. With the convention v; = n; — (tan;)t;, the first face has t; = €,(0) and n; = e(0).
Thus
v = eg(0) — (tan by )e,(0),
so v1 has angle 7/2 + 67 and —v; has angle 1 — 7/2. Since 67 < 7/2, this angle is strictly below
the first boundary ray.
On the second face, ty = e,(£) and ng = —eg(&), hence

vy = —eg(&) — (tanby)e (§).
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Therefore vy has angle £ — /2 — 09, and —vy has angle £ + m/2 — 6,. Since 5 < /2, this angle
is strictly above the second boundary ray.
The counterclockwise aperture from —v; to —vg is

(6+5—02) = (01— 5) =7 +&— (Or+02) =7 — (0= )&,

Because a > 1, this aperture is less than 7. Because 601 4+ 05 < m, it is larger than £. Thus —vy
and —vy form a proper convex cone whose angular interval contains [0, ], which is exactly the
wedge sector in the convex case. O

Lemma 2.3 (nonempty strict Lyapunov directions). Assume
0<€<m, l<a<?2.

Let Ky, := cone{—v1, —va}. Then A # &. More precisely, if
K\/

str

={a eR?:a-2>0 for every x € K},

then every a € int K, belongs to 2.

Proof. By lemma 2.2, K, is a proper two-dimensional closed cone and contains S. Hence its

dual cone has nonempty interior, and every a € int K7, is strictly positive on K, \ {0}. Since

u1, U2, —v1, —U2 are nonzero elements of Ky, this gives
a-u; >0 (j=1,2), a-(—v;)) >0 (i=1,2).

Thus a-v; <0 for i = 1,2, and therefore a € 2. The nonemptiness of int K, gives A # &. 0

We use the dual cone notation

SVi={0eR?:9.-2>0forall z €S}, SY :={9eR?*:9-2>0forall z€ S\ {0}}.
In the convex regimes 0 < & < 7, we also fix the following Lyapunov cone notation at the outset.
Definition 2.4 (strict oblique Lyapunov directions). Define

A:={aecS):a v <0, a vy <0}

3. STATIONARY IDENTITIES AND INTERIOR REGULARITY

For a fixed drift p, write
1
Ly,=p-V+ §A’
and write £ when the drift is fixed by context.

Lemma 3.1 (zero stationary mass from zero occupation times). Assume o < 2, and let ™ be a
stationary distribution for the solution to the submartingale problem with drift u. Then

(3.1) 7({0}) =0,  ©(8S) = 0.

Consequently, the stationary integral of any bounded open-wedge expression is independent of the
bounded Borel values assigned on 0S.

Proof. Condition 3 in Definition 2.1 gives zero occupation time at the vertex, and |9, Lemma 3.3|
gives zero occupation time on the whole boundary. Under the stationary initial law, the following
expectation identities are finite because the integrands are bounded. For every t > 0,

0= EF/O Li0y(Z(s)) ds = t=({0}),

The boundary zero-occupation identity gives separately

0=E, /Ot Los(Z(s)) ds = £ 7(05).
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The last assertion follows because two bounded Borel extensions of the same open-wedge expression
differ only on 95, a m-null set. O

Proposition 3.2 (stationary inequality and zero boundary mass). Assume a < 2, and let  be
a stationary distribution for the solution to the submartingale problem with drift u. Then for
every admissible test function f,

(3.2) /S,Cf(x)ﬂ dzx) <0
Moreover,
(3.3) ©({0}) =0, w(0S) =

Proof. The zero-mass statement is lemma 3.1. Fix an admissible test function f. Definition 2.1

implies that
My(t) = / Lz

is a submartingale. Since f € CZ(S), both f(Z(t)) and the time integral of the bounded open-
wedge generator are integrable after any bounded Borel extension to the boundary. Under a
stationary initial law 7,

SO

/Ef ds

Because Lf is bounded in the open wedge and 7(9.5) = O Fubini’s theorem and stationarity give

/ﬁf ds—/ /ﬁfdwds—t/ﬁfdw,

where any bounded Borel extension of the open-wedge generator may be used on 95. Division
by t yields (3.2). O

Corollary 3.3 (stationary equality for neutral boundary tests). Assume o < 2, and let 7w be a
stationary distribution for the drift . Suppose f € Cg(S) is constant near the vertexr and satisfies

D;f=0 ondS;, 1=1,2.

Then both f and —f are admissible test functions, the open-wedge generator Lf has a bounded
Borel extension to S, and
/ Lfdr=0.
S

The value assigned to Lf on 0S is immaterial.

Proof. The function — f is also in C’g(S ) and is constant near the vertex. The boundary equalities
imply D;f > 0 and D;(—f) > 0 on both faces, so both signs are admissible. Since f € CZ(S),
the open-wedge generator Lf is bounded and therefore has bounded Borel extensions to S. By
proposition 3.2, 7(9S) = 0, so the integral is independent of the chosen boundary extension.
Applying proposition 3.2 to f and to —f gives opposite inequalities for the same finite integral,
hence equality. O

Corollary 3.4 (boundary-null integration of generator bounds). Assume a < 2, and let  be a
stationary distribution for the drift . Let f € 03(5'), and let G be a bounded Borel function on
S. Interpret Lf as any bounded Borel extension to S of the open-wedge generator. If

LF>G onS°,

/[,deZ/Gd’/T.
S S

then
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The analogous statement holds for upper bounds and equalities. Consequently, when applying
stationary inequalities, generator bounds that are proved in the open wedge and extended con-
tinuously to open faces may be integrated without specifying their values at the vertex or on the
boundary.

Proof. By proposition 3.2, 7(9S) = 0. Hence the inequality £f > G, which holds on S°, holds
m-almost surely after arbitrary choices of values on 95. Both functions are integrable because
the chosen extension of Lf is bounded and G is bounded. Integration gives the claim. Changing
the extension of £Lf on 95 changes neither side of any stationary integral. O

Corollary 3.5 (pathwise integration of interior generator bounds). Assume a < 2, and fix an
initial state z € S. Let f € C'g(S), and let G be a bounded Borel function on S. Interpret Lf as
any bounded Borel extension to S of the open-wedge generator. If

Lf>G onS°,
then, for every T < oo,

T T
IEZ/O £f(Zs)dszEz/0 G(Z,) ds.

The analogous statement holds for upper bounds and equalities. Thus open-wedge generator
wnequalities for bounded localized tests may be used inside time integrals under any initial state,
without specifying special values at the boundary or verter.

Proof. The solution has zero occupation time on the whole boundary: Definition 2.1 gives zero
occupation time at the vertex, and [9, Lemma 3.3] gives zero occupation time on 9S. Hence

T
/ 195(Zs)ds =0 almost surely
0

for every initial state. The inequality £f > G holds whenever Z; € S°, and the set of times at
which Z; € 05 has Lebesgue measure zero. Since both functions are bounded, integration in
time and expectation give the claim. Changing the boundary extension of Lf changes the time
integral only on a null set of times. O

Proposition 3.6 (scaling invariance along drift rays). Assume a < 2, so that the Definition 2.1
Markov family with drift is available. For r > 0, let

T.:5— 85, T.x =rx.
If  is a stationary distribution for drift pu, then (T;) 47 is a stationary distribution for drift j/r.

Equivalently, for every ¢ > 0, stationary existence for drift v is equivalent to stationary existence
for drift cp.
Moreover, if ™ has interior density pr, then (T))xm has density
pe(y) =1"paly/r),  y €S

Consequently, on every nonzero drift ray, existence and nonexistence are scale-invariant properties.
In particular, any conditional analysis along a strict critical boundary ray may normalize the
length of the drift vector.

Proof. Let Z solve the submartingale problem with drift g and initial point z. Define
Y(t):=rZ(t/r?), t>0.

For an admissible test function g, set f(x) = g(rx). Then f is again admissible: it is constant
near the vertex whenever g is, and on 95;,

D,f(x) =rD;g(rz) > 0.
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A direct calculation gives
1 1
<u Y+ 2A> flx) =12 (ff LV + 2A> g(r).

Therefore the submartingale property for f(Z(-)) is exactly the submartingale property for
g(Y (+)) with drift x/r. The zero-occupation condition at the vertex is unchanged by deterministic
scaling and deterministic time change; the same is true for the zero boundary-occupation property
quoted from Lakner—Liu—-Reed. Hence Y solves the Lakner—Liu—-Reed submartingale problem
with drift p/r and initial point rz. By uniqueness for o < 2, this is the canonical solution with
drift p/r.

If Z(0) ~ 7 and 7 is stationary for drift pu, then Z(t/r?) ~ « for every t. Thus Y (t) =
rZ(t/r?) ~ (T,) 4 for every t, so (T)4m is stationary for drift u/r. Replacing r by 1/c gives
the equivalence between p and cu. The density transformation is the usual Jacobian formula for
the planar dilation 7.

O

Proposition 3.7 (interior adjoint equation and smooth density). Assume o < 2, and let 7 be a
stationary distribution for the solution to the submartingale problem with drift u. Then

/&de:O
s

for every ¢ € C2(S°). Consequently, the restriction of T to the open wedge S° is absolutely
continuous with respect to Lebesque measure. Its density pr is C* in S° and satisfies the adjoint
stationary equation

1
§Ap7r—,u-Vp7r:O in S°

i the classical sense.

Proof. If ¢ € C%(S°), then the compact support of ¢ has positive distance from the vertex and
from 3S. Hence ¢ and —¢ are both bounded admissible test functions: they are identically zero
in a full neighborhood of the vertex and in a neighborhood of each face, so the oblique boundary
inequalities are automatic. In particular, no boundary value of the open-wedge generator enters
this argument. Applying proposition 3.2 to both signs gives

/L’(deSO, —/L’cpd7r§0,
S S

/EgodW:O.
S

This means that the order-zero distribution

and therefore

T :=7|geo
satisfies £*T = 0 in D’'(S°). To make the regularity step explicit, define
Q= e HIT,  (Quu) = (T, 7).
For ¢ € C2°(S°), put ¢ = e #*1). A direct calculation gives

fo= (1 V4 3A) (€770) = g (8w~ o),

Consequently,

(A= |uP)Q.v) = 2T, L) = 0.
Thus @ is a distributional solution of (A — |u|?)Q = 0. The operator has principal symbol —|¢|?,
nonzero for £ # 0, and is therefore elliptic. Constant-coefficient elliptic hypoellipticity gives
sing supp Q C sing supp((A — |u|?)Q) = @; see [7]. Hence @ is represented by a C* function ¢
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on S°. It follows that
T =e'*q(x) dx,

so 7|go has the smooth density pr = e#*q. Returning to £*T = 0 gives
N 1
L pfr:ipr—,U/'Vpn:O

classically in S°, as claimed. (]

Corollary 3.8 (strict positivity of the interior stationary density). Assume o < 2. Let 7 be a
stationary distribution for the solution to the submartingale problem with drift p, and let p; be
the interior density from proposition 3.7. Then

pr(x) >0 for every x € S°.
Proof. By proposition 3.2, 7({0}) = 0 and 7(9S) = 0. Hence

/Opw(x) do = 1(8°) = 1.

In particular, p, is not identically zero. Because 7 is a nonnegative measure, its smooth density
is nonnegative almost everywhere; continuity therefore gives p; > 0 at every point of S°. Since
pr satisfies

1 S

iApﬂ_,u'pr:O mS,

the strong maximum principle [6, Chapter 3| applies on every relatively compact connected
subdomain of S°. Suppose that pr(zg) = 0 for some zy € S°, and define
Zy = A{x € S° : pr(x) = 0}.

The set Zj is closed in S° by continuity. For every x € Zy, choose 7, > 0 with Ba,_(z) € S°.
On By, (7), the nonnegative solution p, attains its minimum zero at the interior point z. The
strong maximum principle gives

=0 on By, (z),

so0 By, (x) C Zy. Thus Zj is also relatively open. Because S° is connected and Zy # &, one
would have Zy = S°, hence p, = 0, contradicting 7(S°) = 1. Therefore p, > 0 throughout
S°. O

Proposition 3.9 (ground-state transform and analyticity of the interior density). Assume a < 2.
Let w be a stationary distribution for the solution to the submartingale problem with drift p, and
let pr be the interior density from proposition 3.7. Define

qr(z) == e " pr(2), x € S°.
Then g > 0 in S°, and qr satisfies
Agr = |plPqr  in S°.

Consequently both qr and pr are real analytic in S°. In particular, when p = 0, the interior
density pr 1s a positive harmonic function in the open wedge.

Proof. The positivity of ¢, follows from corollary 3.8 and the positivity of the exponential factor.
Write
pr(z) = " qn().
Then
Vpr = e (Var + 11gr),
and
Apr = " (Agr + 2 - Var + |1*gr).
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Substituting these identities into the interior adjoint equation

1
58P — p - Vpr =0

gives

1 1

iACITr - 5’“’2(]7r =0,
which is exactly Aqr = |u|?¢r. Analytic elliptic regularity for operators with analytic coefficients
[10] yields real analyticity of ¢, and hence of p, = e#*¢,, in S°. O

Remark 3.10 (interior elliptic reductions impose no boundary condition). The conclusions of
propositions 3.7 and 3.9 and corollary 3.8 are purely interior statements. They use compactly
supported test functions in S° and the fact that any stationary distribution gives no mass to
0S. No Neumann, oblique, or flux boundary condition for the density is asserted or used in
the arguments below. This distinction is necessary in the Lakner—Liu-Reed nonsemimartingale
regime, where the process is not represented by boundary local times in the way a semimartingale
reflected Brownian motion is.

4. AUXILIARY GEOMETRIC AND TRUNCATION LEMMAS

The qualitative classification is taken from [8]. Two elementary ingredients from its proof
are used repeatedly below: the geometry of the borderline reflection line and bounded concave
truncations of norm-like Lyapunov gauges.

Lemma 4.1 (borderline reflection geometry). Assume
0<€é<m, a=1.
Then
£ = cone{vy, va}
is a line through the origin, £ NS = {0}, and there is a unique unit normal n.y such that
ng-z2>0 (2€5)\{0}), ng-v;=0, i=12

Moreover, the reflection vectors are opposite generators of the same line: there is p > 0 such that

vy = —puy.
The stationary-existence condition in this case is

ne - pu<0.
Proof. The line property and the identity .2 NS = {0} are the borderline part of the reflection-
cone geometry in [9]; the stationary classification is proved in [8]. Since the convex wedge has
opening angle strictly smaller than 7, its nonzero points lie in a unique open half-plane bounded
by .Z. The inward-pointing unit normal to that half-plane is n ¢, and it is orthogonal to both

reflection directions. Because the nonnegative cone generated by vy, vs is the whole line £, the
two nonzero generators point in opposite directions, which gives v9 = —pwv; for some p > 0. O

Lemma 4.2 (bounded concave truncation profiles). There exists a sequence {¢p }n>1 of functions
in C*°(]0,00)) with the following properties. For each n,

(4.1) $(0)=0,  0<dn(s)<s,  0=<gp(s)<1,  ¢p(s) <0,
(4.2) dn(s) =s (0<s<n), ¢n(s) = constant (s > n+2),
and, for every fized s > 0,

(4.3) Pn(s) = s, Ppls) = L.
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Proof. Choose a function p € C*®°(R) such that 0 < p < 1, p/ <0, p(u) = 1 for u < 0, and
p(u) =0 for u > 2. Define

on(s) == /08 p(r —n)dr, s> 0.

Then ¢, € C*([0,00)), ¢, = p(- —n), and ¢!/ = p'(- —n) < 0. The plateau identities follow from
the two plateau regions of p. Since 0 < ¢/, < 1 and ¢,,(0) = 0, one has 0 < ¢,,(s) < s. Finally, for
each fixed s, once n > s, the point s lies in the identity region, so ¢, (s) = s and ¢/,(s) =1. O

Lemma 4.3 (bounded concave truncations for negative-boundary Lyapunov gauges). Assume
a <2 LetV :8 —1[0,00) be continuous, facewise C? and locally C?-extendable away from the
vertex, constant in a neighborhood of the vertex, and norm-like. Suppose

D¢V <0 on 85'@, 1= 1,2,
through open-face limits. Let ¢, be one of the bounded concave truncation profiles from lemma 4.2,
and set Vy, = ¢, (V). Then V,, € CE(S), Vi, is constant near the vertez, and
D;V, <0 ondS;.

Thus —V,, is an admissible test function, and

Vn(Zt) - Vn(ZO) - /Ot »CVn(ZS) ds

s a supermartingale. If, in addition, for some compact K C S and constants §,C > 0,
LV < -0V +Clg on S°,
then, on S°,
LV, < =3¢ (V)V +Clg.
The displayed generator inequalities hold in the open wedge; their pathwise time-integral con-

sequences for the bounded truncations follow from corollary 3.5, and their stationary integral
consequences follow from corollary 3.4.

Proof. For fixed n, the function V,, is bounded. Since V is constant near the vertex, so is V.
The possible nonconstant region of V,, is contained in

{V<n+2}c{V <n+2},

and this latter set is compact because V is norm-like. Choose a vertex neighborhood on which
V' is constant. Outside that neighborhood, the compact set {V < n 4+ 2} is covered by finitely
many neighborhoods on which the local C?-extensions of V are available, and the first and
second derivatives of V' are bounded on this compact set. The chain rule and the fixed bounded
derivatives of ¢, therefore give a bounded C? extension of V;, on the nonconstant region; the
two constant plateaus complete the extension near the vertex and outside {V < n + 2}. Hence
Vi € C’g(S’ ). No uniform C’g-bound in n is asserted or needed. The boundary sign follows from

DV, = ¢, (V)DiV < 0.
Therefore —V,, is admissible. Applying Definition 2.1 to —V;, gives that
t
~Vi(Z0) + Va(Zo) + / LV (Zs) ds
0

is a submartingale, equivalently the displayed process with sign reversed is a supermartingale.
Finally, the chain rule in the open wedge gives

LV = G, (V)LV + SHUVIIVVE < 6,(V)LV,
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because ¢/ < 0. Combining this with the drift inequality for V and 0 < ¢!, < 1 yields
LV, < 8¢ (V)V + Clg.

The asserted integration conventions follow from corollaries 3.4 and 3.5. U

9. QUANTITATIVE ESTIMATES AND EXPONENTIAL-MOMENT LOWER BOUNDS

This section develops quantitative estimates that hold for every stationary law in the regimes
of theorem 1.1. It begins with the convex geometry of exponential-moment domains, then
establishes an explicit inner moment region together with directional, radial, angular-sector,
compact-set, large-deviation, and Laplace upper bounds. The normal marginal at o = 1 is
identified exactly. The full moment domain and the matching logarithmic lower bounds are
obtained in section 6.

Define the exponential-moment domain of a stationary distribution 7w by

(5.1) Desep (1) 1= {19 cR2: /

eV r(dz) < oo}.
S

Proposition 5.1 (convexity and dual-cone monotonicity of the exponential-moment domain).
Let 7 be any probability measure on S, and define Dexp(m) by (5.1). Then Dexp() is convex.
Moreover, it is downward closed with respect to the dual-cone order: if

(5.2) 0 € Dexp(T), 0—nesSY,

then

(5.3) 7 € Desp(m).

Consequently, for any subset D C Dexp (), the dual-cone lower hull
(5.4) D-SY:={neR?:30 €D withg —nec S’}

is also contained in Dexp(T).

Proof. Convexity follows from Holder’s inequality. If 61,62 € Dexp(m) and 0 < ¢ < 1, then

/6(t01+(1—t)02)-z w(dz) — /(691-z)t(692.z)1—t w(dz) < 0.
S

S
For the order property, assume § —n € SV. Since z € S,
(0 - 77) 220,

son-z<86-zforall z€ S. Hence
ez < e@-z’

0-z

and integrability of e”* implies integrability of €7?. The final assertion is the same statement

applied pointwise to some 6 € D. O
Lemma 5.2 (positive-ray extents are unchanged by closure). Let A C R? be nonempty and
downward closed with respect to the dual-cone order:

fcA, 6-necS' = ncA
Let c € SY. Then
(5.5) sup{A > 0:Ac€ A} =sup{\ > 0: \c € A},

with equality in the extended interval [0, 0c|, where the supremum of an empty subset of [0,00) is
understood to be zero.

Proof. The left-hand side is at most the right-hand side. If A\ = 0, the desired comparison is
automatic under the stated empty-set convention. Fix therefore A > 0 with Ac € A, and let
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0 < ¢ < A. Choose 0, € A with 6, — Ac. Since (A — q)c € SY and SY is open, one has

0, —qce SY
for all sufficiently large n. Downward closure of A, applied with § = 6,, and 1 = gc, then gives
gc € A. Thus every ¢ < A is bounded above by the left-hand ray extent. Letting ¢ T A, and then
taking the supremum over all Ac € A4, proves (5.5). If the right-hand ray extent is +oo, then for

every M > 0 there exists a finite A > M with Ac € A. Applying the preceding argument with
q = M gives Mc € A. Since this holds for every M > 0, the left-hand ray extent is also +o0o. [

Remark 5.3. The directional decay estimates below use only an inner approximation to Dexp (7).
Once one exponential moment vector is available, every vector below it in the dual-cone order is
automatically available as well. Thus the directional tail bound is governed by how far one can
move from an available moment vector in the direction ¢ while remaining in the dual cone.

Recall the dual cone notation S¥ and SY from the setup, and define the inner exponential-
moment region

(5.6) E(n) = {19 €SV ¥-v;<0(i=1,2), z9-u+%|19\2 < o}.

Throughout this section we also write

(5.7 Qu) =+ g9 g = E(H) 1 {Qu = 0).

Thus g€ (1) denotes the quadratic boundary of the inner moment region, including endpoint
points produced by closing the dual and oblique inequalities. Moment estimates below always use
vectors in the open set £(u); closed-boundary notation is used only for variational maximization.

Proposition 5.4 (geometry of the inner exponential-moment region). Assume 0 < & < w. For
each drift u, the set E(u) is convex. Moreover,
E(p) #90 <= there exists a € A with a - p < 0.
More precisely, if a € 2 and a - p < 0, then
2a - p
jal? -

Ba € E() forall 0<p<—

Conversely, every 9 € E(u) belongs to A and satisfies 9 - p < 0.

Proof. Convexity follows because SY is convex, the boundary conditions 1 - v; < 0 are half-space
constraints, and

1
Jopt 0 <0 = [0+ p <l

which is an open ball condition.
IfaeAand a-p <0, then for ¥ = fa,

9t 0P = ot 5pPlal? <0
precisely when 0 < 8 < —2a - p/|a|?. Thus Ba € E(u). Conversely, if ¥ € £(u), then ¥ - z > 0 on
S\ {0} and 9 - v; <0, hence ¥ € 2, and the strict quadratic inequality implies ¥ - u < 0. O
Lemma 5.5 (closure of the inner moment region). Assume 0 < & < and E(u) # . Then
&) = {ﬂeSV:ﬁ-vi <0(i=1,2), Qu() go}.

Consequently E(p) is a nonempty compact convex set, g€ (1) is nonempty and compact, and
every point of g€ () is the limit of points of E().

Proof. The inclusion from left to right is immediate from the definition of £(u). Conversely,
suppose that 9 € SV, 9 -v; <0, and Q,(9) < 0. Choose ¥y € E(u) and set

U5 := (1 — )Y + 09, 0<d<1.
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For every z € S\ {0},
Ys-2>009-2>0,

hence ¥5 € SY. The oblique inequalities are preserved by convexity, and convexity of @, gives

Qu(¥5) < (1= 0)Qu(V) + 6Qu() < 0.

Thus ¥s € £(u), and Y5 — 9. This proves the closure identity and the density assertion.

The closed set above is contained in the ball {0 : |0 + p| < |u|}, so it is compact; convexity
follows from the convexity of the closed dual cone, the oblique half-spaces, and the sublevel set
{Q, < 0}. Finally, if 99 € (), then

200 - p
by i= — > 1, Q. (t) =0,
‘190’2 M( )
and tdg € E(p) for 1 <t < t,. Hence t,¥9 € dg&(p), proving that the quadratic boundary is
nonempty; compactness follows because it is closed in £(u). O

Proposition 5.6 (inner exponential-moment region). Assume a < 2 and let w be a stationary
distribution for the drift u. Then

E(1) C Dexp().
More precisely, for every ¥ € E(u),

/ eV * n(dz) < oo.
S
With
5.8 ¥):= min J-u >0
(5.8) m(9) = min §-u>0,
there exists C(¥) < oo such that
(5.9) m({|z| > r}) < C@)e ™D >0
Hence
1
(5.10) lim sup ;logw({|z| >r}) < —m(V).
r—00

Proof. Fix ¢ € £(u). Choose n € C*°([0,00)) such that

(5.11) ) =0 (0<s<y), s =1(=1), 0<y <G,
Define

(5.12) Wy(z) = (9 - z)e’=.

Because 9 € SY, the function Wy vanishes in a neighborhood of the vertex. On the boundary,
(5.13) DiWy(z) = (f (9 2) + n(? - 2))e”*(9 - v;) < 0.

Set

(5.14) W) =9t g9 < 0.

On the set {¢- 2z > 1} one has Wy = ¢”"* and therefore

(5.15) LWy = k(9)Wy.

Let

(5.16) Ky ={z€8:9-2<1}.

The estimate below is used on the open wedge; boundary values are immaterial in the subsequent
integration, since stationary laws charge no boundary mass. The function

2z — LWy(z) — k(9)Wy(z)
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has a continuous extension to the compact set Ky: near the vertex it vanishes because Wy is
identically zero, and away from the vertex all derivatives extend continuously to the open faces.
Define

Cy := max {0, max (LWy(z) — %(ﬁ)Wﬂ(z))} < 00,

where the continuous facewise extension is used in the maximum. On S\ Ky the difference is
zero by (5.15); on Ky it is at most Cy. Hence
(5.17) LWy(z) < Cylg,(2) + w(9)Wy(z) (z € 5°).

Now choose increasing concave truncations y, € C°°([0,00)) with
(5.18)  xa(s)=s (s<n), xa(s)=n+1(s=>n+2), 0<x,<1, xp<0,
and define
(5.19) Wen = xn(Wy).

For each fixed n, the nonconstant region of Wy ,, is contained in the sublevel set {z € S : Wy(2) <
n + 2}, which is compact because ¢ € Sy and the cut-off is fixed. Moreover, Wy, is constant in
a neighborhood of the vertex. Hence the compact-localization argument used in lemma 4.3 gives
Wy € CZ(S). The boundary derivatives satisfy

(5.20) DiWy = X%(Wﬂ)DiWﬂ <0.
Hence —Wy,, is admissible. By proposition 3.2,

(5.21) / LWy, dr > 0.
S
The chain rule and /! < 0 yield
1
(5.22) LWy = X (We) LW + §XZ(W79)|VW19|2 < Xn (W) LWy.

Using the preceding generator estimate, 0 < x}, < 1, and the zero-boundary-mass conclusion in
proposition 3.2,

(5.23) LWy < Cylg, + k()X (We)Wy m-almost everywhere.
Integrating and combining with (5.21) gives
(5.24) 0 < Cyrn(Ky) + K(9) / L (W)W dor.
S
Since k() < 0,
Cym(Ky)

2 ! < ——7 -

(5.25) [y ar < S

For fixed z, x,,(Wy(2))Wy(z) — Wy(z); hence Fatou’s lemma yields

(5.26) / Wiy (=

Since Wy = €”* whenever ¥z > 1, and since 0 < ¥-z < 1 on the remaining part of S contributes
at most e times the finite mass of m, this proves the asserted exponential-moment integrability.
Finally, ¥ - z > m(9)|z] on S, so Markov’s inequality gives

(5.27) w({|2] > r}) < e / 7 1 (d2),
S
which is (5.9). Then (5.10) follows. O

5.1. Finite-exponential Lyapunov extensions of the moment region. A single exponential
is admissible only when its gradient has the correct sign on both faces. A sum of two exponentials
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can have the correct boundary sign asymptotically even when neither exponent satisfies both
oblique inequalities. The following compact correction lemma converts that asymptotic sign into
a globally admissible Lyapunov gauge.

Lemma 5.7 (compact correction of asymptotic boundary signs). Assume 0 < { < w. Let
H: S — (0,00) be smooth in the open wedge, facewise C?, locally C?-extendable away from the
vertex, and norm-like. Suppose that there are R < oo and § > 0 such that

(5.28) L,H<—-0H on S°N{|z| > R},
and
(5.29) D;H (ru;) <0, r>R, 1=1,2.

Then there is a norm-like function V : S — [1,00), constant near the vertez, facewise C?, and
locally C?-extendable away from the vertex, such that

(5.30) D,V <0 ondS, 1=1,2,

and, for some compact K C S and constants 69, Coy > 0,

(5.31) L,V <=6V + Colg on S°.

Moreover, V. — H 1is constant outside a compact set.

Proof. Choose x € C*°(]0,00)) that vanishes on a neighborhood of zero and equals one outside a
compact interval. For a constant ¢y > 0, replace H by

H(z) = x(|2])H(2) + {1 = x(|z[*) }eo.
Because the cutoff is a smooth function of |z|?, the modified function is C? through the vertex,
is constant there, and agrees with H outside a compact set. This changes the generator and the
two boundary derivatives only on a compact set.

We next correct the boundary signs on compact subintervals of the open faces. Because H is
constant near the vertex and agrees with H for large |z|, the continuous functions

gi(r) == [Diﬁ(rui)]Jr, r >0,

have compact support in (0,00). Choose numbers 0 < a; < b; < oo with suppg; C [ai, bi],
and choose p; € C°((0,00)) with p; = 1 on [a;, b;]. Extend g; by zero to R and let ¢. be a
nonnegative standard mollifier supported in (—¢,¢), where 0 < ¢ < a;/2. Put

wi(e) := sup{lgi(r) — gi(s)| : [r — 5] < e}.

Uniform continuity gives w;(g) < co. For every r € R and every |y| < e, ¢i(1) < gi(r —y) + wi(e);
integrating against the mollifier yields
9i(r) < (gi * @e)(r) + wi(e).
Consequently
mi(r) := pi(r) ((gi * pe)(r) +wile)) € C2°((0,00))

satisfies m;(r) > g;(r) for all » > 0: on [a;, b;] this follows from p; = 1, while outside that interval
gi = 0.

The compact face segment F; := {ru; : r € suppm;} is disjoint from the vertex and from the
other face. Hence

d; = dist (F;, {0} U8S3—;) > 0.

Choose 0 < §; < d;/3 and a cutoff x; € C°((—9;,0;)) with x;(0) = 1. In the tubular coordinates
z = ru; + sn; on the §;-neighborhood of F;, define

Gi(ru; + sn;) = —sxi(s)m;(r),
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and extend G; by zero outside that tube. Because both cutoffs are compactly supported in the
coordinate patch, this extension is a compactly supported C* function and its support does not
meet the other face. At s =0,
0rGi(r,0) =0, 0sGi(r,0) = —m;(r).
Writing v; = B;u; + n; gives the exact boundary derivative
Dsz(’l"ul) = &-&Gi(r, 0) + asGi(’l", 0) = —mi(r).
Because (G3_; vanishes in a neighborhood of face i,
Di(H + Gy + Go)(rus) = D;H(ru;) — mi(r) < DiH (ru;) — gi(r) < 0.

Thus H + G1 + G has the global boundary signs in (5.30) and differs from H only on a compact
set.

Choose
C := max {0, 1— irelg(fi’(z) + G1(z) + Gg(z))} ., Vi=H+G +G+C.

The infimum is finite because the correction is compactly supported and H is norm-like. Hence
V > 1. Outside a compact set, V = H + C. Since H is norm-like, there is Rc < oo such that
H >2C on SN{|z| > R¢}; consequently V= H+C < %H there. With dg := 2/3, the exterior
estimate (5.28) gives

L,V =L,H<—-0H< -5V
outside a compact set K. Enlarge K so that it contains the supports of all corrections and the
set {|z| < max(R, R¢)}. Using the continuous facewise extension, define

Cop:=1+ rznea?(ﬁuV(z) + (50V(z))+ < 0.
Then
[,uvg -0V + Colk on SO,

which is (5.31). The construction also proves all asserted regularity and compact-support
properties. O

Definition 5.8 (face-separated subcritical exponential pairs). Let 9Bo(u) be the set of ordered
pairs ((1, () € (R?)? such that

(5.32) Qu(C1) <0, Qu(G2) <0,

(5.33) Gr-v1 <0, G -v2 <0,

and

(5.34) Grrur >Carur,  Go-uz > (1 us.

Define

639 Eaepl) = {9 e sy e (e @) e Rl 104 m e ST } .
0+n=1tG+(1-1)C

Finally set

(5.36) M exp(pt) := conv ({0} U E() U Erexp(p)) — S

and, for c € SY,

(5.37) Q2P (1) := sup{A > 0: Ac € Maexp(11)}-

Define also

(5.38) aZSP(p) = sup min 6 - u.

0E M3 oxp(1t) ueSNS!
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Proposition 5.9 (two-exponential moment region). Assume o < 2, and let w be stationary for
the drift p. Then

(5.39) Erexp(tt) C Dexp(m),  Maexp(tt) C Dexp ().
Consequently, for every c € SY,

(5.40) o) < 020 (1) <

and

(5.41) (i) < 0gq? (1) < 0.

Proof. Fix § € Eyexp(it), and choose ((1,(2),t,n as in (5.35). Put
H(z) := 1% 4 €22,
For z € S, weighted arithmetic—geometric mean and 7 -z > 0 give
H(z) > etat1-1)C)z _ (0+n)z > 02

Because 0 € SY, the last function is norm-like; hence so is H.
Let

0 :=min{—Q,((1), —Qu(¢2)} > 0.
Then
LuH = Qu(C)e ™ + QulG2)e™* < —3H.
On face one,
D1H(TU1) _ (Cl ) Ul)erCl-m 4 (C2 . Ul)erc?m.
Put
M= (G- m >0, Avm—Gew 0.

After factoring out e”$1%1,
6_7'4-1"&1 DlH(’[”ul) = —Al + (<2 . ,Ul)e—TAl .

If (¢2 - v1)4+ = 0, this is negative for every r > 0. Otherwise, for

r> Ry := A11 {log <2(C2A;01)+>] , (log )+ := max{log x, 0},
+

the second term is at most A;/2, and hence D1 H (ru;) < —(A;/2)e™™ < 0. On face two,
define
Ag = (Cg—Cl)"LL2>O, Ay = —(2-v2 > 0.
Factoring the dominant exponential gives
67TC2'U2D2H(T’U,2) =—Ay+ (1 - vg)efTAZ.

If (¢1 - v2)4+ = 0, the right-hand side is negative for all » > 0. Otherwise set

A
(G- v2)e™™2 < (G- vp)pe ™2 < 72,

For r > Ry,

and therefore 1
Do H (rug) < —?QeTCQ'W < 0.

Thus both boundary signs hold for » > R := max{R;, Ro}. Applying lemma 5.7 yields a
norm-like V' > 1, constant near the vertex, with negative boundary derivatives and the drift
bound (5.31).
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Let V,, = ¢, (V) be the bounded concave truncations from lemma 4.3. Since —V,, is admissible,
stationarity gives

OS/Eandwg —50/¢;(V)Vd7r+co.
S S

Fatou’s lemma and ¢/ (s) — 1 imply fS Vdm < oo. Outside a compact set, V' — H is constant;
hence |, g H dm < co. Since e < H (2), the required exponential moment is finite. This proves
the first inclusion in (5.39).

The full moment domain is convex and downward closed by proposition 5.1. It contains the
origin, £(u), and Ezexp(pt), so it contains the convex dual-cone lower hull My ey (p). Taking
ray extents gives (5.40); the first inequality follows because £(u) — SV C Maexp (). Taking the
supremum of the minimum angular support gives (5.41).

O

Definition 5.10 (finite face-dominating exponential families). For an integer N > 1, let 30 (1)
be the collection of families

(@ C))rys  ax >0, & €R?
such that
(5.42) Qu(lr) <0, k=1,...,N,
and the following dominant-face condition holds. For ¢ = 1,2, put

m; 1= lg}%xN Cr - ug, I :={k: (k- uj = my}.
Then require
(5.43) D ar(Govi) <0, i=1.2.
kel;

Define &y (1) to be the set of @ € SY for which there exist N > 1, a family in i (1), weights
ty >0 with S0 ), = 1, and 5 € S¥ such that

N
(5.44) 0+n= Z t1Cr.

k=1
Set
(5.45) Min (1) == conv ({0} U E(k) U En(p)) — SV,
and define, for ¢ € SY,
(5.46) o (1) == sup{A > 0: e € Mga(p)},
(5.47) oil(p):= sup  min 6-u.

0 Man (1) ueSNS!

Lemma 5.11 (two-face coefficient selection and stability). The following two elementary coeffi-
cient facts will be used repeatedly.

(i) Let r1,7mo € R? satisfy

(5.48) r1-Ul > T U, T2 U2 2> 71 U2,
and
(5.49) r-v; <0, ro - v9 < 0.
If both inequalities in (5.48) are equalities, assume in addition that r1 = ro; then the

common vector is required to satisfy both inequalities in (5.49). There is a positive-coefficient
exponential family, using r1,ro or only their common value, whose leading oblique sum is
strictly negative on both faces. More explicitly:
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e if both inequalities in (5.48) are strict, any positive coefficients work;
o if equality holds only on face one, take aa =1 and any
ro -V
(5.50) a > 720+,
o if equality holds only on face two, take a1 = 1 and any
(5.51) gy > V2t
e if both equalities hold, use the single exponent ri = ro.
(i) Let {(ak,Cx): 1 <k < N} be a finite exponential family. Write
m; = mgx(k - Uy, b; = Z arCr - v; <0, 1=1,2.
k: Cp-uy=m;
Let m,...,nu be additional exponents satisfying n; - u; < m; for both faces. Define
Tpio={jim w=md}, Pr=Y (niviy.
JET;
If every added exponent is given the same coefficient 0 < € < e, where
—b;
5.52 Ex = ml > 0,
(52 EAiip
then the enlarged family has the same face maxima and strictly negative leading oblique
sums on both faces.

Proof. For part (i), if both tangential inequalities are strict, the leading set on face one is {r;}
and the leading set on face two is {ra}; (5.49) gives the result. If only the face-one rates tie, the
face-one leading sum with the choices in (5.50) is

airy - vy +ro-v < —al(—Tl . Ul) + (Tz . U1)+ < 0.
On face two, 79 is the unique leader, so its leading sum is o - vo < 0.

If equality holds only on face two, choose a; = 1 and

S (ri-v)s

a2

The face-two leading sum then satisfies
71 V2 + agry - vy < (11 - v2)y — ag(—ry - vg) <0,
while 71 is the unique leader on face one and contributes 71 - v1 < 0. Finally, if both tangential
equalities hold, then
(7"1—7‘2)‘11,1 = (7’1—7“2)-U2:0.

Since u1, us are linearly independent, r; = ro. The single common exponent has negative oblique
coefficient on each face by the additional hypothesis.

For part (ii), an exponent with n; - u; < m; is not in the enlarged leading set on face i. Hence
the new leading sum there is

b¢+8277j-w§bi—|—€Pi.

JET;
By (5.52), e P; < —b; when P; > 0, while the inequality is immediate when P; = 0. Thus both
new leading sums remain strictly negative. U

Proposition 5.12 (finite-exponential moment region). Assume a < 2, and let w be stationary
for the drift . Then

(5.53) Ein(1) C Dexp(m),  Miin() C Dexp(7)-
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Moreover,
(554) M2exp(,u) C Mﬁn(:u)a
and consequently, for every c € SY,
(5.55) o (1) < a2 () < () <
while
i 2ex
(5.56) (i) < apea® () < afiy (1) < afpq-

Proof. Fix 6 € &gy (1), and choose data as in definition 5.10. Put

N
H(z):= Z apest?.
k=1

Let I, :== {k : ty > 0}. Weighted arithmetic-geometric mean gives

N tr
H(z) > Z tk%:e@“'z > Crexp {Z 1 - z} , Cy = H <ak> > 0.

kel k=1 kel
By (5.44) and n-z>0on S,
H(z) > Ciel%m)= > el
Since 6 € SY, the function H is norm-like.
With
6 := min {=Qu(Ck)} >0,

1<k<N
one has

N
L, H = ZakQu(Ck)eCk'Z < —6H.
k=1

On face i, factor out the maximal tangential exponential rate:
e"™"D;H (ru;) = Z a(Cr - vi) + Z ag(Cr - vi)e*T(m"*gk'“i).

kel ke I;
Write

bz' = Z ak(ck . Ui) < 0.

kel;

If I; = {1,..., N}, the second sum is absent and the displayed quantity equals b; < 0. Otherwise
define

Ai = gg}l(ﬂ%—ékuz) >0, P, = Zaklgkvz!
! keI,

Then
Z ap(Gr - Ui)e_r(mi_Ck'ui) < Pe A

kI,
If P; =0, the boundary expression is negative for all » > 0. If P; > 0, then for

1 2P;
>R o= —
r> R; A, {log<_bi>]+

one has Pe "2 < —p; /2, and therefore

bA
e"™"D;H (ru;) < 52 < 0.

Taking R = max{ R, Ra} proves the two boundary signs for every » > R. The compact correction
lemma and the concave-truncation argument used in the proof of proposition 5.9 therefore yield
Jg H dm < o0. Since 2 < ;7 H(2), this proves 0 € Dexp(T).
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Convexity and dual-cone downward closure of the full moment domain give the second inclusion
in (5.53). Every pair in Po(u), with coefficients a; = as = 1, satisfies the dominant-face condition:
the strict tangential inequalities identify a single dominant exponent on each face, and its own-face
coefficient is negative. Thus Ezexp(it) C Ean(t), proving (5.54). The projected chain follows
by taking ray extents. For the radial chain, if 6 € Mg, () and m(6) := min,cgng1 6 - u > 0,
then em@lzl < ¢z o G, taking suprema gives the last inequality in (5.56), and the remaining
inequalities follow from the set inclusions. O

Proposition 5.13 (norm-like finite-exponential moment criterion). Assume « < 2, and let w be
stationary for the drift p. Let
((ar, GRZrs  ax >0,
be a finite family satisfying
Qu(lr) <0, k=1,...,N.
Fori=1,2, put
m; 1= m]?xgk - U, I :={k: (- uy = my},

and suppose that
Zakgk-vi<0, 1=1,2.
kel;
Assume in addition that the exponential sum is coercive on the wedge, in the equivalent form

5.57 = mi - 0.
(57 v, B G

Ifg e R?, t;, >0, Sopte =1, andn € SY satisfy

N
(5.58) 0+n="> tr
k=1
then
6 € Dexp().
Proof. Set

N
H(z):= Z apest?,
k=1

Condition (5.57) implies
H(ru)kainakeW, r>0, uweSnS,

so H is norm-like. The strict kernel inequalities give
L,H < —0H, §:= mkin{—Q“(Ck)} > 0.
The boundary sign is obtained directly from the leading sums. On face 1,
e " D;H(ru;) = Z ay Gk - vi + Z ag g - v e "Gk,
kel; k¢li

Every exponent gap in the second sum is strictly positive, so that sum converges to zero as
r — o0o. The first sum is strictly negative by hypothesis. Hence there is R; < oo such that
D;H(ru;) <0 for r > R;. Taking R = max(R1, R2), apply lemma 5.7. We obtain a norm-like
function V' : S — [1,00), constant near the vertex, with

DZ-V§O on 65’1, 1= 1,2,
and constants &g, Cp > 0 and a compact set K C S such that
(5.59) ,CMV < =6V + Colg on S°.
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Moreover, there are a compact set Ko C S and a constant ¢y € R for which
(5.60) V(z) = H(z) + co, z € S\ Kp.

Let ¢, be the concave truncations of lemma 4.2 and put Vj, := ¢,,(V). By lemma 4.3, V,, € CZ(S),
it is constant near the vertex, and —V,, is admissible. The chain rule and (5.59) give

1
L,V =¢,(V)LV + 5<z>;;(V)|VV|2 < =3l (V)V + Colk.
Stationarity applied to the admissible test —V,, yields
0< / L, Vydr < —50/ &L (V)Vdr + Com(K),
S S

and therefore

(5.61) / & (V < 0.

90
For each z € S, ¢/,(V(2))V(z) — V(2). Fatou’s lemma applied to (5.61) gives

/ Vdr < 2 < .
Finally, (5.60) implies
/Hdﬂ': Hd7r+/ (V —¢p)dmr < o0,
S Ko S\Ko

because H is bounded on the compact set Ko and [¢ V dr < co. Let I; = {k : t; > 0}. Weighted
arithmetic—geometric mean gives

> H < ) exp{Ztka-z}.
kel k
By (5.58) and 17- 2 > 0 on S, the right-hand side dominates a positive constant times /. Hence

the 0-moment is finite. O

Lemma 5.14 (interior decomposition of a compact-core lower hull). Let C C R? be compact,
convex, and have nonempty intertor, and set

Ke:=C—-5SY.
FEvery 0 € int K¢ admits a representation
(5.62) 0=¢—n, (eintC, nesy.
Proof. Choose q € SY. Since 6 € int K¢, there is rp > 0 such that By, () C K¢. Choose
O<e< "
1+ q]

Then 0 + eq € K¢, so
0+eq=Co—mo
for some ¢y € C and g € SY. Put 77 := 19 +¢eq € SY. Since the latter cone is open, choose r,, > 0
with B,, (7) C Sy.
Fix C* € int C, set d := (, — 0 — 7, and choose

.
0<t<mingl, —%L— 1.
“““{ 1+\dr}

Define

Then (; € int C, and
G —0=mn+td.
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The choice of t gives [td| < 1), hence ¢; — 6 € By, (1) C S. Taking ¢ = (; and 1 = ¢; — 6 proves
the claim. 0

(

Proposition 5.15 (convexity, drift scaling, and five-exponential reduction). Let Sﬁfs) (u) denote
the set obtained from definition 5.10 by restricting the witnessing family to 1 < N < 5. Then:

(1) Ean(p) is conver.
(ii) For every p > 0,

Ein(pp) = pEan(1),  Man(pp) = pMan(p).
Consequently,
fin . fin fin . fin
o (p:u) = pe, (lu)v arad(p:u) - parad(u)'
(iii) Arbitrarily long finite families are unnecessary:

(5.63) L (1) = Ean()-

Thus the building blocks of Mgn(p) are described by a finite-dimensional feasibility problem
with at most five exponent vectors.

Proof. For convexity, let 8U) ¢ Ean(1), j = 1,2, and choose witnessing families, target weights,
and cone shifts. Concatenate the two exponential families. On face ¢, if one family has the
larger maximal tangential exponent, its strictly negative leading boundary coefficient remains
the leading coefficient of the concatenated family. If the two maxima agree, the new leading
coefficient is the sum of two strictly negative numbers. Hence the concatenated family is again
face-dominating. For s € (0,1), multiply the target weights in the first family by s, those in the
second by 1 — s, and use the cone shift sn) + (1 — s)n(®. This witnesses s8(1) 4 (1 — 5)8(2). The
endpoint cases are immediate.

For scaling, replace every exponent (i by p(x, every target and cone shift by its p-multiple,
and note that

Qou(pC) = PQQu(Ck)-

The maximizing index sets on the two faces are unchanged, while each leading boundary coefficient
is multiplied by p. This proves the first scaling identity; the corresponding identity for Mg, also
uses pSY = SV. The scalar-rate formulas follow directly.

It remains to prove (5.63). Fix a witness ((ax, (x))A_, for 8 € Exn(u), and write

. N
C1=9+U=Ztka-

k=1
By Carathéodory’s theorem in R?, there is a set J; C {1,..., N} with |J;| < 3 such that ( is a
convex combination of {(; : k € J;}.
Let m; and I; be the two face maxima and maximizing index sets of the original family. For
each k, define
qr ‘= (1{k€[1} (k- v1, 1{k€]2} (- 1)2) S R2.
The dominant-face assumptions say that

N
¢:=Y_ apq € (—00,0)%.
k=1

The conic form of Carathéodory’s theorem in dimension two gives a set Ji, with |J,| < 2 and
nonnegative coefficients by, k € Jp, such that

g="_ brgx.
kedJy

After discarding indices with zero coefficient, every retained coefficient is strictly positive. Put
J = Jy U Jp, so |J]| < 5. Since both coordinates of ¢ are negative, Jy, N I; # & for i = 1,2; hence
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the maximal tangential exponent of the restricted family on face i is still m;. Give the retained
exponents the positive coefficients
N b, +¢, ke,
ajp =
g, keld \ Jb-

Put w:= ), ;q, and choose

. —dq;
O<e<ey = _
TR 201 1 [wi)

Then, for i =1, 2,

G + ew; < qi +elwg] < g + —

Thus the two leading boundary sums, whose vector is

g+

keJ
remain strictly negative. All retained exponents still satisfy @, ((x) < 0. Using the Carathéodory
weights on Ji, and zero target weights on the other retained indices, preserves the identity
¢ = 0 4+ n. The restricted family therefore witnesses # and has at most five terms. (|

Proposition 5.16 (locally uniform bounds on compact subsets). Assume o < 2 and let w be
a stationary distribution for the drift u. Let © C E(u) be nonempty and compact. Then there
exists a constant Cg, < 0o such that

(5.64) Sup/ n(0 - 2)e’* n(dz) < Co.,
Ye0 J S

where n € C*°([0,00)) is any fized cul-off satisfying
(5.65) B =0 O<s<1/2),  gls) =1 (s>1)
and 0 < n' < Cy. Consequently, for each nonempty compact © C E(p),
(5.66) sup/ eV 1(dz) < oc.

€0 J{¥-2>1}
Since © is a nonempty compact subset of SY,
(5.67) me = inf min ¥-u > 0.

YEO ueSNSt

Moreover, there exists Cém < oo such that

(5.68) m({|z] > r}) < Cg e, r>0.

Proof. For 9 € ©, let
Wy(z) = (09 - z)e””.
Since © C E(p) is compact and E(u) is defined by the strict quadratic inequality
1
19-M+§|19|2 <0,

there exists dg > 0 such that

1
(5.69) O+ 5|19|2 < b9, VEO.
Since © is a compact subset of SY, the quantity
me := inf min 9-u
V€O ueSNSt

is strictly positive. The set © is bounded. Hence all coefficients appearing when £ acts on Wy
are bounded uniformly over ¥ € O, except for the negative exponential term itself. On the region
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Y-z >1 we have
1
(5.70) LWy = <19 -+ 2‘19’2> Wy < —degWy.

On the complementary region ¢ - z < 1, the uniform lower bound meg > 0 implies |z| < 1/mg.
Put
Kg: =S5 ﬂEl/m@(O)'
Thus {z € S : 92 < 1} C Kg for every ¥ € ©. To take the compact bound on an actual
compact parameter set, extend the open-wedge expression
LWy + 0oWy

continuously to the two open faces and assign the value 0 at the vertex. The extension is
compatible with the fixed cut-off uniformly in ¥: if

Mg := sup |I9|a
€O

then Mg > 0, and |z| < (2Mg)~! implies ¥ - z < 1/2 for every ¥ € ©, hence Wy(z) = 0. On the
compact set © x Kg the extended positive part is bounded: the exponential factor, the first two
derivatives of 7, and the parameters ¥ € © are uniformly bounded. Define

Ce:=1+ sup (LWy(z)+ (5@W79(z))+ < 00,
9€0, zeKo

where the expression inside the supremum denotes this continuous extension. Combining this
compact bound with the estimate on {¥ - z > 1} gives the global open-wedge estimate

(5.71) LWy < C(%].{ﬂ‘zg]_} — oWy, ¥ € 0,

with boundary values understood through the stationary zero-boundary-mass convention.
Let x, be the same increasing concave truncations used in proposition 5.6 and set

Wy = xn(Wy).

For each fixed pair (9,n), the compact-localization argument above gives Wy, € CZ(S) and the
function is constant near the vertex. Because ¥ -v; < 0, one has D;Wy < 0; hence —Wy,,, is
admissible. The stationary inequality gives

/ LWy pdr > 0.
S

Since x” <0,

n

LWy < X (W) LWy < C1ig..<1y — dox;,(We)Wy.
The first term has integral at most C(%, because 7 is a probability measure. Therefore

CO
[xawawiin< e vee,
s )
Fatou’s lemma gives (5.64), uniformly over 9 € ©. Since n =1 on [1,00), (5.66) follows.
The preceding display gives mg > 0. Hence, for every ¢ € © and z € S,

vz >melz|

Fix any ¥y € ©. Since n = 1 on [1,00), (5.64) gives
/ ¢’ 1(dz) < Co,.
{’19()-221}
On the complementary region {fy - z < 1} one has €”0'* < e. Therefore

/ e’? 1(dz) < e+ Co,-
S
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Markov’s inequality yields
({lz] = 7}) < (e+ Cople™", 120,
This proves (5.68), with Cém =e+Co,. O

Remark 5.17 (why this uniformity matters). The estimates above do not identify the full
exponential-moment domain, but they show that the inner region £(u) is not merely a pointwise
collection of admissible exponential directions. On compact subsets the Lyapunov argument
gives uniform control. This is the form needed for later transform or kernel-equation arguments,
where one usually needs integrability on regions rather than at isolated transform points.

Proposition 5.18 (local analyticity of the Laplace transform on the inner region). Assume
a < 2 and let w be a stationary distribution for the drift p. Suppose E(u) # &. Define

A@«wzﬂgwww@, cea,

whenever the integral is absolutely convergent. Then for every nonempty compact set © C E(p)
there exists an open neighborhood Og C R? of © such that My is finite and real analytic on Og.
More precisely, M, extends to a holomorphic function on the tube

To :={C€C?:ReC € Og}.

In particular, all polynomially weighted exponential moments

/ |z|Fe?% 7 (d2)
S

are finite locally uniformly for 0 € E(u) and k > 0.

Proof. It is enough to prove the assertion locally uniformly on a nonempty compact set © C £(u).
Choose ag € E(u). Since ag € SY, there exists mg > 0 such that

ap - z > molz|, zesS.
The set © is compact and the quadratic function
1
a(6) =6 p+ 516P
is strictly negative on ©. Define the positive margin
1 i=— 0) >0
me max q(6)
and the finite constant 1
MY = max]|ag - 0 —|ag|* > 0.
6 = max|ag - (1 + 0)| + 5 aol
Choose

mg,
5.72 0<é in¢1 .
(5.72) << mm{ > g)}

For every 0 € ©,
1
4(0+ bap) = q(0) + dag - (11 + 0) + 56°|ao|*
1
< —mg + MG < —Qm’é <0.
Moreover, ag € SY and ag - v; <0, so 6 + dag € SY and (6 + dag) - v; < 0. Therefore

Os5 :={0+dap: 0 € O} C E(p).

By the locally uniform compact-subset estimate in proposition 5.16,

sup/ 00902 () < c.
0€0 J{(0+bap)-z>1}
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The remaining region {(6 + dap) -z < 1} is uniformly bounded in z. Indeed, since ©s is a compact
subset of SY, the number

ms = inf{(0 + dag) - u:0 € ©,u € SNS'}
is strictly positive. Hence (6 + dag) - z < 1 implies |z| < m;'. Thus

sup/ el0+990)2 () < oo,
€0 JS

Now take
Og = {n € R? : dist(n, ©) < 25mo}.
If n € Og, choose 0 € © with |n — 0] < dmg/2. Then for z € 5,
)
(n=0)-z<n—0llz| < Jao - =

Therefore
e < e(@—i—éag)-z'

This gives absolute integrability of " for each n € Og. The finite-cover argument below gives
the compact-tube domination needed for local uniformity and differentiation under the integral
sign.

For complex ¢ with Re ( € Og, the preceding pointwise domination gives absolute convergence
of M7(¢). The compact-uniform domination needed for differentiating under the integral sign is
supplied by the finite-cover argument below.

Fix a compact set K € Og and put

0
dg = %aeaé(dist(n, 0) < %.
Let pg := 0mo/2 — dg > 0. For each n € K choose 6, € © with
In—0y| < dk.
It € K and |/ —n| < pr /2, then
dmog  px
"0, < — — .
n | < 9 9
A finite number of such balls covers K'; denote their centers by nq,...,ny and set 8, := 0,,. If

n € K belongs to the ¢th ball, then, for all z € .5,
J PK
—0)-z2< (== -z, = —>0.
(n—"0p)-2z< <2 €K> ao -2 €K 2mg
Because ag - z > my|z|, for every multi-index ~ there is a constant Cx 5 < oo such that
12| < Ok explexcag - 2), zeSs.

Consequently, for every ¢ with Re( € K,

N

2|7 1e¢ % < Cry Y exp((6e + Sa0) - 2),  z€8.

=1
For each ¢, the vector 6, + gao belongs to £(u) by convexity, since both 6§, and 0, + dag lie in E(u).
Hence the right-hand side is 7-integrable by proposition 5.6. This single integrable majorant on
the compact tube over K justifies differentiation under the integral sign for all derivatives. Thus
M is holomorphic on Tg, and the polynomially weighted moment statement follows from the
same finite-cover majorization. O

Corollary 5.19 (a Lyapunov ray inside the moment region). Let a € SY satisfy
a-v; <0, 1=1,2, a- <0,
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and let m be any stationary distribution for the drift u. Set

2a - p
5.73 = — 0.
(5.73) B >
Then
(5.74) {Ba:0< B < By} CE(W) C Dexp(m).
Consequently, for every 0 < B < B,
(5.75) / P 1(dz) < oo.
S
Moreover,
1
(5.76) lim sup - logm({a-z>x}) < —Pu,
T—00
and with
(5.77) Mg := min a-u >0,
ueSNSt
one has
1
(5.78) lim sup ;logw({|z| >r}) < —Bimyg.
r—00

Proof. For 0 < 8 < B,

(Ba) -+ g 16al® = fa- L Flaf’ = 2 Blal’(5  B.) <0,

so Ba € E(u). This proves (5.74); (5.75) follows from proposition 5.6. For x > 0, Markov’s
inequality gives

m{a-z>x} < e_ﬁm/ P n(dz),

S
and hence 1
limsup — logn{a -z >z} < —p.
rz—oo T
Letting 3 1 B« proves (5.76). Since

a-z>mglzl (z€89),

one also has

m{lz| >r} <7m{a-z>mgr} < e_ﬂm”/ P n(dz).
S
Thus

1
limsup —log 7{|z| > r} < —fmy,
r

T—00

and 5 1 B, proves (5.78). O

Corollary 5.20 (explicit borderline tail bound when « = 1). Assume
0<é<m, a=1, neg -1 <0,

where ny is the unit normal from lemma 4.1. Let m be any stationary distribution for the drift
w. Then, for every
0< B < =2ng-u,
one has
/ P22 1(dz) < oo.
S

Consequently,
. 1
limsup—logn{z € S:ng-z2>x}<2ng -u<0.
x

T—00
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If

My := min ng - -u >0,
ueSNSs!

then ]
limsup —logw({|z| > r}) < 2mgng - p < 0.
r—oo T

Proof. By lemma 4.1, the vector n¢ belongs to SY and satisfies n.¢ - v; = 0 for i = 1,2. Since
Ing| =1and ng - u < 0, corollary 5.19 applied with a = ng gives

{fng :0< B < —2ng - p} C Dexp(m),
which proves the exponential-moment claim. Markov’s inequality gives, for each such g,

m{ng -z >z} < 662/ ePneE 1 (dz).
S

Letting 8 T —2ng - p yields the normal-coordinate logarithmic bound. Finally, ny - z > m #|z|
on S, and therefore

m{|z| > r} <7m{ng-z>megr}.
The radial bound follows. O

Lemma 5.21 (finite-measure solutions of the one-dimensional adjoint equation). Let m € R,
and let v be a finite nonnegative Borel measure on (0,00). Suppose that

[ Gewemem)van =0 ¢ecioo)

Then v is absolutely continuous with a smooth density q. If m # 0, then
q(y) = A+ Be*™

for constants A, B € R. If m =0, then
q(y) = A+ By.

Proof. The displayed identity says, in the sense of distributions on (0, c0), that

]‘ 1 /
v — =0.
Y MY
Set
L,
T:= 51/ — mu.
Then T = 0, hence T is a constant distribution: for some Cj € R,
T =Cy

where the right-hand side denotes the distribution induced by the constant function Cy. Equiva-
lently,
vV —2mv = 2C,.
If m # 0, multiply by the smooth integrating factor e=2™¥. In distributions,
(e_meu)/ = 2Cpe 2™,

The right-hand side is a smooth function, so e 2™y differs from an absolutely continuous
distribution by a constant distribution. Hence it is itself represented by a smooth function of the
form
Cl - @e—2my’
m

and v has density

q(y) = Cre*™ — % = A+ Be*™.
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If m = 0, then v/ = 2Cy. Thus v differs from the absolutely continuous distribution with density
2Coy by a constant distribution, and is represented by the smooth affine density
q(y) = C1 +2Chy = A+ By.
This proves the claim and excludes any singular component in v. O
Proposition 5.22 (exact normal marginal in the borderline case). Assume
0<é<m, a=1,

and let n.y be as in lemma 4.1. Set

m::=ng-MW.
If m > 0, then no stationary distribution exists. If m < 0 and 7 is any stationary distribution
for the drift u, then the marginal law

vi=mo(z—ng z) "

of the normal coordinate satisfies

(5.79) v(dy) = (=2m)e*™ 10,00y (y) dy.
In particular,
(5.80) m{z€S:ny z>zx}= e2me, x> 0.

Proof. Suppose first that 7 is a stationary distribution for the drift p, and let
vi=mo(zng-2) L.

Let ¢ € C2((0,00)). Since the support of ¢ is compact in (0, 00), there is €y > 0 such that ¢ =0
on (0,e,). Extend ¢ to [0,00) by setting (0) = 0; the extended function is C? at the endpoint.
Define

f(z) = p(ng - 2).
The continuous function u +— ng - u has a positive minimum on SN'S!, so ng -z > mg|z| on S
for some mg > 0. Since supp ¢ € (0, 00), the support of f is compact in S\ {0}. In particular
f € C%(S) and is constant in a neighborhood of the vertex. Moreover, by lemma 4.1,
ngy -v; =0, 1=1,2.
Therefore
Dif(2) = ¢'(ng - 2)ng -v; = 0,
so both f and —f are admissible. Applying the stationary inequality to both signs gives equality:

/L’f(z)w(dz) 0.
S

Now
!

L) = 3¢ (ng - 2) + (ng - p)gl (g ) = L (ng - 2) + mil(n - 2).

Thus the marginal measure v satisfies
1
(5.81) [ (GFwemew) v =0, ¢eczoo)

By lemma 5.21, v has a smooth density ¢ on (0, 00). Moreover
q(y) = A + Be*™

if m #0, and q(y) = A+ By if m = 0. Impose finiteness and nonnegativity of the probability
measure v. If m > 0, then continuity and nonnegativity of A + Be*™ rule out B < 0, while
B > 0 gives a nonintegrable growing exponential tail. Hence B = 0, and the remaining constant
density is finite only if A = 0, contradicting total mass one. If m = 0, nonnegativity of A + By
rules out B < 0, while B > 0 is nonintegrable; hence B = 0, and finiteness again forces A =0, a
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contradiction. If m < 0, finiteness and nonnegativity force the constant term to vanish: A > 0
is nonintegrable and A < 0 makes the density eventually negative, so A = 0. Nonnegativity
and positive total mass then force B > 0. Because 7({0}) =0 and ng -z > 0 on S\ {0}, the
marginal v has total mass one. Therefore

B

(o]
1= / Be?™ dy = o
0 —zm

so B = —2m. This proves (5.79), and direct integration gives
oo
v([z,0)) = / (—2m)e*™ dy = 2™, x>0,
xT

which is (5.80). The cases m > 0 and m = 0 treated above prove nonexistence whenever
m > 0. O

Corollary 5.23 (optimal normal exponential moments when o = 1). Assume
0< €<, a=1,
and let ny be as in lemma 4.1. Let m be a stationary distribution for the drift p and set
m:=ng- u<0.

Then the normal-coordinate moment generating function is explicit:

—2m
(5.82) /Seﬁnww(dz) = S B < —2m.
For 8> —2m,
(5.83) / P22 1(dz) = oo.
Consequently, ’
(5.84) xlingo é logr{z€S:ny z>ax}=2m.

Moreover, since ng is a unit vector and

My = min ng - -u >0,
ueSNS!t

one has the radial logarithmic bracket
1 1
(5.85) 2m <liminf —logw({|2| > r}) < limsup —log7({|z| > r}) < 2mmg.
r—oo T r—oo T

Proof. By proposition 5.22, the law of Y :=ng - Z under 7 is

(—2m)e* ™1 .00 (y) dy.
Therefore, for 5 < —2m,

& —2m
Bng -z — By 2my ..
e w(dz —/ e’ (=2m)e™ dy = ,
/g ()= J, e =

whereas the same integral diverges for 8 > —2m. The exact tail formula
w{ng -z >z} = ¥m*
gives (5.84). Finally, ng - z < |z| implies
{ng-z=r} C{lz| =7},
while ny - 2 > mg|z| implies
{lz| >r} C{ng -z>mer}.

Using the exact normal tail on both inclusions gives (5.85). O
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Proposition 5.24 (directional upper logarithmic rates). Assume a < 2, let w be a stationary
distribution for the drift p, and let ¢ € SY N'S'. Define

(5.86) e (z) :=7({z €S :c 2> a}),

and

(5.87) ol (p) = sup{é >0:39 € &E(n) withy —Lle € SV},

with the convention that this supremum is O when the set on the right-hand side is empty. Then
(5.88) hgrcis;p % log e (z) < —a™().

Proof. If the admissible set in (5.87) is empty, then o!"(1) = 0, and the asserted upper bound
follows from II.(z) < 1. Otherwise, let ¥ € £(u) and £ > 0 satisfy ¥ — fc € S¥. Then

(5.89) V-z>lez (z€9).
Thus on {c-z >z} one has ¥ - z > lx, so by Markov’s inequality and proposition 5.6,
(5.90) M,(z) < et / 7% 1 (dz).
S
Hence
1

(5.91) limsup — log IT.(z) < —/.

z—o0 L
Taking the supremum over all admissible pairs (¢,7) yields (5.88). O

Proposition 5.25 (variational representation of the inner directional rate). Assume 0 < & <
and E(p) # @, and let c € SY NS, For 9 € E(u) define

5.92 9) == min ——.
(5.92) pe(?) uesSASt ¢ u
Then 0 < pe(¥) < 0o, and the inner directional rate from proposition 5.2/ satisfies

(5.93) af(p) = sup pe(V).
VEE (1)

In particular, o'* (1) > 0 for every c € SY NS whenever (1) # @.

Proof. Because ¢ € SY, one has c-u > 0 for every v € SN'S'. Because ¥ € SY, the numerator is
also strictly positive on the same compact set. Hence p.(¥) is a finite positive number.
For fixed ¥ € £(p) and ¢ > 0, the condition

9 —LleceSY
is equivalent to
(9 —le)-u>0 for all u € SNS.
Since ¢ - u > 0, this is equivalent to
9-u

¢ < inf = pc(V).

ueSNSt ¢+ u

Thus, for each fixed ¥ € £(u), the largest admissible £ in the definition of ai®(u) is precisely
pc(9). Taking the supremum over ¥ € £(u) gives (5.93). O

Proposition 5.26 (boundary attainment of the inner decay variational problem). Assume
0<é<mandE(p)# D and let c € SY NS, Then

(5.94) ol () = max{pc(ﬂ) 9 € an(M)}.
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For the radial objective, define

o (u):= sup min ¥-u,
d 9€E (p) wESNS!
then
(5.95) ol () = max{ min ¥-u:v € 8@5(;1)}.
ueSNS?

Proof. By lemma 5.5, £(u) is compact and 0g&(p) is nonempty and compact.
Let ¥ € £(p). Then Q,(¥) < 0, so necessarily ¥ - 1 < 0. Set

B 29 -
o2

Since Q,(V¥) < 0, we have t, > 1, and a direct calculation gives
Q#(t*ﬂ) =0.

Moreover, for every 1 < t < t,, the vector ti still satisfies the dual and oblique inequalities
defining £(p) and satisfies @, (t9) < 0. Thus t9 € E(u) for 1 < t < t,, while

t,0 € D& ().

The formula defining p. extends continuously from SY to SV, because the denominators c - u are

ty :=

bounded away from zero on S N'S'. The extended function is positively homogeneous of degree
one:

pe(td) = tpc(V), t>0.
For every ¥ € £(u), the radially pushed point ¢,9 belongs to dg& (1) and satisfies p.(t«) > pe(V).
Hence

sup pe(9) < sup  pe(n).
VEE (1) n€dQE(1)

For the reverse inequality, let n € Jg&(p). Since n € E£(u), choose n, € £(un) with 7, — 7.
Continuity of the extended function p. gives

pe(n) = 1i_>m pe(nn) < sup pe(V).
oo Ve (1)

Taking the supremum over n € 9g&(p) gives equality of the two suprema. Since Jg&(u) is
compact and p. is continuous on it, the supremum is attained. This proves (5.94).
For the radial objective, define
Mypad (V) == min 9 - u.
ueSNSt

This map is continuous and positively homogeneous. For each 9 € £(u), the same radial factor
t. > 1 constructed above satisfies

mrad(t*ﬁ) = t*mrad(ﬁ) > mrad(ﬁ), t9 € an(/L)

Hence

sup Mpad(¥) < sup  mypaq(n).
9EE (1) n€IQE (1)

Conversely, for n € 0g€(n) choose n, € £(p) with 7, — 1. Continuity gives

mrad(n) = lim mrad(nn) < sup mrad(ﬁ)-
n—oo 1968(}/6)

The two suprema are therefore equal, and compactness of g€ (1) makes the boundary supremum
a maximum. This proves (5.95). O

Remark 5.27. Proposition 5.26 is the analogue, for the inner exponential-moment region available
in the present submartingale setting, of the usual principle in two-dimensional reflected models
that logarithmic directional decay rates are read from the boundary of a convergence domain.
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The result is an inner-bound statement: it identifies the relevant closed quadratic boundary of
the exponential-moment region obtained by the Lyapunov method. The boundary points are
variational support points; exact asymptotics may require additional information on the closed
transform domain.

Proposition 5.28 (endpoint formula in a two-dimensional wedge). Assume 0 < & < m. Let
w1 i:=uUyp = (1,0)7 W9 = Uy = (COS{,Sin)

be the two generating unit vectors of the wedge. If c € SY and ¥ € SV, define

9-u
o(9) = in ——.
pe(V) Jin
Then p p
pc(ﬁ):min{ .wl, .w2}.
C W1 C-Ww2

Consequently, if E(u) # @, then

9wy 19'w2}

in :
ag(p) = sup min ,
C W1 C-w2

VEE(p)
If E(p) = @, then o™ (u) = 0 by the convention in proposition 5.2/.
Moreover,

min ¥ - u = min{¥ - w1,V - wa}.
ueSNSt

Proof. Every u € SNS! can be written as u(¢) = (cos ¢,sin ¢) for 0 < ¢ < £. Write

- 229

Since ¢ € SY, the denominator is strictly positive on [0,£]. A direct differentiation gives

R(g) = 200

(c-u(e))
which has constant sign. Thus R is monotone on the whole angular interval, and its minimum
is attained at one of the two endpoints ¢ = 0 or ¢ = £. This proves the formula for p.(9). If
E(u) # @, the formula for !*(y) follows from proposition 5.25; if £(u) = @, the convention in
proposition 5.24 gives a*(u) = 0.

For the last claim, the assertion is trivial if ¥ = 0. Assume ¥ # 0. The map ¢ — 0 - u(¢)
has derivative 9 - u/(¢). At an interior critical point, u(¢) is parallel or antiparallel to ¢. The
antiparallel alternative is impossible for nonzero ¥ € SV and u(¢) € S NS, because it would
give ¥ - u(¢) < 0. Hence an interior critical point can only occur when u(¢) = /]|, where the
function attains its maximum |9, not a local minimum. Therefore its minimum on the compact
interval [0, £] is also attained at an endpoint. O

Proposition 5.29 (one-dimensional parametrization of the inner variational boundary). Assume
0<é<mand E(p) #9. Forw e R/2nZ, set

e(w) := (cosw, sinw), Vp(w) = —p + |pule(w).
Define
T, = {w ER/27Z : Dy(w) - u; >0 (j=1,2), Dpu(w) v <0 (i= 1,2)}.
The set I,, is nonempty and compact, and

€ (p) = {Iu(w) s w € T,
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Consequently, for each c € SY NS!,

o™ (1) = max min {

w€eZ,

D) w1 V() - uy
c-u; | C-u9 '
Likewise,

Qrad

(1) = max min{dy(w) - u1, V(W) - uz}.

Proof. The equation Q,(¥) = 0 is equivalent to
|9+ pl? = |ul>.
Since £(u) # &, necessarily p # 0, and the quadratic boundary is exactly the circle
U =—pu+|ple(w), w € R/27Z.

The closure &£(u) is contained in the set determined by the closed constraints
ve Sy, 9-v; <0, Qu(09) <0.

The set Z,, is closed in R/277Z, hence compact. It is nonempty: choose ¥y € £(u), and let t, > 1
be the positive number for which @, (t«¥) = 0. Then t,9y satisfies the closed dual and oblique
constraints and therefore has the form 9, (w,) for some w, € Z,.

We next identify the boundary part of the closure. If ¥ € £(u) and Q,(9) = 0, then ¥
satisfies the closed dual and oblique constraints above. Since the quadratic boundary is the circle
¥ = —p + |ple(w), this point equals ¥, (w) for some w € Z,,. Conversely, let ¥ = ¥, (w) with

weZ, Fixdge&(u). Forevery 0 <6 <1,
95 = (1 — 8) + 89

belongs to SY, because 9 € SV and Yy € SY. The oblique inequalities remain nonpositive by
linearity. Finally, since @, (¥) = 0 and Q, () < 0, strict convexity of Q,, gives

Qul¥s) < (1= 8)Qu(9) + 6Qu(do) — 55(1 = 3)[9 ~ dol? < 0.

Hence d5 € £(u) and 95 — . This proves the boundary identity.
Combining proposition 5.26 with proposition 5.28 and the identity 0o& (1) = {V,(w) : w € I}

gives
aicn(ﬂ) = max min {ﬁu(w) : u17 LACIA } .
w€eZl,

C- Ul C* U2
For the radial objective, proposition 5.26 gives
al? = max min 9J,(w)-u.
rad(p) = 1 lax min, n(w)

The endpoint identity in proposition 5.28 converts the inner minimum to min{d,,(w)-u1, Y, (w)-us},
proving the stated radial formula. U

Proposition 5.30 (variational form of angular-sector exponents). Assume 0 < & < 7w and
E(n) # @. Let C C SNSY be nonempty and compact. Define

I®(u) := sup inf 9 -u.

VEE (1) ueC
Then
(5.96) If (p) = max{;relgﬁ RTRRVNS 8@5(/0}.

Equivalently, with the one-dimensional parametrization

Yy(w) = —p + |pl(cosw, sinw), w € L,
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one has

: IB(p) = inf 9, (w) - u.
(5.97) ¢ (w) max inf, p(w) - u

If, in addition, C' is an angular interval

C={(cosd,sing): 6 <p< oy} with 0< o <oy <E,
then
(5.98) 1161219 cu = min{? - u(d-), ¥ u(dy)},
where u(¢p) = (cos ¢,sin ¢). Consequently,

(5.99) 18 () = maxmin{8,,(w) - u($-), () - u(+)}.

Proof. The map

% v) := inf ¥ -
mmeld) = g0

is continuous and positively homogeneous of degree one. Continuity follows because C' is compact
and the support function of a compact set is continuous. Fix ¥ € £(u). Since Q,(¥) < 0, one
has ¥ - u < 0, and with

29 -
L
one has t9 € £(p) for 1 <t < t,, and t,0 € 0g& (). Since

me(t9) = tme(9),

ty = > 1,

every value obtained in £(u) is dominated by a value on the quadratic boundary. Hence

sup me(®) < s men).
VEE (1) n€IQE (1)

Conversely, if n € 0g€ (), choose n,, € £(p) with 1, — 1. Continuity gives

me(n) = lim me(n) < sup_ me(d).
Thus the boundary and open-region suprema are equal. The compactness of 0g€ (i) gives the
maximum in (5.96). Formula (5.97) follows from proposition 5.29.

It remains only to prove the endpoint formula for an angular interval. For fixed 9 € SV, set

9(¢) =70 -u(@), - <<y
If ¥ = 0, the assertion is trivial. Otherwise, whenever ¢’ vanishes at an interior point, u(¢) is
parallel or antiparallel to ©. The antiparallel alternative is incompatible with ¥ € SV \ {0} and
u(¢) € SNSH, since it would make ¥ - u(¢) < 0. Thus an interior critical point can only occur
at u(¢) = 9/]9|, where g attains its maximum ||, not a strict interior minimum. Hence the
minimum of g on the compact interval [¢_, ¢4 ] is attained at one of the two endpoints. This
proves (5.98), and (5.99) follows by inserting the parametrization (5.97). O

Proposition 5.31 (continuity of inner directional and angular-sector rates). Assume 0 < & <
and E(u) # &. Then the map
¢ ag(p)
is continuous on SY N'S'. More precisely, it is locally uniformly continuous on that open arc.
Moreover, for angular intervals

Co_ g, ={(cosp,sing): - <p <oy}, 0<¢ <g¢, <¢,
the inmer angular-sector exponent .
e, ,. )
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is continuous as a function of (¢, p4) on the closed triangle
{(p—,04+):0< o <oy <&}
Proof. By proposition 5.29,

in
c

o' (p) = max min

weT, c-up | c-u

D) -1 () s
{ f

The set Z, is compact, because it is a closed subset of the circle. Fix ¢y € SY NS, Since
co-uj > 0 for j = 1,2, there is a neighborhood U of ¢y in Sy NS! and a number 1 > 0 such that

c-uj >, celU, j=1,2.
Put
M, = gg}: |9, (w)] < oo.
For ¢,d e U, w €Z,, and j € {1,2},
Dp(w) - uy B Dp(w) - uy

cUs /s
C-Uj C - Uy

)l =) g My
(¢~ uy)(¢ - uy)
Since |(minj ;) — (min; y;)| < max; |z; — y;|, the function
Vp(w) -ur Fu(w) - uz
c-u; | c-us

Fle,w) = min{

satisfies

uniformly in w. Therefore

M
max F(c,w) —maxF(c’,w)‘ < —2“|c—c’|.
wely, wel, n

This proves continuity at cg. On every compact subarc of SY N'S!, the denominators admit one
common positive lower bound 7, so the same estimate proves uniform continuity there.
For the angular-sector exponent, proposition 5.30 gives

Iglmm () = max min{d,(w) - u(¢-), Iu(w) - u(d+)},
where u(¢) = (cos ¢, sin ¢). The function
(w, 90—, ¢4) — min{d,(w) - u(d-), Iu(w) - u(d4)}
is continuous on the compact set
Ly x {(¢p—,94) 1 0 < - < ¢y <&}

Taking the maximum over the fixed compact set Z,, preserves continuity. This proves the second
claim. 0

Corollary 5.32 (explicit separator-direction estimate). Assume
0<¢<m, 1<a<?2, b-p>0.
Let 7 be any stationary distribution for this drift, and let ¢ € SY N'S'. Then, with

L 2b- p end — mi (_b) e (_b) ‘W2
By = b2 Py (c) := min c-wp | ocrwoy ’
one has .
1im;up Slogm{z €S c 220} < —Br o™ (c).
X o

In particular, the separator ray gives a completely explicit lower bound on the directional logarith-
mic decay rate in every dual-cone direction c.
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Proof. By the separator property, —b € SY and (—b) - v; < 0. For every 0 < 8 < 3, ¥ = —f3b
belongs to £(u). Applying proposition 5.28 to ¢ = — (b gives
pe(—Bb) = Bp§™(c).
Then proposition 5.24 yields
1
limsup — logw{c-z > 2} < —Bps™(c).
x

T—00

Letting 3 1 B; proves the claim. U

Corollary 5.33 (radial inner decay exponent). Assume o < 2 and let ® be a stationary
distribution for the drift u. Define

(5.100) o (u):= sup min ¥-u,
VEE () uESNS!

with the convention that the supremum is zero if E(p) = &. Then

rad

1 .
(5.101) limsup —logm({|z| > r}) < —araq ().
r—oo T

Proof. If £(i) = @, then o, () = 0 and the asserted bound follows from 7({|z| > r}) < 1.

rad

Otherwise fix any 9 € £(u). By proposition 5.6,
1
limsup —log w({|z| > r}) < —m(9), m(¥) := min - u.
rooco T uesSnst
Taking the supremum over ¥ € £(u) gives (5.101). O

Proposition 5.34 (angular-sector radial upper bounds). Assume oo < 2 and let w be a stationary
distribution for the drift u. Let C C SNS' be a nonempty compact set of directions and define

Iin(,u) := sup inf ¢ -u,
¢ VEE (1) ueC

with the convention that the supremum is zero if E(u) = &. Then
1 .
(5.102) limsup —logm{z € S: |z| >, z/|z| € C} < —If ().
r—oo T

In particular, taking C = S NS recovers the radial inner decay bound in corollary 5.33.

Proof. If £(n) = @, then I (1) = 0 and the asserted bound follows from n{z € S : |z| >
r, z/|z| € C} < 1. Assume E(p) # @. Fix ¥ € £(u) and set

¥) := inf ¥ - u.
mol)i= gk

Since C € S NS is compact and ¥ € SY, one has m¢c(9) > 0. On the event
{lzl = 7, 2/|2| € C},

we have
Dz =1z[9-(2/|z]) = rmc(9).

Therefore Markov’s inequality and proposition 5.6 give

m{|z| > r, z/|z| € C} < exp{—rmc(ﬂ)}/seﬂ'z m(dz).

Taking logarithms, dividing by 7, and sending » — oo yields
1
limsup —logm{|z| > r, z/|z| € C} < —mc(V).
r—oo T

Finally take the supremum over ¥ € £(u). If C = S NS, then mo(9¥) = min,cgngt ¥ - u, giving
corollary 5.33. U
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Proposition 5.35 (compact-set exponential upper bounds). Assume o < 2 and let © be a
stationary distribution for the drift p. Let G C S\ {0} be a nonempty compact set. Define

JB(u) == sup inf 9 -z,
G 9eE(1) zeG

with the convention that the supremum is zero if E(p) = &. Then

1 .
(5.103) limsup ~log7(r&) < —Jg' (),

r—00
where
rG:={rz:z € G}.
If E(u) # @, then the variational value is attained on the quadratic boundary of the inner
exponential-moment region:

(5.104) JB () = max{zirelgﬁ sz € 8@8(,11)}.
Equivalently, using the circular parametrization

Yy(w) = —p + |pl(cosw, sinw), we7T,,
one has

(5.105) Jo () = ffé?rf zuelg Iu(w) - 2.

Proof. If £(u) = @, then J¥ (1) = 0 and the asserted bound follows from 7(rG) < 1. Assume
E(n) # 2. Fix ¥ € £(p) and set
ma (V) = ingﬁ - Z.
zE

Since G is compact and does not contain the origin, and since ¥ € SY, one has mg(9) > 0. On
the event rG,
V- Z > rmag(V).

Therefore Markov’s inequality and the exponential moment inclusion €(p) C Dexp(m) give

m(rG) < exp{—rmg(ﬂ)}/ e’ % w(dz).
S
Taking logarithms, dividing by r, and sending r — oo yields
1
limsup — log 7(rG) < —mg(9).
r—oo T

Taking the supremum over 9 € £(p) proves (5.103).
It remains to prove the boundary-attainment formula. The map

% V) = inf ¥ -
~melh) =150

is continuous and positively homogeneous of degree one. If ¥ € £(u), then the radial-pushing
argument used in propositions 5.26 and 5.30 applies: with

29
R
one has t9 € E(p) for 1 < t < t, and t,0 € 9g&(p). Since mg(t¥) = tmg(9¥), every value
obtained from &£(p) is dominated by a quadratic-boundary value. Conversely, if n € 9o (u),
choose 7, € £(p) with 1, — n; then continuity gives

t*: >17

ma(n) = lim mg(n,) < sup mg(¥).
Hence the boundary and open-region suprema are equal. The set dg&(u) is compact, so the
maximum in (5.104) is attained. Formula (5.105) follows from the circular parametrization of
that boundary.
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O

Proposition 5.36 (support-function representation of the inner rate). Assume 0 < < w and
E(n) # 2. Define
(5.106) ILH(Z) = sup ¥-z= sup -z, zeS.

VEE (1) IEE(R)

Then 1} is finite, convex, continuous, and positively homogeneous of degree one on S. Moreover,

(5.107) IMz)>0  (z€85\{0}).
Finally, with the circular parametrization from proposition 5.29,
(5.108) IL“(Z) = géaz); Uy (w) - 2, z€S.

Proof. The set £(u) is bounded because

1
19'M+§|19\2<0 = |9+ pu?<|p?

For fixed z, the map 9 — ¥ - z is continuous, and £ () is dense in £(u). This proves the equality
of the two suprema in (5.106). Hence the support function Ilif is finite. For z,y € S and ¢t € [0, 1],

ILn(tz +(1=t)y)= sup {t¥-z+(1-1)J -y}
9eE (1)

<t (z) + (L= 017 (y),
so the function is convex. For every r > 0,

ILn(rz) = sup rd-z= rILn(z),
Vel (p)
S0 it is positively homogeneous of degree one. If
Mp = sup |J] < oo,
YEE (1)
then
11 (2) = I ()| < Mglz —yl,  zy€S,

SO I/ij‘ is continuous.

Because £(u1) # @, choose ¥y € E(). Since ¥y € SY, one has Jg - z > 0 for every z € S\ {0},
and therefore I)!(2) > g - z > 0.

It remains to prove the boundary representation. Fix z € S. If z = 0, both sides of (5.108)
are zero. Suppose z # 0. For every ¢ € £(u), the radial pushing argument used earlier gives

29 -
Since ¥ € SY and z € S\ {0}, we have ¥ - z > 0, hence

td -z >9- 2.

Thus

sup ¥ -z <sup{d-z:19 € dg€(n)}.
VeE ()

The reverse inequality follows pointwise on the boundary set: if n € Jg&(u), then choose
Nn € E(u) with 1, — 7, and continuity gives n - 2z = lim, 7, - 2 < supg(,) ¥ - z. The compact
boundary set therefore attains the same supremum. By proposition 5.29, this quadratic boundary
is exactly

{0u(w) :weZ,}.
This proves (5.108). O
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Proposition 5.37 (dual variational representation of directional inner rates). Assume 0 < & <
and E(p) # @, and let c € SY NS, Then

(5.109) al(p) = inf{ILn(z) 12€8, crz>1}) = inf{ILn(z) 12€8, cz=1}.

Cc

Consequently, the directional upper rate obtained from the inner exponential-moment region can
be read either from the dual-cone formula in proposition 5.24 or from the inner support function
IL“ on the cross-section {z € S :c-z=1}.

Proof. Set

Ce={2€8:c-z=1}
Because ¢ € SY, this set is nonempty, compact, and convex. If z € S and s := ¢- 2 > 1, then
y := z/s € C, and positive homogeneity gives I}f(z) = sILn(y) > IL“(y). Therefore the infimum
over {z € S: ¢z > 1} equals the infimum over C.. Hence it is enough to prove

(5.110) at(p) = Ziencfc I} (2).
Taking the closure of £(u) does not change the support function, so

I} (2) = sup V-2

VEE (1)

The set £(u) is nonempty, compact, and convex, and C. is nonempty, compact, and convex.
Therefore Sion’s minimax theorem applies to the bilinear map (¢, z) — ¥ - z, giving
(5.111) inf Iibn(z) = inf sup ¥-z= sup inf J-z.

zeC. zeCe. ﬁem ﬂem zeCe.

For fixed ¥ € £(p), the quantity inf,cc, ¥ - 2 is the largest ¢ such that
V-z>lez (z€9),
which is equivalent to
9 —LleeSY.
Equivalently,
(5.112) inf 9-2=p.(9) :=sup{f >0:9—Llcec S}

ZGCC
Because 0 < £ < m and ¢ € SY, the continuous function u + ¢ - u is bounded below by a positive
constant on the compact angular interval S N'S!. Therefore
9-u
5.113 ¥) = min ——
( ) pel?) uesnst ¢-u’
and the right-hand side is continuous in ¥ as the minimum of a continuous function over a
compact set. Since £(u) is dense in its closure, SUPg(,y Pe = SUPg () Pe- Hence the right side of

(5.111) is exactly ai®(uz). This proves (5.110), and therefore (5.109). O

Proposition 5.38 (finite-cover compact-set upper bound). Assume 0 < £ < 7w and a < 2, and
let ™ be a stationary distribution for the drift p. Let G C S\ {0} be a nonempty compact set. Let
IL“ denote the inner support function from proposition 5.36, with the convention that IL“ =0 if
E(n) = 2. Then

: 1 : in
(5.114) llillgp; log m(rG) < —Zlgg 1}(2).

In particular, whenever €(u) # &, the right-hand side is strictly negative.

Proof. If £(u) = @, the estimate gives only the trivial upper bound 0, so assume E(p) # &. Set

VG = ZnelgILn(z)
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Choose 9y € E(u). Since 9y € SY and G C S\ {0} is compact, inf,eq 9y - 2 > 0. Hence
Yo > inf,eqg g -z > 0.

Fix n > 0. For every z € G, by the definition of the supremum there exists 9, € £(u) such
that

V2> e —1n.
By continuity, there is a relatively open neighborhood U, of z in G such that
Veryzae—2n  (yeU).
Choose a finite subcover G C Uévzl U, and write ;= 192j. Then

N
rG C U rU;.
j=1
For Z € rU,;, one has
Vj-Z = r(ve —2n).
Thus Markov’s inequality and 9 € £(u) C Dexp(m) give

7(rUs,) < exp{—r(vg — 20)} /S 7% (dz).

Summing over j yields

N
w(r exp{—r - e%i % 1(dz).
(rG) < exp{~r(3 2?7)};/5 (d2)

Taking logarithms, dividing by r, and sending r — oo gives

1
limsup — log 7 (rG) < —vg + 2.

r—oo I

Letting n | 0 proves (5.114). O

Proposition 5.39 (large-deviation upper bound from the inner support function). Assume
0<&<manda <2, let 7 be a stationary distribution for the drift p, and suppose that E(u) # 2.
For r > 0 define the scaled measures

I, (F) .= n(rF), FcCS&s.
Then for every closed set F C S,

1 .

5.115 li —logIl(F) < — inf I}

(5.115) imsup “logII,(F) < — inf 1,'(2),

with the standard conventions inf @ = +o0o and log) = —oo, where IL“ 1s the inner support

function from proposition 5.36. In particular, this is the closed-set large-deviation upper bound
with good rate function I}f‘; no matching lower bound is asserted.

Proof. By proposition 5.36, IL“ is continuous, positively homogeneous, and strictly positive on
S\ {0}. Its level sets are compact: indeed, by continuity on the compact set S NS,

my:= min I'™(u) >0,
I Lesnst w ()
and therefore

IV (2) > mylz|, zeS.

If F = @, then II,(F) = 0 for all r, and the asserted inequality holds under the stated
conventions. Let /' C S be nonempty and closed and set

Ip = 211612.7;“(2)
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If Ir = 0, the claim is trivial because II,(F') < 1. Assume I > 0. Then 0 ¢ F. Fix zp € F and
choose R > |zg|; increasing R later if necessary preserves this inequality. For such an R,
Fr:=FnN 373

is a nonempty compact subset of S\ {0}.
For such R,
II,(F) < w(rFgr) + n{|Z| > rR}.
By proposition 5.38,

lim sup — logﬂ'(rFR) < — inf ILn(z) < —Ip.
r—oo T z€FR

On the other hand, corollary 5.33 gives

hmsup 10g7r{\Z| > rR} < —Ra,(p),

where o (1) > 0 because £(u) # @. Since the preceding estimates hold for every R > |z,
choose R also large enough that Rain q(p) > Ip. The elementary logarithmic bound

r—00 r—oo T 7—00

lim sup — log(A + B,) < max {hm sup — log A, lim sup — log B, }
r

for nonnegative sequences, with the convention log 0 = —oo, gives

1
lim sup — logHr(F) < max{—Ip, —Rajay(n)} = —

r—00

This proves (5.115). O

Proposition 5.40 (Laplace upper bound for bounded upper-semicontinuous test functions).
Assume 0 < £ < m and o < 2, let w be a stationary distribution for the drift i, and suppose that
E(n) # @. Let IL“ be the inner support function from proposition 5.36. For r > 0 let

IL.(F) :=7n(rF), Fcs

If g: S — R is bounded and upper semicontinuous, then

(5.116) lim sup — . log/ "9 1, (dz) < sup{g(z) — ILH(Z)}.
r—00 S z€S
Equivalently,
1 .
(5.117) lim sup — log/ "9/ (dz) < sup{g(z) — (%)}
r—oo T s z€8

Proof. Write

By :=sup{g(z) = [['(2)}, My :=supg(z) < oc.
z€S z€S

The function IL“ is continuous, positively homogeneous, and strictly positive on S\ {0} by
proposition 5.36. Hence, with

myr:= min I (u) >0
ueSNS!  (u) >0,

one has

(5.118) IMz) > mylz|,  z€S8.

In particular, applying the weak upper bound of proposition 5.39 to the closed exterior set
{z € S:]|z] > R} gives

(5.119) 11msupflogH {z€ S :|z| > R} < —myR, R > 0.

7—00

Fix n > 0. Choose R sufficiently large that
(5.120) My —miR < By +1.
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Then
/ eI, (dz) < eMoTl{z € S : || > R},
{z€S:|z|>R}

and (5.119)—(5.120) give

. 1 rglz
(5.121) lim sup — log/ "9, (dz) < By + .
{2€8:]z[>R}

r—oo T

It remains to control the integral over the compact set K := SN Br. Let m, := infg g. Since g
is bounded, mg > —oo. If my = My, then g = M, on S and

r—00

1
lim sup — log/ e dll, < My = B,
r Kg

because IL“(O) = 0. Hence assume my < M, and choose a finite mesh
mg=ag<a <---<ay=DM,

with mesh size at most n. For 1 < k < N, put
Frp:=Krn{z:9(z) > ax_1}.

Since g is upper semicontinuous, each Fj is closed, hence compact. Empty sets are omitted
from the finite sum below. On the set Kr N {ax_1 < g < a} one has €"9 < e"%:; points with
g = M, = ap, if any, are included in the £ = N term. Therefore

N
(5.122) /wm&ZW%@y
Kr k=1

By proposition 5.39,
1 .
limsup —log II.(F) < — inf I}7'(2).
r

r—00 z€Fy H

For z € Fy, ar, < ax—1 +1n < g(z) +n, and hence
ay, — Ilif(z) <g(z) — ILn(z) +n < Byg+n.
Thus
1
(5.123) lim sup — log/ e dIl, < By + .
r—oo I Kg

Combining (5.121) and (5.123) with the elementary fact that the logarithmic limsup of a finite
sum of nonnegative terms is bounded by the maximum of their logarithmic limsups, and then
letting 1 | 0, proves (5.116). The equivalent form (5.117) follows from the definition of II,. [

Proposition 5.41 (Laplace upper bound for subcritical linear-growth test functions). Assume
0<&<manda <2, letw be a stationary distribution for the drift pv, and suppose that E(pn) # @.
Let IL“ be the inner support function from proposition 5.36, and set

my = min I™(u) > 0.
ueSNSt “( )

Let g : S — R be upper semicontinuous and suppose that there are constants Cy < 0o and K < my
such that

(5.124) 9(z) < Cy + Kz, z€S.
For r > 0 define I, (F) := w(rF). Then

(5.125) lim sup ! log/ eI 11, (dz) < sup{g(z) — ILn(z)}.
S

r—oo T z€S
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Equivalently,
1 )
(5.126) lim sup — log/ eI 1(dz) < sup{g(z) — I (2)}-
r—oo T s z€S
Proof. Set

By = sup{g(z) - IY(2)}.

Because ILn(z) > mp|z| and kK < my, the quantity By, is finite and g(z) — ILH(Z) — —00 as
|z| = 0.

We first control the contribution from large |z|. Choose § > 0 such that x + 30 < my. For
each u € S NS, by the definition of ILH(U) there is 9, € £(p) with

Yy - u > K+ 30.

For each such u, continuity gives a relatively open neighborhood of « in S N'S' on which the
same strict inequality holds with & + 26 in place of x + 35. By compactness of S N'S!, choose
finitely many ¥1,...,9n5 € £(u) such that for every u € S N'S! there exists j with

(5.127) U5 u > K+ 20.
Then, if Z € S and |Z] > rR, (5.127) gives some j such that

2 < o=20|2| 057 < ~2rR ;2.

Using the assumed linear-growth bound,

/ "9 T, (dz) = / 92/ (47
{z€5:z[>R} {1Z>rR}

< eTCg/ el n(dz)
(5.128) P

N
< ¢"(Co—20R) Z/ eﬁj'zw(dZ).
j=1"%

Each integral in the sum is finite, since ¥; € £(u) C Dexp(m). Hence
II

r—oo T

3 1 rg\z
(5.129) lim sup — log/ eI L (dz) < Cy — 20R.
{z€8:|z|>R}

This tends to —oo as R — oo.
Now fix R < oo and write K := S N Bgr. Since ¢ is upper semicontinuous, it is bounded
above on Kg; write Mg := supg, g. Fixn > 0. If Mr < By +n, then

/ ¢9 dIl, < "Bt
Kgr

and the compact estimate follows directly. We may therefore assume Mpr > By + 1. Choose
ag < By +n with a9 < Mp. Then the contribution of Kr N {g < ap} is bounded above by
"B+ for every r > 0. On Kg N {g > ag} choose a finite mesh

ag < ayp <---<ay=DMpg
with mesh size at most 7, and define
Fi:=Krpn{z:9(z) = ax-1}, 1<k<N.

Each F}, is compact. Put
Ey = KRﬂ{g < CLU},
and, for 1 <k < N,

Ey = KrN{ag-1 < g < ax}, En :=KrN{any_1 < g <an}.
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These sets cover Kg; moreover Ej. C Fj, and e9(2) < erak o E,.. Since er9(z) < er(Botn) op Ey,

N
/ "9 dIl, < / ' dHr—i—Z / "9 dIl,
Kg Eo k=1"Er

N
< erBatn) 4 Z " 1, (Fy ).
k=1
Thus

N
(5.130) / €9 dIL, < e"Bot) 1N " ", (Fy).
Kr k=1
By proposition 5.39,
1 .
li “logIl.(F:) < — inf I'™(2).
1£ijp ~log r(Fy) < Zlean h (2)
For z € Fy, one has ar < ax_1 +1n < g(z) + 7, and therefore

ar — L) < g(2) = L'(2) +n < By + .
Thus
1
(5.131) lim sup — log/ e dIl, < By + .
T Kr

T—00

Combining (5.129) and (5.131), choose R large enough that
Cy—20R < By +1.

For this fixed R, both the exterior and compact contributions have logarithmic limsup at most
By + 1. Since the logarithmic limsup of a sum of two nonnegative terms is bounded by the
maximum of their logarithmic limsups, the whole integral has logarithmic limsup at most By + 7.
Letting n | 0 proves (5.125). Formula (5.126) follows from the definition of II,. O

Remark 5.42 (large-deviation interpretation). Propositions 5.35 and 5.38 are finite-dimensional
Chernoff bounds generated by the inner exponential-moment region. The large-deviation upper
bound in proposition 5.39 is the corresponding support-function upper bound obtained from the
exponential moments proved in this paper. The directional, radial, and angular-sector bounds
are special geometric projections of the same mechanism.

Remark 5.43 (angular sectors and boundary influence). Proposition 5.30 is the angular-sector
analogue of the directional endpoint formula. It shows that the logarithmic radial decay in a fixed
angular sector is again read from the same quadratic boundary of the inner exponential-moment
region. For interval sectors, only the two angular endpoints enter the variational expression. The
exact sector rates obtained in theorem 6.88 show how this inner variational quantity is completed
by the matching pathwise lower bound.

Remark 5.44 (geometric meaning). The quantity p.(1) is the largest amount of the direction
¢ that can be subtracted from the exponential moment vector 9 while staying inside the dual
cone SV. Thus proposition 5.25 is a purely convex-geometric version of the usual principle that
directional tail exponents are read from the boundary of an exponential-moment domain. The
full moment domain identified in theorem 6.88 turns this geometric construction into the exact
logarithmic rate.

6. THE CLOSED EXPONENTIAL-MOMENT DOMAIN AND LOGARITHMIC TAILS

This section identifies the closed exponential-moment domain and derives the exact logarithmic
tails stated in the introduction. We begin with one-dimensional abscissa identities and support-
function representations. Killed-wedge estimates, one-face path estimates, and broken paths then
give the outer frontier, while finite sums of exponentials provide matching interior moments.
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6.1. Full scalar abscissae and exact logarithmic tail rates. We first establish the one-
dimensional relation between exponential-moment abscissae and logarithmic tails. This relation
identifies the rate encoded by a scalar moment domain; the existence of a full logarithmic limit
will follow from the matching pathwise lower bounds proved later in the section.

Lemma 6.1 (one-dimensional tail-abscissa identity). Let m be a finite nonnegative Borel measure
on [0,00), and set
m(z) == m([z,00)), x> 0.

Define the extended abscissa

Oy, *= sup{)\ZOI/ e’\ym(dy)<oo} € [0, 00],
[0,00)

with the convention sup® = 0. If m(x) = 0 for all sufficiently large x, the right-hand side below
1s interpreted as +0o. Then
. I,
(6.1) ay, = hxrggéf - log m(z).
Consequently, if the logarithmic tail limit exists, then

lim —logm(x) = —ay,.
T—00 I

Proof. If m = 0, or if @ vanishes eventually, then the exponential integral is finite for every
A >0, and both sides of (6.1) are +00. Assume henceforth that m(z) > 0 along arbitrarily large
x. The layer-cake identity gives, for A > 0,

(6.2) /[0 : e m(dy) = m([0,00)) + A /000 e m(z) dz.

Put 1
ri= hxrgloréf—; logm(x) € [0, o0].
If 0 < X\ < r, choose 6 > 0 with A + 2§ < r. For all sufficiently large =z,
m($) < e—()\—i-é)a:‘

The integral in (6.2) is therefore finite, and so A < a,,. Hence oy, > r, with the extended
interpretation that a,,, = +00 when this holds for every finite \.

If » = +00, this proves the identity. It remains to consider r < +o0o. Let A > r. Choose § > 0
with A — 26 > r. There is a sequence z,, — oo such that

m(x,) > e~ (A=0)zn,

For all large n, monotonicity of m gives

[e o] Tn

/ Mz d > / Am(z) do > N Vm(z,) > e Medn,
0 xrn—1

The right-hand side is unbounded along n, so the tail integral in (6.2) is infinite. Thus A > ay,.

Since this holds for every A > r, a,, < r, and the identity follows. O

For the full-domain geometric statements below, we work in the convex wedge setting 0 < £ < .
This is the setting of the quantitative theorem in the introduction and of the classified existence
regimes. In this setting S = cone{uy,us}, the dual cone has nonempty interior, and S = (SV)V.

For a stationary distribution 7, define the full projected moment abscissa in a dual direction
ce SY by
(6.3) ap = sup{A > 0: Ac € Dexp(m)} € [0, 00].

Equivalently, if Y. = ¢+ Z, then o is the abscissa of convergence of E, e ¥e.
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Proposition 6.2 (projected tail abscissa formula). Let 7 be a stationary distribution, let ¢ € SY,

and set

M(z) :=m{z€S:c 2>z}, x> 0.
Then, with the convention that the liminf is +oo if Il.(x) = 0 for all sufficiently large z,
T e 1
(6.4) ap = llgcni}ggf - log IT.(z).
Consequently, if the logarithmic projection-tail limit exists, then
1 x
(6.5) xlg{)lo ;log II.(z) = —al.

Proof. Apply lemma 6.1 to the push-forward measure 7o (z + ¢- 2)~! on [0,00). Since ¢ € SY,

the push-forward is supported on [0, 00), and its exponential abscissa is exactly (6.3). O

Corollary 6.3 (inner rates are lower bounds for the exact projection rates). Assume a < 2, let
7 be a stationary distribution for the drift u, and let ¢ € SY N'St. Then

(6.6) a(p) < af.

C

Thus o™(11) is the part of the true projection-tail rate forced by the elementary inner transform
domain. In the classified regimes the later full-domain theorem computes o and proves the exact
logarithmic limit.

Proof. If a*(u) = 0, the inequality is immediate. Otherwise choose any A with 0 < X < a*(u).
By the definition of a!"(p), there exists ¥ € £(u) such that 9 — Ae € SY. Since E(11) C Dexp(T)
by proposition 5.6, the dual-cone monotonicity of proposition 5.1 gives Ac € Dexp(m). Hence
A < af. Letting A 1 ai"(u) proves (6.6). The final assertion follows from proposition 6.2. O

The same scalar principle applies to radial and angular-sector tails. For a nonempty Borel
angular set C C SN'S!, define

(6.7) Qg = sup {/\ >0: / Nl r(dz) < oo} € [0, 00],
{2#0: z/|z|€C}

where the integral over the empty set is interpreted as zero. The radial case is C' = S NS, and
we write o ; for that value.

Proposition 6.4 (radial and angular-sector tail abscissae). Let 7 be a stationary distribution
and let C C SN'S' be a nonempty Borel set. Put
Mo(r):=n{ze€S: |z| >r z/|z| € C}, r > 0.
Then
(6.8) aln = liggg.}f —% log (),
with the convention that the right-hand side is +o0o if Ilo(r) = 0 for all sufficiently large r.

Consequently, if the sector radial logarithmic tail limit exists, then

1
(6.9) lim —logIlo(r) = —ag.

r—oo T

For C = S NS, this gives the corresponding exact scalar abscissa formula for the full radial tail.

Proof. Apply lemma 6.1 to the finite measure on [0, c0) obtained by pushing forward the restricted
measure

1{2#0: z/\z|€C’}7T(dZ)
under z — |z|. Its tail is exactly IIc(r), and its exponential abscissa is ag.. O
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Corollary 6.5 (inner sector rates are lower bounds for full sector abscissae). Assume a < 2, let
7 be a stationary distribution for the drift u, and let C C SNS' be nonempty and compact. Then

(6.10) I (p) < ag.
In particular,
(6.11) aa (1) < afq-

Proof. If I (u) = 0, there is nothing to prove. Let 0 < A < I (). By definition of I[¥(u), there
exists ¥ € €(u) such that
A < inf 9 - w.
ueC
Thus, on the sector z/|z| € C, one has A|z| < ¥ - 2. Since ¥ € E(p) C Dexp(m), the restricted

sector moment
/ Ml (dz)
{2#0: z/|z|€C}
is finite. Hence A < of,. Letting A T I®¥(u) proves (6.10). The radial assertion is the case
C=5ns. O

Theorem 6.6 (quantitative scaling along drift rays). Assume o < 2. Let 7 be stationary for
drift w, let r > 0, and put
= (1) 4, Tz =rz.
Then , is stationary for drift p/r, and
(6.12) Dexp () = 7 Degp (1), D,, =r'D,.

For every c € SY and every compact angular set C C SNS!,
1

(6.13) alm = rla” ar’y = r_la;rad, ae =r"

™
co Q.

The corresponding tails satisfy
(6.14) mi{z:c-z>at=n{z:c-z2>x/r},
and

m{z:|z| >z, z/|z| € C} =7n{z:|z| > x/r, z/|z| € C}.
Consequently the existence of any projected, radial, or sector logarithmic tail limit is invariant
along a nonzero drift ray, and its rate is homogeneous of degree one in the drift magnitude. More
precisely, for a > 0 the map

T (T1/a) 4

s a bijection from stationary laws for p to stationary laws for aup, and all scalar rates are
multiplied by a.

Proof. The stationarity assertion and the bijection are proposition 3.6. If Y = rX with X ~ 7,

then
/eg'ym(dy) :/e(m)'”& m(dr).
S S

This proves (6.12). For projected moments,
AC € Dexp(mr) = 1A € Dexp(m),

S0
A" = sup{\ > 0: rAc € Dexp(m)} = 7 1al.
For radial moments,

/ Ml (dy) = / eVl 1 (g,
S

S



52 ZIRAN LIU

and, because y/|y| = x/|z| under y = rz,
Ml (dy) = / eVl ().
{z#£0: z/|z|eC}
Taking the two convergence abscissae gives the remaining identities in (6.13). Finally,
{y:coy>at=TAz" :c- 2’ >x/r},
{y:lyl =22, y/lyl € C} =T {a" :|a'| = z/r, o/ /|2"| € C},

which proves the two tail identities. Setting r = 1/a proves the final statement. U

/{y#O: y/lyleC}

Corollary 6.7 (drift-ray normalization of scalar tail rates). In each stationary-existence region of
the phase diagram, the logarithmic-tail problem for all nonzero drifts reduces to one representative
on every drift ray. Equivalently, it is enough to treat drifts on any fixed transversal section, such
as |u] = 1, and then recover arbitrary magnitudes by theorem 6.0.

Proof. Zero drift is not in either stationary-existence region considered here. Every admissible
drift therefore has a unique positive multiple on the chosen transversal section, and theorem 6.6
transfers stationary laws and all scalar logarithmic rates bijectively along that ray. U
Corollary 6.8 (exact scalar exponential envelopes). Let 7 be a stationary distribution.

(i) Let c € SY and assume o < co. Then, for everyn > 0,

(6.15) Ie(z) < exp{—(ag —n)z}
for all sufficiently large x, and
(6.16) () > exp{—(af +n)zn}

for some sequence x,, — co. Moreover, the exact logarithmic projection-tail limit exists if
and only if the lower envelope (6.16) can be strengthened to hold for all sufficiently large x,
for every n > 0. In that case

™

.1
mlggo ;log II.(z) = —al.

(i) Let C € SN'S! be nonempty and compact and assume af, < oo. Then, for everyn >0,

(6.17) He(r) < exp{—(af —n)r}
for all sufficiently large r, and
(6.18) He(rn) > exp{—(al +n)ra}

for some sequence r, — co. The exact logarithmic sector-tail limit exists if and only if the
lower envelope (6.18) can be strengthened to hold for all sufficiently large r, for every n > 0.
In that case

1 -
rlggo ;log Ie(r) = —ag.

Proof. For the projection statement, proposition 6.2 gives

1
alf = liminf ——log I, ().
x

T—00

The eventual upper envelope (6.15) is exactly the assertion that the preceding liminf is at least
af, with margin 7. The subsequential lower envelope (6.16) is exactly the assertion that the
same liminf is at most aff. The logarithmic limit exists precisely when the corresponding limsup
is no larger than o, which is equivalent to the eventual lower envelope for every n > 0. This
proves (i). The sector statement follows in the same way from proposition 6.4. ]

Remark 6.9 (scalar envelope consequence). Corollary 6.8 isolates the information supplied by a
scalar abscissa before its value is computed geometrically. Every scalar tail with finite abscissa
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has an eventual exponential upper envelope with exponent arbitrarily close to that abscissa
and a matching lower envelope along arbitrarily large scales. A scalar abscissa alone does not
exclude exponential-scale oscillation, and therefore does not imply a full logarithmic limit. In the
classified wedge regimes, the finite-exponential construction and the broken-path lower bounds
compute the abscissa and exclude such oscillation.

Definition 6.10 (full transform support functions). For a stationary distribution 7, define the
full transform-domain support function
(6.19) I (2) i=sup{f - 2 : § € Dexp(m)} € [0, 0], z€eS.
The same value is obtained if Deyp () is replaced by its closure, because, for each fixed z, the
map 6 — 0 - z is continuous.
If C ¢ SN'S' is a nonempty compact angular set, let
mo(dz) == 1,20 2210y T(d2)

be the restricted sector measure, and define

Dexp(m; C) = {9 eR?: / e m(dz) < oo} .
{z#0: z/|z]€C}

The restricted sector support function is

(6.20) I (u) :=sup{f-u: 0 € Deyp(m; C)},  ueC.

s
If 7c = 0, then Deyxp(m; C) = R? and Ifrug = +oo on C.
Proposition 6.11 (full-domain variational formula for projected abscissae). Assume 0 < & <
and o < 2. Let 7 be a stationary distribution and let ¢ € SY. For 0 € R?, set
pe() :=sup{A>0:0—Ice S'},

with the convention that the supremum is zero if the set is empty. If € SV, then

. 0-u o [0-ur 0-us
21 0) — vru _ _
(6:21) pe(8) ESTE! € u mm{c-ul’c~uQ}

Moreover,

(6.22) ar = sup pc(6).
0E€Dexp ()
Consequently, the exact logarithmic projection rate, whenever the projection-tail limit exists, is

obtained from the closed transform domain by the same variational formula as the inner rate,
with £(p) replaced by Dexp(T).

Proof. If A¢ € Dexp(m), then choosing § = Ac gives p.(f) > A. Hence the right-hand side of (6.22)
is at least af. Conversely, suppose 6 € Deyp(m) and 0 < A < p.(6). Then § — Ac € SV. By the
dual-cone monotonicity of proposition 5.1, A¢c € Dexp(m). Thus A < . Taking the supremum
over such A and then over 6 gives the reverse inequality.

For # € SV, the first equality in (6.21) is just the definition of the largest A for which
6 — Ac € SV. The endpoint formula follows because, writing u(p) = (cos ¢, sin ¢), the derivative
of (6-u(p))/(c-u(p)) has numerator fac; — f1co and denominator (c - u(y))?, so it has constant
sign on [0, &]. Hence the minimum is attained at one of the two boundary directions. The final
assertion follows from proposition 6.2. (]

Proposition 6.12 (full radial and sector support-function formulas). Assume 0 < & < 7w and
a < 2. Let w be a stationary distribution. Then the full radial abscissa satisfies

6.23 T o= inf  IM(y).
( ) arad uelgﬂSl T (’LL)
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More generally, for every nonempty compact angular set C C SNS', the sector radial abscissa
satisfies

(6.24) af = inf I (w).

Both identities are understood in the extended sense, allowing the value +oc.

Proof. We first prove the radial identity. If 0 < A\ < T ,, then |, S Ml 7(dz) < o0o. For every
u € S NS, the inequality Au -z < A|z| gives Mu € Dexp(). Hence If(u) > X for all u, and
A <infgng I Letting A 1 ay, 4 gives one inequality.

Conversely, let 0 < A < inf,cgngt I8 (u). For each u € S NS, choose 0, € Deyp(m) with
0., -u > A. By continuity, this strict inequality holds in a relative neighborhood of u. Compactness
of SN S! gives finitely many 61, . ..,0n € Dexp(m) such that for every v € S NS! at least one j

satisfies 6; - v > A. Hence, for every nonzero z € S, with v = z/|z|,

N
6)\|z| < Ze@wz‘
i=1

The right-hand side is 7m-integrable, so A < o ;. This proves (6.23).

rad*

For the sector identity, suppose first that 0 < A < af.. Then

/6)\|Z me(dz) < oo.
For each v € C and each z in the support of ¢, Au - z < A|z|; hence AMu € Dexp(m; C) and
Ifr“g(u) > \. Therefore
T o< full )
ag < inf I c(u)
Conversely, fix 0 < A < inf e Ifrug(u) For each u € C, choose 0,, € Dexp(m; C) with 6, - u > .

The set
Uy ={veC:0,-v>A\}

is relatively open in C' and contains u. Choose a finite subcover C C U, U ---UU,, and write
0; := 0u;. If 2 # 0 and 2/|z| € C, choose j with z/|z| € U,; then 0; - 2 > X|z|, and consequently

N
e)\|z| < 269]--2.
Jj=1

Each summand is mc-integrable, so the left-hand side is also m¢-integrable. Hence A < ag..
Letting A increase to the infimum proves (6.24). O

Proposition 6.13 (convex-dual formula for full projected abscissae). Assume 0 < & < and
a < 2. Let 7 be a stationary distribution and let c € SY. Then

(6.25) al = inf{Ifruu(z) 12€8, cz=1}.

Consequently, computing the exact projection logarithmic rate is equivalent to computing the
support function of the full exponential-moment domain on the compact cross-section {z € S :
c-z=1}.

Proof. Let D be the closure of Dexp (7). By proposition 5.1, D is closed and convex, contains 0,
and is downward closed with respect to the dual cone. The same proposition gives the required
downward closure of Dexp (), so lemma 5.2, applied with A = Deyp (), gives

(6.26) af =sup{A > 0: Ac € D}.

This step uses both the order-ideal property and the strict positivity ¢ € SY; convexity alone
would not justify replacing the moment domain by its closure along a positive ray.
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Fix 0 < A < af. By the definition of the supremum there is a finite \’ > X such that
N'¢ € Dexp ().

Since
Ne—Xe= (N~ Nce s,
the downward-closure statement of proposition 5.1 gives Ac € Deyp(m). Hence, for every z € S
with ¢c- z =1,
MGy > Ae- 2= A
Letting A 1 ol gives
inf IM(z) > of,
cz=1
If o = oo, this already proves the identity. Assume therefore that o] < oo, and fix A > af.
Then ¢ := Ac ¢ D by (6.26). To construct the separator without invoking a black-box separation
theorem, let d := dist(q, D). Since 0 € D, d < |q|. Choose p,, € D with |¢ —p,| < d+n~!. Then
Ipn| < 2|g| + 1, so a subsequence converges to some p € D, and |¢ — p| = d. Convexity makes this
nearest point unique: if p’ # p were another minimizer, then the midpoint identity would give
p+0 [P _la—pP+la—pP? [p—pP
2 | 2 4

a contradiction. Put y := ¢—p # 0. For every 6 € D and ¢ € [0, 1], the point p+ ¢(f — p) belongs
to D. Differentiating at zero the squared-distance function

< d?,

‘

t—lg—p—t(6—p)
gives
y-(0—p)<O0.
Consequently
(6.27) supf-y=p-y, q-y=p-y+yf>supb-y.
9cD )

In particular, the support function on the right is finite. Since —SY C Dexp(m) C D, this
finiteness forces y € (SV)Y = S: otherwise there would be n € SV with n -y < 0, and the points
—pn € D would make the support infinite. Moreover ¢ -y > supp 8-y > 0,s0 c-y > 0. Put
z=y/(c-y). Then z € S, c-z=1, and
() = L sup -y < A\
€ Y oeD

Taking the infimum over the cross-section and then letting A | o gives the reverse inequality.

This proves (6.25). O

Proposition 6.14 (interior Harnack lower tails). Assume o < 2, and let © be a stationary
distribution for the drift . Let py be its strictly positive interior density. Fix an interior unit
direction u € S°N'S' and a radius p > 0 such that the balls B,(ru) are contained in S° for all
sufficiently large r. Then there exist constants C, > 0, I'y, < 0o, and R, < oo such that

(6.28) T(By(ru)) > CpeTur, r > Ry.

Proof. By proposition 3.7 and corollary 3.8, p, is a strictly positive smooth solution of
1
iApﬂ—,u'Vpﬂ:O in S°.

Because u is an interior direction, the Euclidean distance from ru to either face grows linearly in
r. Hence there is 7o < oo such that

(6.29) By, (su) € S°, s> 7.
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The interior Harnack inequality for nonnegative solutions of uniformly elliptic equations with
bounded lower-order coefficients [6, Chapter 9|, applied on balls of radius 2p to the fixed
constant-coefficient operator, gives a constant H = H(p, 1) > 1 such that

(6.30) sup pr < H inf p. whenever By,(z) € S°.
B,(x) By(z)
Set
mo := _ min py; > 0.
BP(TOU)

Indeed, (6.29) implies B,(rou) € S°; the density is continuous and strictly positive on this
compact set. Since the open ball is dense in its closure, this minimum is also infg (. y) Pr-
Fix r > rg. If r = rg, take N = 0. If r > rg, set

N := P;TO-‘, s; ::ro—i—%(r—ro), xj:=su, j=0,...,N.
Then sg = rg, sy = r, and
r—7T0
0<8j+1—8j: N < p.
Moreover,
(6.31) N:W_ﬂgur_ro.
P P

The balls B,(z;) and B,(z;j+1) overlap. Choose y; in their intersection and put m; = infp ;) pr-
Then

mj < pr(y;) < sup pr < Hmjiq,
Bp(zj+1)

where the last inequality is (6.30). Therefore m;+1 > H~'m;, and induction yields

inf pr=mpy > mOH*N.
By (ru)

Using (6.31),

log H
H_NZH_leXp{— o8 (’I“—T‘o)}.
p

Thus (6.28) holds with, for example,

log H
T, = gp . Cu=By(0)moH e, R, =g,
after integrating the pointwise lower bound over B,(ru). (]

Corollary 6.15 (finite full abscissae in genuine interior directions). Assume 0 < & < m and
a < 2, and let T be a stationary distribution. Then the following hold.

(i) For every c € SY, the full projected abscissa is finite:
ag < o0.
More quantitatively, for every u € S° NS,

L'y

6.32 <
(632 S

where Ty is any constant for which (6.28) holds along the direction u.
(it) The full radial abscissa o,y is finite.
(ii3) If a compact angular set C C S NS' contains a nonempty open subarc of S° NS', then
ag < 00.
If, in addition, E(n) # @, then the corresponding abscissae in (i), (ii), and (iii) are strictly
positive whenever the inner rates in corollaries 6.3 and 6.5 are positive. In particular, in the
classified existence regimes, all projection abscissae and the full radial abscissa lie in (0, 00).
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Proof. Fix ¢ € SY and choose any u € S° N'S'. Let p > 0 be small enough for proposition 6.14.

For large x, set
_ 2+ pl]
€T < - .
c-u
If z € B,(ryu), then
c-z>ryc-u—ple| =x.
Thus B,(ryu) C {c-z >z}, and proposition 6.14 gives
H.(z) > Ce ture,

Using proposition 6.2 yields (6.32), and in particular o < oco.
For the radial case, fix the same interior direction and a radius p for which

m(B,(su)) > Ce ™, s> R.

For r > R, every z € B,((r + p)u) satisfies
2l = |(r + p)ul = |z = (r + p)ul > 7.
Hence
w{|z| = r} > 7(B,((r + p)u)) > Ce T0H0).
Applying proposition 6.4 with C = SN'S! gives al g <I'< oo
Finally suppose that C' contains a nonempty relative open subarc of S° N'S'. Choose u in that

subarc and 7 > 0 such that

fvesSnsS':jv—ul<n}ccC.
Fix any p > 0. Since u is an interior direction, B,((r + p)u) € S° for all sufficiently large r.

For z € B,((r + p)u), the reverse triangle inequality gives |z| > r. Once r > p, the elementary
normalization estimate

2|z — (r+ p)u| - 2p
r+p r+p

2
r> Ro = max{p,p},
Ui

the entire ball lies in the angular sector over C and in {|z| > r}. Applying the Harnack-ball lower

holds. Hence, for every

bound along this ball and then proposition 6.4 gives o, < oo. The strict positivity assertions
follow from the inner lower bounds corollaries 6.3 and 6.5. ([

Definition 6.16 (directional Harnack exponents). Let m be a stationary distribution, and let
u € S°NS. Define &, (u) to be the infimum of all T' > 0 for which there exist constants p > 0,
C > 0, and R < oo such that

B,(ru) C S°, m(B,(ru)) > Ce™'T, r> R.
By proposition 6.14, &, (u) < oo for every interior unit direction u. For ¢ € SY, set

Gr(u
97 = inf Onlu),
ueS°Nst c-u

For radial tails set

If C c SNS! is compact and contains a nonempty open angular subarc in S° N'S!, set

O = inf{B(u) : u € S°NS' and an angular neighborhood of u is contained in C'}.

Proposition 6.17 (Harnack-envelope criterion for exact logarithmic tails). Assume 0 < & <
and o < 2, and let w be a stationary distribution.
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(i) For every c € SY,
1
limsup ——logm{z:c-z >z} < HI.
T—00 x

Consequently, if HT = ol , then

1
im — rCcoz > = —qa’.
xlgrolo . logn{z:c-z> =z} ag

(ii) For the radial tail,
1
limsup ——log7{|z| > r} < Hq-
r—00 r
Thus equality 7,4 = ar, 4 tmplies the exact radial logarithmic tail.
(iii) If C c S NSt is compact and contains a nonempty open angular subarc in S° NS, then

1
limsup ——logw{|z| > r, z/|z| € C} < HE.
r—00 r

Thus equality H7 = af, implies the exact sector logarithmic tail.

Proof. Fix ¢ € SY, an interior direction u, and a number I' > &,(u). Choose p,C, R as in

definition 6.16. For large x, put
z + plc|
c-u

z =
If z € B,(ryu), then ¢z > . Hence
m{z:ic-z>a} > Ce "=,

It follows that

1 T
limsup ——logm{z:c-z >z} < —.
T—00 z cC-Uu

Letting I'' | &,(u) and then infimizing over u gives the first displayed inequality. Since proposi-
tion 6.2 gives the corresponding liminf as o, equality )7 = o gives the projected logarithmic
limit.
For the radial statement, the defining Harnack bound gives
m(By(su)) > Ce™™, s> R.
Taking s = 7 + p and using B,((r + p)u) C {|z| > r} yields
m{|z| > r} > CeTUFP),

Therefore
limsup—1 logm{|z| > r} <T.
7—00 r
Letting I'' | &,(u) and then taking the infimum over u proves the radial inequality.
For the sector statement, choose an interior direction u having a relative angular neighborhood

U C C, and choose n > 0 with {v € SNS': [v —u| < n} CU. For z € B,((r + p)u),

EREN T
2] r+p
Thus, for r > max{R,2p/n}, the ball lies in the sector over C' and in {|z| > r}. Consequently
™ {|z| >, ﬁ € C’} > Ce Tr+r),
z

Taking negative logarithms in the preceding inequality gives

1 log C
—logw{]z|2r,Z€C}§F<1+p>— Sk
r K T r

Hence 1
limsup—logw{z\ > r,i € C} <T.
r

r—00 |Z’
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Letting I' | &, (u) and then taking the infimum over the directions allowed in $7, proves the
sector inequality. Combining these limsup estimates with the corresponding liminf identities in
proposition 6.4 proves all exact-tail implications. O

Remark 6.18 (meaning of the Harnack envelope criterion). The quantities $7, 7 ;, and H7, are
attached to the stationary law, not only to the drift. They convert interior elliptic positivity
into a lower-tail mechanism on interior angular sectors. For projected tails one must also allow
the possibility that the dominant exponential contribution lies in a boundary layer. The finite
angular decomposition below separates these two issues.

For a Borel angular set A C SNS! and ¢ € SY, define the restricted projected tail
Hea(z) ==m{z € S\ {0} : c- 2 >z, z/|z] € A}, x>0,
and its scalar abscissa ]
Qg g = lixrgioréf - log IT; 4(z),

with the convention that the value is +oo if Il; 4 vanishes eventually. Equivalently, af , is the
abscissa of convergence of the push-forward of the restricted measure 1., ./|.jea}7m(dz) under
Zc- 2.

Proposition 6.19 (finite angular decomposition of projected tail rates). Let w be a stationary
distribution, let c € SY, and let Ay, ..., A,, C SNS! be Borel sets whose union is S N'S. Then

6.33 a” = min af 4.
( ) c 1<<m c,A;j

Moreover, if the restricted projected logarithmic limits exist for all j in the extended sense,

1 n
xh—?& p log Hc,Aj (z) = QA

where the value —oo is allowed, then the unrestricted projected logarithmic limit exists in the
same extended sense and

1
. im — tc-z>x}=— mi AL
(6.34) lengO . logm{z:c-z>uz} \in ag s,

Proof. The vertex does not affect tails with > 0. Since

m
He(z) < z; HC,Aj () <m 1%?2% HC,Aj (z),
]:

and I1.(z) > max; I, 4, (z), the quantities —z~'logIl.(z) and —z~!log max; Il 4, (x) have the
same liminf and, whenever all component limits exist in the extended sense, the same limit.
Because

1 ) 1
- log mjax e a;(z) = mjm <_x log I 4; (m)) ,
the finite-minimum identities give (6.33) and (6.34). O

Corollary 6.20 (interior-boundary reduction for projected logarithmic tails). Fiz c € SY and
0<d<&/2. Write u(p) := (cos p,sinp). Let

Al = {u(p): 0< 9 <3}, Aj:i={u(p): 6 <p<E—0}, Ay={u(p):{-0<p <&}
Then
(6.35) ay = min{o/;Aa;, aZAg, aZAg}.
Consequently, the projected logarithmic tail is exact once the three restricted projected tails are
ezact. On the middle angular block AY, interior Harnack methods and sector-frontier arguments

apply uniformly away from the two faces. The two boundary blocks require estimates adapted to
the corresponding face neighborhoods.
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Proof. This is proposition 6.19 applied to the displayed three-set cover. The last sentence records
only the geometric location of the three blocks: Ag has positive angular distance from both faces,
whereas A9 and A$ are boundary layers. O

Proposition 6.21 (angular coefficient squeeze). Let m be a stationary distribution, let ¢ € SY,
and let A C SNS' be a nonempty compact angular set. Put

Me, A 1= Iuneiillc-u, M. 4 = Iggfc-u.
Then 0 < mea < M 4 < oo. If

1
Ha(r) :==m{z#0:|2| >r, z/|z| € A}, o™ = lim inf —= log T4 (),
r—00 r
with the usual convention a;’rad = +o0o when 114 vanishes eventually, then for every x > 0,

(6.36) I <

and consequently

) < M) < HA<AjA) ,

aw,rad 7,rad
(6.37) A <af, < :
Mc A © Me, A

The same inequalities hold for the corresponding limsup logarithmic rates whenever these are used
i place of the liminf rates.

Proof. For z = ru, u € A, one has
rmea < c 2 <rM.a.

Thus |z| > x/mc a and z/|z| € Aimply c-z > x, while ¢c-z > x and z/|z| € A imply |z| > z /M, A.
This proves (6.36). Taking liminf of —z~!log of the two sides gives (6.37); the extended cases
follow from the same monotonicity convention. The limsup version is identical. O

Corollary 6.22 (shrinking face-layer reduction). Let c € SY. Fori = 1,2, let A? be the boundary
angular blocks from corollary 6.20, with A‘ls shrinking to the ray generated by u; and Ag shrinking
to the ray generated by ua. Suppose that, for some i, the radial boundary-layer abscissae have a
limit

Bl = lgﬁ)lo‘ggrad € [0, 00].
Then
s
(6.38) lima” s = bi

5l0 oA couy’
with the convention +00/(c - u;) = +00. Hence a boundary-layer contribution to the projected

logarithmic rate is determined, in the shrinking-layer limit, by the corresponding radial face-layer
rate and the geometric projection factor c - u;.

Proof. For A?, continuity of u — ¢ - u gives
M g0 — € Ui, M, g5 —> ¢y, (04 0).
Since ¢ € SY, ¢-u; > 0. Applying proposition 6.21 to A? and letting & | 0 gives (6.38). O

Definition 6.23 (local angular radial abscissa). Let K := S NS!. For a nonempty Borel set

A C K, define
ag’rad := sup {)\ >0: / Ml r(dz) < oo} .
{z#0: z/|z|€A}

For u € K, define

Br(u) := sup {al’rad : A is a relative open angular neighborhood of u in K} € [0, o).
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Theorem 6.24 (local-angular representation of scalar abscissae). Assume 0 < & < 7. Let w be a
stationary distribution and let K = SNS'. Foru e K and § > 0, put

As(u) :=={v € K : dang(u,v) <8},
where dang is angular distance relative to the wedge. Then

(6.39) 1551 042’;?3) = Br(u).

For every c € SY,

: Br(u)
(6.0 o ) = o
with the usual convention when Br(u) = +o0o. Moreover,

o Br(u)
Al T = inf

(641) Qe T ek cou’
and
(6.42) 0 = inf Br(u).

Proof. The sets As(u) form a relative neighborhood basis at w. Since restriction to a smaller
angular set can only increase the exponential-moment abscissa, the left-hand side of (6.39) is
increasing as ¢ | 0. If U is a relative open neighborhood of u, then As(u) C U for all sufficiently
small ¢, and hence O‘X:?S) > ag’rad. Conversely, the relative open ball {v : dang(u,v) < §} is

contained in Ag(u), so its abscissa is at least a:’;?s). Taking the supremum over relative open

neighborhoods proves (6.39). Equation (6.40) now follows from proposition 6.21, because

min c-v, max c-v — C-u.
vEA;s(u) vEA;s(u)

We next prove (6.41). Since the unrestricted projected tail dominates every restricted projected
tail,
s

Oég < aC,Ag(’LL)'
Letting § | 0 and using (6.40) gives

ag < inf ﬁﬂ(u).
ueK Cc-Uu

For the reverse inequality there is nothing to prove if the infimum is zero. Otherwise let

0<gq< inf Bw(u).
ueK Cc-Uu

Fix u € K, and define the positive slack
Ay = Br(u) — g(c-u) > 0.
Choose

u

27
By the definition of §;(u), there is a relative open neighborhood V,, of u with a?/;rad > ay.

ay = q(c-u) + q(c-u) < ay < Br(u).
Continuity of v — ¢ - v gives &, > 0 such that the closed relative angular ball
Wy i={v € K : dang(u,v) < 0y}

satisfies

q sSup c-v < Q.
UEWu
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Put U, := V, Nintg W,,. Then U, is a relative open neighborhood of w, restriction gives
7,rad > T rad
ar, ay " > ay, and
qM, < a, < o/&md, M, = sup ¢-v < oo.
veU,
Compactness of K gives a finite subcover Uy, ...,Uyy. On the cone over Uy,

eqc~z S eunj |=| ,

m,rad

and ¢My; < a;7 . Summing the corresponding finite restricted moments yields

/ el m(dz) < 0o
S

Thus ¢ < af. Letting ¢ increase to the infimum proves (6.41).
The radial formula is proved in the same way. The unrestricted radial tail dominates each
angular restriction, giving

0 < inf Be(u).

If ¢ < infycx Br(u), then for every u € K the definition of 5,(u) supplies a relative open
neighborhood U, satisfying
7,rad

g, > Q.
Choose a finite subcover Uy, ..., Uy, . Since

/ el r(dz) <oo  (j=1,...,N),
{2#0:2/|2|€0u; }

and the union of these angular blocks covers every nonzero point of S,

/eqiz m(dz) < m({0}) +Z/ et (dz) < oo

{z#0:2/|2|€Uu; }

Thus ¢ < af ;. Letting ¢ increase to the infimum proves (6.42). U

Corollary 6.25 (scaling of the local angular profile). Under the notation of theorem 6.6,
Br, (1) = 17" Br(u), we SNS'.

Hence the variational formulas (6.41)—(6.42) are homogeneous of degree one along drift rays.

Proof. Positive dilation leaves angular direction unchanged and sends |z| to r|z|. Therefore every
restricted radial abscissa is multiplied by 7~!. Taking the supremum over angular neighborhoods
proves the claim. O

Corollary 6.26 (boundary-layer and interior contributions). The full projected abscissa is
determined by the local radial profile B through (6.41). In particular, face directions and interior
directions enter the same variational formula. This is the intermediate angular reduction used by
the later broken-path lower bounds, which establish the required no-gap estimate on the minimizing
blocks throughout the classified regimes.

Remark 6.27 (role of the angular decomposition). The Harnack envelope criterion is an interior-
sector mechanism. Corollary 6.20 prevents it from being used beyond its range: a projected
tail may be governed by one of the two boundary layers. Proposition 6.21 and corollary 6.22
give the corresponding geometric conversion between projected boundary-layer rates and radial
rates in shrinking face neighborhoods. The later one-face and broken-path estimates treat those
boundary layers directly and complete the resulting finite angular decomposition.



STATIONARY DISTRIBUTION FOR RBM WITH DRIFT IN A WEDGE: ASYMPTOTICS 63

Proposition 6.28 (dominant-block principle for finite angular decompositions). Let Ay, ..., A,
be a finite Borel cover of SNS!, fix c € SY, and write

R p— m Pp— ] .
aj =0 4, Gy = min a;.

7 1<i<m
Assume ay < 00. If at least one block Aj, with a;, = a. has an exact restricted logarithmic tail,

1
lim —logll a;, (z) = —ax,

T—00 I
then the unrestricted projected tail is exact and
1
im — tCcoz 2> = —Qx.
gﬁlggo . logm{z:c-z>ux} ay
No logarithmic limit is required for any of the remaining blocks.
Proof. The exact tail of the minimizing block gives
He(z) > HQA]'* (z),
and hence the required logarithmic lower bound. For the upper bound, fix ¢ > 0. Since a4 —¢ < a;
for every j, the definition
. 1
a; = 11$II_1>£f = log IL; 4, ()
gives
Hc,Aj ($) < ef(a*fs)x
for all sufficiently large x, with the conclusion also valid when a; = +oo. Since the cover is finite
and I, < >° 1lea;, the logarithmic upper bound follows. Letting € | 0 proves the result. U

Proposition 6.29 (angular minimizers and localization of the projected frontier). Assume
0 <& <m, let w be a stationary distribution, and put

K:=S5nsh
The local radial profile u — Br(u) is lower semicontinuous on K. Consequently, for every c € SY,

the extended-valued function
_ Br(u)

i : , € K,
Pe(u) =" u

15 lower semicontinuous. If aff < oo, then the angular minimizing set

AT . ={ue K : pl(u) =al}

18 monempty and compact.
Let U C K be any relative open set containing AL, and put B := K \ U. With the convention
that the abscissa of an empty angular block is +00, one has

(6.43) Q= ag, app > ag.
Therefore, if the restricted tail on U has the exact logarithmic limit
1
lim —logIl. () = —af,
T—00 I

then the unrestricted projected tail has the same exact logarithmic rate.

Proof. Let a < (u). By definition, there is a relative open neighborhood V' of u such that
aT‘r/’rad > a.
For every v € V| the same set V is a relative open neighborhood of v, and hence 3, (v) > air/’rad > a.
Thus {u: Bz(u) > a} is open, proving lower semicontinuity. Since ¢ - u is continuous and strictly
positive on the compact set K, the quotient p] is also lower semicontinuous.
By theorem 6.24,

ag = nf pg(u).
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If this number is finite, lower semicontinuity and compactness of K imply that the infimum is
attained; its minimizing set is closed in K and therefore compact.

If B = @, the second assertion in (6.43) is immediate. Suppose B # &. Since B is compact
and disjoint from A7, lower semicontinuity gives

mp = géigpg(u) > ag.

Fix 0 < g < mp. For each u € B, the argument used in the proof of theorem 6.24 gives a relative
open neighborhood V,, such that
m,rad

gmaxc-v < «
veV, Vu

A finite subcover of the compact set B then shows that

/ el m(dz) < oo.
{2#0: z/|z|€B}

Hence g < g Letting ¢ 1 mp yields
Qep > mp > ag.
By proposition 6.19, the two-set angular decomposition K = U U B gives
ag = min{ogy, of g}
so necessarily Qo =ag. The final statement follows from proposition 6.28. U

Corollary 6.30 (invariance of angular minimizers along drift rays). Under the notation of
theorem 6.6,

Alr = AT, ce S
Thus positive dilation changes the value of the projected rate but not the angular set on which the
variational formula is minimized.

Proof. By corollary 6.25,
pe(u) =77 p7 (u)
for every w € K. Multiplication by the positive constant 7~! leaves the minimizing set unchanged.
O

Proposition 6.31 (local Harnack comparison at angular minimizers). Assume 0 < £ < m and
a < 2, and let m be a stationary distribution. For every

ueS°Nst

one has

(6.44) Br(u) < &x(u).

Consequently, let ¢ € SY with af < oo. If there is an interior angular minimizer
uy € AT NS°

such that

(6.45) B (1) = B (),

then

(6.46) lim E logn{z:c-z>z}=—al.

T—00 I
Likewise, if u, € S°N'S' satisfies

Be(u) = afhg <00 and Br(u.) = Br(us),
then
(6.47) lim %log {2 > 1} = —am,.

r—00
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Proof. Fix u € S°NS! and T' > &, (u). Choose p,C, R as in definition 6.16. Let U be any
relative open angular neighborhood of v in K = S NS!. For all sufficiently large s, the ball
B,(su) is contained in the cone over U. Since every z € B,((r+ p)u) satisfies |z| > r, one obtains

m{z#0:]2| > 1, z/|z] € U} > Ce )

for all sufficiently large r. The one-dimensional tail-abscissa identity lemma 6.1, applied to the
restricted radial measure, therefore gives

m,rad
ag; <T.

Taking the supremum over relative open neighborhoods U and then letting I" | &, (u) proves
(6.44).
Now let u, € AT N S° satisfy (6.45). By the variational formula (6.41),

T _ Br (1) _ B ()
¢ C - Uy C-Up

(07

Hence $7 < af. The reverse inequality follows from the scalar abscissa identity together with
the Harnack bound in proposition 6.17. Thus 7 = o7, and (6.46) follows from that proposition.
For the radial assertion, the hypotheses give
Naa = Inf  Br(u) < Gr(uw) = Br(us) = afpq-
ueS°Nst
On the other hand, the radial tail-abscissa identity and the radial Harnack-envelope inequality
imply
a;rad < f);rad‘
Thus 7,4 = al,4, and the radial part of proposition 6.17 yields (6.47). O

rad’

6.2. Kinematic outer bounds from the killed wedge kernel. The local Harnack exponents
in the preceding subsection are attached to the stationary law. The next argument gives an
explicit upper bound depending only on the drift and the wedge. It uses trajectories that remain
in the open wedge up to a prescribed time; reflection plays no role on this event.

Definition 6.32 (kinematic directional cost and outer domain). Let p # 0, put m := |u|, and
define

(6.48) Ju(u) :=m—p-u, ue SNSh

The associated closed convex set is

(6.49) Kiin(pt) == {0 € R? : 0 - u < J,(u) for every u € SNS'}.
For c € SY, set

[

6.50 3.(0) = min 96
(6.50) Jelp) Jhin =

and define the radial kinematic rate by

(6'51) 3rad(,u«) = ug.lslﬂnSl 3#(“)

Lemma 6.33 (killed heat kernel in the wedge). Let x,y € S°, write

T = (’f'z,em), Yy = (Tyaey)7

and let
ToS ‘= inf{t >0: Zt S 85}

Then the transition law of the reflected diffusion before T5g is the transition law of Brownian
motion with drift p killed on leaving S°. Its density with respect to planar Lebesgue measure is

(6.52) Pty z,y) = et WD 2P0 1 2y,
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where

2 2442 = Tyt nmb nmo
) (¢ — 2o (r3+ry)/(2t) I Ty . ) . v
(6.53) ps(t,z,y) §te Y n§:1 m/£< " ) sin c sin c

Here I, denotes the modified Bessel function of the first kind. The series converges locally
uniformly on (0,00) x S° x S°, and the kernel is strictly positive there.

Proof. Let T = 7a5. If o € C?(S°), then ¢ and —¢ are both admissible tests. Applying the two
submartingale inequalities shows that

M7 = (20— o) - [ (3800 Vo) (Z)ds

is a martingale. Since ¢ and its generator are bounded, optional stopping at the bounded
stopping time ¢ A 7 shows that

o(Zins) — o(z) — /OW <2A<p + Vw) (Zs) ds

is a martingale in t. Thus the coordinate process, stopped on first reaching 95 and then sent to
a cemetery state, solves the killed martingale problem for %A + -V on S°. The ordinary SDE
x4 ut + By, killed at its first exit from S°, solves the same problem. Local uniqueness of the
Brownian martingale problem in R?, followed by stopping at the exit time, gives uniqueness of
the killed problem. Hence the two killed laws agree.

We next derive the zero-drift kernel. In polar coordinates the Dirichlet angular eigenfunctions

form the orthonormal basis
2 nmt
e (9:\/78111(), n>1,

with angular eigenvalues (n7/€)2. For v, = nx /€, the radial heat kernel of
1
5 (arr + ’I“_lar — VgT_Q)

with respect to the measure ry dr, is

1 r2 412
ku, (t,re,ry) = 7 eXP {— r Y } I, <rx7“y> )

2t t

Expanding the heat semigroup in the basis {e,} and using planar Lebesgue measure r, dr, df,
gives

pOS(t7 z, y) = Z en(ex)en(ey)kun (t7 Tx, Ty)a
n=1

which is exactly (6.53).

We verify local uniform convergence quantitatively. On a compact subset of (0,00) x S° x S°,
the Bessel argument z = r,ry/t is bounded by some M < oco. The power series for I, together
with I'(v + k£ + 1) > T'(v + 1)k! for v > 0, gives

(M/2)"  nr2y4
6.54 0<]T < —F 0<z< M.
Set p:=m/§ > 1 and A := (M/2)P. Since np+1 > n+1 > 2 and the gamma function is
increasing on [2, 00),
Fnp+1)>T(n+1)=nl
Consequently
e e} o)
M/2)"P A"
I R P

n!
n=1
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The sine factors are bounded by one, so (6.54) and the Weierstrass test prove local uniform
convergence, and hence continuity, of the kernel series on the stated compact sets. No termwise
differentiation of the series is used below.

We now prove strict positivity without appealing to a one-line maximum-principle argument.
Fix t > 0, x € S°, and yg € S°. Since S ={z:n1-2>0, ng-z >0}, set

dy = min nj -z > 0, dy := min n; - yo > 0,
Jj=12 Jj=12

and choose 0 < p < dy/2. Let V = B,(yo). Then V & S°, because for y € V,
d

nj-yan-yo—ly—yolZdy—p>§y, ji=12

For
ly(s) :::L‘—G—;(y—x), 0<s<t,
one has, writing A = s/t,
nj - Ly(s) = (1 — A\)n; - + An; - y > min{d,, dy/2}.
For every point z € S, the distance from z to either boundary ray is at least its distance to the

supporting line of that ray. Since n; is the inward unit normal to the jth supporting line,

dist(z,0S) = min dist(z,0S5;) > min n; - 2.
Jj=12 j=1,2

Applying this inequality to the preceding lower bounds gives
(6.55) d, := inf inftdist(ﬁy(s),QS) > min{d,,d,/2} > 0.

yeV 0<s<
Under the Brownian bridge from z to y in time ¢, the path has the representation ¢, + 3, where
the centered bridge 8 has a law independent of z and y. If W is standard planar Brownian
motion, then B(s) < W (s) — (s/t)W(t). Therefore
d* d*

sup [W(s)| < = 4§ sup 18(s) < &L

0<s<t 4 0<s<t 2
Set a, := d./(4V/2). For a one-dimensional standard Brownian motion W, the classical
absorbing-interval expansion gives

4 o= (-1 (2k + 1)*mt
p(as,t) := P {OSSIiI;t W (s)] < a*} . Z 2% + 1 exp{ 8a? =0

k=0

The series is alternating with strictly decreasing absolute terms, and its first term exceeds the
second, so its sum is positive. Independence of the two coordinates gives

P{ sup \W(j)(s)] <y, = 1,2} = p(ax,t)* > 0.
0<s<t
On this event sup,<, [W(s)| < v2a, = d,/4. Consequently

Py i= plas, t)? >0

is independent of y € V, and the centered bridge remains within distance d /2 of ¢,; hence the
bridge stays inside S° with probability at least p..
Let
ge(a,y) = (2mt) " exp{~|y — z*/(2t)}
be the free planar heat kernel. Brownian-bridge disintegration gives, for bounded Borel f,

B (Bt <7 = [ fae )P, (B e S (0< s <)} dy.
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Consequently the killed density is bounded below almost everywhere on V' by
 inf , 0.
P« inf 9t(@,y) >

The series in (6.53) is a continuous version of that density by the local-uniform convergence
proved above. Since it agrees almost everywhere with a nonnegative density, continuity first
shows that it is nonnegative everywhere. A continuous nonnegative function that is bounded
below by a positive constant almost everywhere on V has the same lower bound everywhere on V.
In particular, pos(t, x,y0) > 0. Since yo was arbitrary, the kernel is strictly positive throughout
(0,00) x S° x S°.

Finally, Cameron—Martin—Girsanov on the survival event gives, for every bounded Borel g,

Eflg(Z2);t < 7] = BD [g(Z)er Ammmlelt/2 ¢ < 7]

Substituting the zero-drift density proves (6.52). O

Proposition 6.34 (kinematic lower bound along every interior direction). Assume 0 < & <
and a < 2, and let ™ be a stationary distribution for a nonzero drift p. Fix

u e S°NSsk.
Then there exist p > 0, C > 0, and R < oo such that
(6.56) T(By(ru)) > Cr—te () r > R.
Consequently,
(6.57) Gr(u) <Juu),  Brl(u) < Gx(u) < Ju(w).

Proof. Put m = |u| > 0. By proposition 3.7 and corollary 3.8, the stationary law has a strictly
positive continuous density in S°. Choose a closed ball Ky € S° with w(K() > 0. Choose p > 0
and a compact angular interval A € (0,&) such that, for all sufficiently large r, every point of
B,(ru) has polar angle in A.

Set t, = r/m. Since K| is compact and separated from the vertex, there are constants
0 <r_ <ry <oosuch that r— < |z| <7y for x € Ky. For y € B,(ru),

ETR—"
ty r

therefore belongs, for all large r, to a fixed compact interval [z_, z4] € (0, 00), uniformly over
x € Ko and y € B,(ru). The angular variable of x also ranges in a compact subinterval of (0, §).

Define
nwd\ . nmp)
(2,0, nrse(z)sin (| — | sin | —— | .
#) Z ez (5) ( ¢

By the locally uniform convergence in lemma 6.33, ® is continuous on the resulting compact
parameter set. The positivity of the killed kernel and the positive prefactors in (6.53) imply
® > 0 there. Hence its minimum on that compact set is a number cg > 0.

We also make the exponential remainder uniform. Write y = ru + e, |e| < p. Since t, = r/m,

m?t, |zl + |y
2 2t,
m
(6.58) = =r(m—peu)+ (p=mu) e = pew— o (|2l + el?).

pe(y—m)—

Let

m
(13 + p%).

ry=max |z, Cp:= plp—mul + |p|ry +
€Ky 2
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For r > 1, x € Ky, and |e|] < p, the remainder in (6.58) satisfies
moe2 2
(= mu)-e—p-z— o (|2 +el)

m
> —plp —mul| — |ulry — —(r3 + p*) = —Co.

2
Combining this explicit bound, #,-! = m/r, and the compact minimum cg in (6.53) yields
(6.59) Ps(tr,m,y) > cor™ e I

for a constant cg > 0, all z € Ko, all y € B,(ru), and all sufficiently large r.
Stationarity and the killed-process identity now give

7(By(ru)) = /S Pl (2, B, (ru)) m(dz)

2/ / pe(tr, 2, y) dy m(de)
Ko J Bpy(ru)

> com(Ko)|B,(0)|r e (),
This proves (6.56).
For every € > 0, one has 7~1 > 7" for all sufficiently large r. Thus the preceding estimate is

an admissible Harnack-ball lower bound with exponent J,,(u) + ¢, and the definition of & (u)
gives & (u) < Ju(u) + €. Letting € | 0 and using proposition 6.31 proves (6.57). O

Corollary 6.35 (kinematic outer bounds for the transform domain). Under the hypotheses of
proposition 6.34,

(6.60) Dz C Kyin(p)-

For every c € SY,

(6.61) a(p) < af < HT < Jelw),
and

(6.62) (1) < 0faq < Hfag < raa()-

Proof. Let 0 € Dexp(m), and fix u € S° NS, For z € B,(ru),
0-z>r0-u—pll|.
Together with (6.56), this gives

/See-z w(dz) = OV exp{r(8 - u — 3, (u) — pl6]}.

Finiteness of the left-hand side for every r forces 6 - u < J,(u). Continuity extends the inequality
to the two boundary directions, and closure gives (6.60).

The first inequalities in (6.61) and (6.62) are the inner-domain bounds. The middle inequalities
are the Harnack-envelope bounds of proposition 6.17. Finally, (6.57) gives

. & (u) ) Jpu(u)
T= inf < inf 2 =3 ,
He = nf — oS, nf STt =Je(n)

and, by the radial definitions,

L . f 6 < . f ~ _ ~r .
ﬁrad uGISI‘%ﬂSl ﬂ(u) = uels'%ﬂSl ‘jﬂ(u) J ad(/l)

This proves the last inequality in (6.62). O

Proposition 6.36 (convex geometry of the kinematic and inner domains). Assume p # 0 and
E(n) # 9, and let

By, := B(—p, |ul)-
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Then

(6.63) Kiin(p) = B, — 5.
Moreover,

(6.64) TJe(p) =sup{A > 0: A € Kyin(p) }, ceSY.
Define the closed inner domain

(6.65) Kin(p) == E(p) — SV.

Then

(6.66) Kin (1) C Kiin(1),

and

(6.67) o™ (1) = sup{A > 0: Ac € Kin(1)}.
Consequently,

(6.68) a () = Je(p)

if and only if the kinematic endpoint J.(u)c belongs to KCin(1), equivalently if and only if there
exist

Veé&(p), nesy,
such that

(6.69) 9 =1 =Tepe.

Proof. For z € S, the support function of B, is
e, (2) = lullz] — o =.

The support function of —SV is zero on S and is infinite outside S. Since the sum of a compact
set and a closed convex cone is closed, the support-function characterization of closed convex
sets gives
B, —SY={0:0-z<|u||z| — p-z for every z € S}.
For every nonzero z € S, write
z = |z|u, u:=z/|z| € SNS.

Then
0-z<|ullz| —p-z2 = O-u<|ul—p-u=Ju(u)

The inequality at z = 0 is automatic. Hence the displayed support representation is precisely
(6.49), proving (6.63).

For ¢ € SY, the condition ¢ € Ky, (1) is equivalent to

)\g‘j:(z) for every u € S NSt

This proves (6.64).

By lemma 5.5,

E(p) {0210+ pl < [ul} =By

Subtracting SV gives (6.66).

Set A:=&(u) —SY. The set A is downward closed with respect to SV: if z =9 —n € A and
x—y €SV, then

y=9—-(n+z—vy), n+xr—yesSY,

so y € A. We next identify its closure. If ¥ € £(u) and n € SV, choose 9,, € E(u) with 9, — ¥;
then 9, —n — 9 —n, and hence

E(n) — S¥ C A.
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Conversely, the set on the left is closed. Indeed, if z,, = ¥, — 1, — x, with ¥, € £(u) and n,, € SV,
compactness of £(u) gives, along a subsequence, ¥, — ¥ € £(u). Then n, = ¥y, —xp, — I—2 € SV,
because SV is closed, and therefore z =9 — (9 — z) € E(u) — SV. Thus
(6.70) A=E(u) =8 = Kin(p)-
By the definition of ai®(p), its value is the ray extent of A. Applying lemma 5.2 and then (6.70)
proves (6.67).

Finally, ICiy (1) is a closed convex subset of Kyin(p), and both contain the origin. Their
intersections with the ray {Ac : A > 0} are therefore closed intervals beginning at the origin.

Hence their ray extents are equal if and only if the outer endpoint J.(u)c belongs to the inner

interval. This membership is exactly the certificate (6.69). U

Proposition 6.37 (active direction and reflection test for the kinematic frontier). Assume
0< &<, let p#0 satisfy E(p) # @, and fix c € SY. Write

u(¢) := (cos¢,sing),  t(¢) := (=sing,cos¢),  0<¢ <,
and put m := |pu|. Define

m — - u(e)
F, =" c :=det(u,c) —me-t(p),
(¢) () 9e(9) (1, ) (¢)
where det(a,b) = a1by — agby. Then F,. has a unique minimizer ¢. € [0,£], characterized by
0, 9¢(0) >0,

the unique zero of g in (0,§), ¢g.(0) <0 < g.(&).
Consequently, with u. := u(¢¢),

(6.72) 30(“) = Fc(‘bc)'
In the interior case of (6.71),

(6.73) 3 == e = ma

In the two endpoint cases, respectively,

(6.74) Jell) = T L or qelp) = =
Define the active quadratic-boundary point

(6.75) O = e — p.

Then

(6.76) 9N OB, k=K — Fo(u)e e SV.

Then

(6.77) aMp) =Jeo(p) = <0 (i=1,2).

Thus coincidence of the inner and kinematic projected frontiers is decided by two explicit oblique-
reflection inequalities at the unique active point of the kernel circle.

Proof. A direct differentiation gives

RO = g

Since ¢ € SY, one has ¢ - u(¢) > 0 on [0,¢], and
9:(¢) =mc-u(¢) > 0.
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Hence g, is strictly increasing. The derivative of F, is therefore either nonnegative on the whole
interval, nonpositive on the whole interval, or changes sign exactly once from negative to positive.
This proves the uniqueness and the three alternatives in (6.71). Formula (6.72) is the definition

of Je(u)-
Suppose that ¢. € (0,£), and put A = F.(¢.). Since E(u) # &, propositions 5.25 and 6.36
gives
0 < al™(4) < Jo() = A
The identities defining F,. and g. give
(7)) e =m,  (u+Ae)-H(6,) = 0.
Thus p + Ac = mu,.. Taking squared norms yields
0= |+ Acf” = |ul* = 2A pp - ¢ + N?[ef”.

Since A > 0, division of the preceding identity by A gives
21 -
)\:—ﬂ, U+ Ac = mu,
cf?

which is (6.73). If ¢. = 0, then u(0) = u; and

~ _ _m—-p-u

Je(p) = Fe(0) = cour
If ¢ =&, then u(§) = ug and

NP _m—

Jelp) = Fe(§) = c-ug

These are the two endpoint formulas.

By proposition 6.36, the endpoint J.(u)c belongs to Kyin(1) = B, — S¥. Choose ¥ € B, and
n € SV such that

Je(p)e =19 —n.
At the active direction ..,
U -ue > JC(M)C U =M — b Ue = hEH(Uc)'

The reverse inequality holds because ¥ € B,,. Equality in the support inequality for the Euclidean
ball has the unique solution ¥ = mu,. — p. Hence ¥ = 95 and n = n5™, proving (6.76).

If 90 . ; <0 for i = 1,2, then Y5 € SV by (6.76), and

Q#(ﬁlcdn) =0.

The boundary description in proposition 5.29 therefore gives 9™ € £(u). Together with (6.76),
this shows that J.(u)c € Kin (i), and proposition 6.36 yields o™ (i) = Je(p).

_ Conversely, suppose that the two ray extents are equal. By proposition 6.36, there exist
¥ € &(p) C By, and i € SY such that

Je(p)e = - n.
The preceding support-point argument at u. forces 9= YN Since every point of £(u) satisfies
the two closed oblique inequalities, the right-hand side of (6.77) follows. O

Corollary 6.38 (geometric criterion for exact logarithmic tails). Assume the hypotheses of
corollary 6.35 and suppose that E(u) # 2.

(i) If, for some c € SY,

(6.78) (1) = Je(p),
then
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and

1
(6.79) lim —logm{z:c-z>a}=—J.().

T—00 I

The equality in (6.78) is equivalent both to the finite-dimensional certificate (6.69) and to
the two active-point inequalities

oL <0, i=1,2,

of proposition 6.37.

(i) If
(680) aigd(:u‘) = 3rad(ﬂ)7
then '
a;gd(:u) = a;rad = f);rad = 3rad(,uz);
and
1
(6.81) le - log{|z| > r} = —Jraa(p)-

Both conclusions hold for every stationary law at the prescribed drift; no uniqueness assumption
1s required.

Proof. Under (6.78), every inequality in (6.61) is an equality. The projected conclusion follows
from the Harnack-envelope criterion proposition 6.17. The two equivalent finite-dimensional
formulations follow from propositions 6.36 and 6.37.

Under (6.80), the chain (6.62) becomes

Jrad(p) = adag(1) < 0fhg < Had < Jraa(pr)-

All four quantities are therefore equal. The radial part of proposition 6.17 then gives (6.81). O

6.3. Reflection-assisted one-face kinematic bounds. The killed-wedge comparison uses
paths that do not touch the boundary. Near a single open face, the reflected process has an
additional low-cost mechanism: the Brownian control may push toward that face while the
regulator supplies the reflection direction. The next results quantify this mechanism without
using a global semimartingale decomposition at the vertex.

For ¢ € {1,2}, let u; be the unit tangent on 9S; pointing away from the vertex and let n; be
the inward unit normal. Recall that v; - n; = 1.

Definition 6.39 (one-face kinematic cost). For a drift p and a face 4, define

law; — p — fvg)?

.82 3t = 1
(6.82) Ji(w) a>101,l£20 2a
(6.83) :%gg{‘ﬂ‘i‘evi’ — (,u—i—évl-) ’U,Z}

The second equality follows by minimizing first over a > 0.

Lemma 6.40 (relative Brownian tube estimate). Let B be a standard Brownian motion in R2.
If h,. — oo, then for every e > 0,

(6.84) P {sup 1B(s)|/(hr + 5) > s} 0.
s>0

The same conclusion holds for Brownian increments after an arbitrary deterministic time. More-
over, replacing the supremum over [0,00) by the supremum over a finite interval enlarges the tube
event {sup |B(s)|/(h, + s) < €} and therefore cannot decrease its probability.

Proof. Almost surely, |B(s)|/s — 0 as s — oo. Fix a sample path with this property and
e > 0. Choose M < oo such that |B(s)| < es/2 for s > M. On [0, M], continuity gives
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Cy = SUPp<s< M |B(s)| < oo, and therefore

B C
wp 1BO) _ Car
o<s<M by +5 7 hy
For s > M, one has |B(s)|/(hr +s) < €/2. Thus the supremum in (6.84) converges to zero
almost surely, and the probability statement follows. Brownian increments after a deterministic

time have the same law. O

— 0.

Lemma 6.41 (stopped one-face Skorokhod representation). Assume o < 2 and fiz i € {1,2}.
Let G be a relatively open subset of S\ {0} whose closure meets S only in the open face 0S;,
and let

¢ :=inf{t >0: Z(t) ¢ G}.
Let X andY = Z — X be the Brownian—ESP decomposition supplied by |9, Theorem 2.3|. If
Z(0) = X(0) =z € G, then there is a continuous nondecreasing process L, with L(0) =0, such
that, for every 0 <t < 7 when 7g < 00, and for every finite t when 7 = 00,
(6.85) Z(t) = X(t) + v L(t), L(t) = sup [—X(8) - ng]+.

0<s<t

In particular, up to and including the stopping time 7q, the Lakner—Liu—Reed process is the usual
obliquely reflected Brownian motion in the half-plane {z : z-n; > 0}, driven by the same Brownian
path.

Proof. For 0 < s <t < 7¢, the increment condition in the extended Skorokhod problem reads

(6.86) Y(t)-Y(s)econe | |J d(Z(r)) ],
re(s,t)

where cone denotes the closed convex cone generated by its argument, and where d(z) = {0} in
S° and, away from the vertex, d(z) = cone{v; : j € I(2)} with I(2) the set of active faces. By
the hypothesis on GG, only the interior and the open face 9.5; can be visited before 7. The union
on the right-hand side of (6.86) is therefore contained in cone{v;}, a closed convex cone, and
hence

Y(t) — Y(s) € cone{v;}.
Taking s = 0 and using Y (0) = 0 shows that Y (¢) is a nonnegative multiple of v;. Since v;-n; =1,
this multiple is uniquely identified as

L(t) :=Y(t) - n;.

The increment statement above shows that L is continuous and nondecreasing. Fix T' < 7 and
put
N(t) :=Z(t) -n; = X(t) -n; + L(1), 0<t<T.

The set O := {t € [0,T] : N(t) > 0} is relatively open. Each of its connected components is an
interval on which Z lies in S°. On every compact subinterval [a, b] of such a component, (6.86)
has right-hand side {0}, so L(b) = L(a). Exhausting the component by compact subintervals
and using continuity shows that L is constant on the whole component. Therefore the Lebesgue—
Stieltjes measure generated by L satisfies

T
(6.87) dL(O7) =0, equivalently / N0y dL(t) = 0.
0

Thus dL is supported on the contact set {N = 0}.
Define

K(t) := 0s<1if<)t[—X(s) )4
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Because N(s) = X(s) -n; + L(s) > 0 and L is nondecreasing,
L) > L(s) > [ X(s) - mils (0 <s<1),
so L(t) > K(t). To prove the reverse inequality, suppose that L(t) > K (t) for some ¢t < T', and
€ (

choose a € (K (t), L(t)). Since L(0) =0 < K(t) < a and L is continuous,

:=1inf{s € [0,t] : L(s) > a}

o
is well defined and satisfies L(c) = a. By the definition of the first hitting time, every left
neighborhood of o carries positive L-increment. Hence o belongs to the support of dL, and (6.87)
gives N (o) = 0. Consequently

a=L(o)=—-X(0) n < K(t),

a contradiction. Therefore L(t) = K(t) for every t < T. Since T' < 7¢ was arbitrary, the
supremum formula and the vector identity hold on [0,7¢g). If 7¢ < oo, continuity of X, Z, L,
and the running-supremum map lets ¢ 1 7¢ and proves the same identities at the stopping time
itself. O

Lemma 6.42 (finite-horizon stability under equivalent changes of measure). Fiz an initial state
x €S and a finite time T. Let (X, Z,Y) be the Brownian—-ESP decomposition of |9, Theorem 2.3|
under Py, so thatY = Z — X and (Z,Y") solves the extended Skorokhod problem for X on [0,T].
If Q is equivalent to P, on Fr, then the same pathwise ESP relation holds Q-almost surely on
[0,T].

In particular, let w : [0,T] — R? be deterministic and square integrable, and suppose

Q0 - exp{/OTw(s) .dB(s) - ;/OT\w(s)\QdS}-

dP,.
B(t) := B(t) — /tw(s) ds, 0<t<T,
0

Then

is Brownian motion under Q, and the same reflected path is the ESP image of

X(t):x—l—/o (14 w(s))ds + B(t).

Consequently, for every one-face localization set G as in lemma 6.41, the representation (6.85)
remains valid under Q up to o NT.

Proof. The ESP relation is a pathwise property of the restrictions of (X,Z,Y) to [0,T7]: it
consists of Z = X + Y, the state constraint, and the closed-convex-cone increment condition in
the definition of the extended Skorokhod problem. By the Brownian—ESP decomposition in [9,
Theorem 2.3|, there is an Fp-measurable event Qp of P,-probability one on which all of these
relations hold simultaneously throughout [0,7]. No stochastic calculus is involved in the relation
once the three paths are fixed.

Because Q and P, are equivalent on F7, they have exactly the same null sets there. Hence
Q(27) =1, so the identical pathwise ESP relation holds under Q. The asserted algebraic form
of X and the Brownian property of B are the finite-horizon Cameron—Martin-Girsanov theorem.
Applying lemma 6.41 pathwise on 2 gives the final assertion. O

Lemma 6.43 (uniform start-up tube for a one-face control). Fizi € {1,2} and write v; = Bu;+n;.
Let

G; ={qu;+sn;:q>ry, 0<s<kq}
be a one-face conical strip whose closure meets no true face other than 0S;. Fix a > 0 and £ > 0.
There exist a compact ball K € G; N S° and a number ng > 0 with the following property. For
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every tg > 0, every x € K, and every continuous path b satisfying

b(0) =0, sup |b(t)] < no,
0<t<tg

the one-face Skorokhod image of
T+ (CLUZ‘ — E'Ui)t + b(t)

remains in G; on [0,tg]. Its tangential coordinate at time tqy is bounded below by
ato + G,

where g« > ro is independent of x,tg, and b. Consequently, if W is standard planar Brownian
motion, the event
Ey(to) := { sup |[W(t)| < 770}
0<t<tg
has probability po(tg) > 0, and the preceding conclusions hold uniformly for all x € K on this
event.

Proof. For x = gyu; + szn; and b = 0, the normal one-dimensional Skorokhod formula is explicit.
If £ > 0, then
Lo(t) = (0t — s4)+,
whereas L2 = 0 when £ = 0. In both cases the reflected normal coordinate lies in [0, s,], and the
tangential coordinate is
Gz + (a — €6t + Bi(lt — sz)+ > qu — | Bil sz + at.

We now construct the compact ball and its margins explicitly. Set

g =10+ 1
and choose
(6.88) 0<my < KZ*.

Then kg, — 2m, > 0. Put

. My KQs — 2
= 0 = dmy )u; Ly
Sy mln{4(1+|ﬁi|), 1 } > 0, T (qx + 4Amy)u; + seny

and choose

* *_2 *
O<d*<min{ m D,Hq 4m}

Sx
2741+ |5
Let K := By, (z4). If z = quu; + szn; € K, orthonormality of (u;,n;) gives |qz — (g« +4m.)| < d.
and |s; — s«| < di. In particular, s, > s, — d, > 0, and
Gz — |Bilsz = g + 4dmy — dy — | 5| (84 + dy)
= qx + 4my — [Bilss — (1 +[Bi])ds

7
> q*+§m* > s + 2m,

qx —
2
= K(qx + 2my) — 2(1 4+ k)M

K m
Sr < Sy +di < L < KQs — 2

These inequalities imply g, > ¢« > 9 and s, < kg, so indeed K € G; N S°, and they supply

0

precisely the two uniform margins needed below. If (¢%(¢),s%(¢)) denotes the deterministic

reflected path, the preceding explicit formulas give, for every t > 0,

Q) > g +2ma +at,  0<s2t) < sy,
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and therefore
@(t) — 19 > g — 10 + 24, kO (t) — sO(t) > 2(1 4 k)my + Kat.

Thus the deterministic path has explicit, uniform coordinate margins from the lower cutoff ¢ = rg
and the artificial side s = kq; the true side s = 0 is part of the state space and is not an exit
boundary.
The one-dimensional regulator map is Lipschitz in the uniform norm: if L; and Lg correspond

to normal inputs differing by b - n;, then

sup |Ly(t) — Lo(t)| < sup|b(t) - ny.

t<to t<to
Hence the full oblique images differ by at most dj := (1 + |vs]) sup;<;, [b(t)|. Choose 79 > 0 so
that

(14 |vi])no < .

A perturbation of Euclidean size at most d; changes ¢ by at most dp and changes kg — s by at
most (1 + k)dp. The displayed deterministic margins therefore imply q(t) > ro, s(t) < kq(t), and
q(t) > at + g. throughout [0, ¢¢]. Finally, a Brownian small-ball event in C([0, to], R?) has strictly
positive probability, which gives po(tg) > 0. O

Lemma 6.44 (localized one-face tube estimate). Assume 0 < £ < and o < 2, and let  be a
stationary distribution for the drift u. Fiz a face i, numbers a > 0 and £ > 0, and o relative open
angular neighborhood U of u; in S NS'. Put

w = au; — p — ;.

For every 6 > 0 and every v > 0, there is a compact set K € S°, which may depend on § and ~,
such that 7(K) > 0 and, with

1406
T, = 7( i )r,
a
one has
| _ Z(T,) 146, 5
. — > > —— — .
(6.89) hﬂggfrlogxlglf(Px{M(Trﬂ >, Z(T) GU} 2 —— lw|* —
Proof. Write
vi = PBivi +ni,  Bi =i UG
Fix rg > 0, and choose
0< k< sin &
B ——————.
2(1 4| cos&l)
For 7 = 3 — ¢, the angle geometry gives
n; - u; = sin, n; - n; = — cos§.

Hence every point z = qu; + sn; with ¢ > rg and 0 < s < kq satisfies
nj-z=gsin§ — scos§ > q(sin& — k| cos&|) > %qsinﬁ > 0.
Thus the closed conical strip
G = {qu; +sn;:q>ry, 0<s<rq}
is separated from the opposite face and from the vertex; its only true boundary side is s = 0. Let
G; = {qu;+ sn;:q>r9, 0 < s < Kq}.

Apply lemma 6.43 to obtain a compact ball K € G; N S°, a start-up radius 7y > 0, and the
associated constant g, > 7rg. These choices are independent of the start-up time and of the
relative-tube tolerance. Strict positivity of the stationary density gives w(K) > 0.
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For a finite horizon 7', make the Cameron—Martin change of measure with constant control
w = au; — p — v;.
Under the changed measure the Brownian input is E(t) = B(t) — wt, and, by lemmas 6.41
and 6.42, the reflected path, up to T'A 7, has the representation

(6.90) Z(t) = X(t) + v L(t),  L(t)= sup [-X(s)-nily,

0<s<t
where 7; is the exit time from G; and
X(t) = z + (au; — lv;)t + B(t).
In particular,

(6.91) L(t) = Oitigt{és —a-n; — B(s) - ni}+.

For t < T A7, put My := supp<g<; |B(s)| and Cx := sup,cf |z - nj|. The supremum formula
gives
L(t) < 0t + Cg + M.

For the opposite inequality, if ¢t < Cx + M, then ¢t — L(t) < Ckx + M; because L(t) > 0. If
lt > Ci + My, the expression inside the positive part at s =t is positive, and hence

L(t) > 0t — 2 -ny — B(t) -n; > 0t — Cg — M.
Thus, in both cases,
(6.92) |L(t) — ¢t| < Cx + M;.

Since ~ N
Z(t) — atu; = x + B(t) + v;(L(t) — £t),
we obtain the explicit bound

(6.93) 1Z(t) — atu;| < Co+ C1My,  Cp:=sup |z| + |vi|Cx, Cy:=1+ |ui.
zeK
Put
Cy .= Cy + Cino, Cs := (1.

Choose py > 0 so that every unit vector in S N'S' at Euclidean distance less than py from u;
belongs to U. Choose € > 0 once and for all so that

(6.94) 2(1:5)5\11)] <,
(6.95) (14 K)Cse < %
1 4
(6.96) &5< é, &€<p(].
a 2 a

The first condition is void when w = 0. Notice that all geometric and likelihood requirements on
€ have now been imposed; the tolerance will not be decreased after the start-up time is selected.
By lemma 6.40, choose tg so large that

(W (s)| 1
. P — < > —
(6.97) {i;% tots — =2

for a standard planar Brownian motion W. Increase ty, if necessary, so that
Kratg
R
The event in (6.97) is monotone in tp, so this increase preserves its probability bound. The
compact set K and 7y remain unchanged by the uniform start-up lemma.

(6.98) (14+rK)Cy < aty — Cy — Csety > 1o.
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For every sufficiently large r, so that T;. > to, define Q, , on Fr, by

dQy 1
(%x . = exp {w -B(T),) — 2]w|2TT} .
s
Then B,(t) := B(t) — wt, 0 < t < T}, is standard Brownian motion under Q4,7 Define
(6.99) Ey := { sup |B,(t)] < 770}
0<t<to
and

B,(t — B, (t
b sy Btors -Biol )
0<s<Tr—to to+ s

The start-up lemma gives
(6.100) inf Q%T(EQ) =: p()(t()) >0,
zeK
and the infinite-horizon event in (6.97) gives Qg ,(E1,) > 1/2. The two events concern disjoint
Brownian increments and are independent. Consequently,

po(to)
R

(6.101) inf Qx,r(EO N Elyr) >
zeK
On EgN Eq ., for tg <t <T, AT,

sup |By(s)| < no + et.
0<s<t

Hence (6.93) gives
(6.102) \Z(t) — atu;| < Cy + Cset.
Writing Z(t) = q(t)u; + s(t)n; and using s(t) > 0, we obtain
q(t) > at — Cy — Chet, s(t) < Cy + Cset.

We verify the two artificial-boundary inequalities explicitly. First, (6.95) implies Cse < a/2.
Hence, for t > t,

q(t) > (a — Cse)t — Cy > atg — Cy — Csety > 1
by (6.98). Second,

kq(t) — s(t) > kat — (1 4+ k)(C2 + Cset)

t
>%—(1+H>02

t
> 50— (14 8)C2 >0,

where the first strict inequality uses (1 + x)Cse < ka/2, and the last uses (6.98). Thus ¢(t) > o
and s(t) < kq(t) throughout [to, T, A 7;]. On [0,%p], the same strict inequalities follow from
Ey and lemma 6.43. If ; < T, the continuity of the path and the validity of the stopped
representation at 7; would force one of the equalities ¢(7;) = ro or s(7;) = kq(7;), contradicting
the strict estimates just proved. Therefore 7; > T, and the one-face representation agrees with
the original diffusion on the whole interval [0, T}].

At the terminal time, put

R, :=aT, = (1+9)r, E, .= Cy + C3eT,.
Then (6.102) gives |Z(T;) — Ryu;| < E,. By (6.96),

1
CseT, = (—ilj)c?’er < 0
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For all sufficiently large r, also Co < 07/2; hence E, < dr, and the reverse triangle inequality
gives
|Z(T,)| > (1+68)r — B, >r.

Moreover E, < R, /2 for all large r, and for any nonzero vector z with |z — Ryu;| < E,,

z 2F,
Since
lim sup 25, < 27035 <
r—00 r a 2

by (6.96), the terminal direction belongs to U for all sufficiently large r. Thus the controlled
terminal event has probability at least po(tp)/2 under every Qg ,, uniformly for x € K.
The inverse likelihood ratio is

dP, 1, ~
= —— T. —w- B (T .
dem . eXp{ 2|w’ r—w r( r)}

On ExNE,, |B,(T})| < no + T}, and therefore

e B & ) E
de,,«_ep w w w|ng

Combining this with (6.101) and the terminal inclusion gives, uniformly for z € K,

{’Z Iz iy V)

> P00 e { - (T 4+ efu ) 7, = folm ).

Taking logarithms, dividing by r, and using T}./r = (1 + d)/a yields

140 140
hmmfflog mf Py(--) > —%\w[z _ 7
a

r—oo r

elwl.

The last term is smaller than «/2, and hence in particular smaller than -y, by (6.94). This proves
(6.89).
[l

Proposition 6.45 (one-face kinematic cost and its dual representation). For each i € {1,2},
the infimum in (6.83) is attained and

(6.103) 3 () = max {6 - u; : Qu0) <0, 0-v; <0}.
If £; minimizes (6.83), put

i = p+ Livs.
When q; # 0, the mazimizing point in (6.103) is
(6.104) Ot = |qilui — g

It satisfies

Qu¥) =0, v <0,  0pui=J(p).
If £; > 0, then 19£ -v; = 0. In the degenerate case q; = 0, the same conclusions hold with 19£ =0
and 3t (p) = 0.

Proof. For fixed q € R?,

o lau; —q* . a
plo% 74 e} O
20 24 P TR lal =g i
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This proves (6.83). We next verify attainment rather than appealing only to a geometric picture.
Write
v; = (Vi - ui)ui + g,
where n; L u; and |n;| = v; -n; = 1. Hence
[vil = V14 (v - wi)? > v; - u,.
For ¢ > 0, the reverse triangle inequality gives
|+ Coi| — (p+ i) - wy > Lvi| — || — pe-wg — Cog - uy
= L(Jvi| =i - wi) — |p| — g .
The right-hand side tends to +00 as £ — co. The objective in (6.83) is continuous on [0, c0), so

it attains its infimum on a compact subinterval.
Let 6 satisfy the two constraints in (6.103). For every ¢ > 0,

Quue0r(6) = Qu6) + €6 - v; < 0.
Thus 6 belongs to the closed ball
{< : Qu+€vi<C) < 0}:
whose support in direction u; equals | + v;| — (p + ¢v;) - u;. Hence the maximum in (6.103) is
at most Ji(u).
Let ¢; be a minimizer and first assume ¢; # 0. The point 19{- = |gi|u; — ¢; lies on the quadratic
boundary for the drift ¢;, and

£t )
The one-sided optimality condition therefore gives 19£ -v; <0, with equality if ¢; > 0. If £; =0,
then ¢; = p and Qu(ﬁf) = Qy, (195) = 0. If 4; > 0, the optimality condition gives ﬁf -v; =0, and
therefore

Qu() = Qg (V}) — €0} - v; = 0.
Finally,

05 - i = lai| — g - i = Ji ().

Thus 19£ is feasible and attains the upper bound. If ¢; = 0, the cost is zero and the origin gives
the required maximizer. O

Proposition 6.46 (explicit form of the one-face cost). Let

T; := tan 6;, Pi = u; + Tin,.
Then
pi-vi =0, pi-up =1, pil* =1+ 77,
Put
M = |pul, Y = Mu; — p, T =M — - u.
With x4 = max{z, 0}, the one-face cost is
Jio, 19? v < 07
~ffN
(6.105) Ji(p) = (_ 24 -pi> 0.0 >0
2 9 1 UZ >
|pil +

In the first case, 19? is a mazximizing point in (6.103). In the second case, a maximizing point is

(6.106) J; = Ji(u) pi-

Proof. The support point of the full kernel disk B, in direction wu; is ¥ = Mu; — p, and its
support value is Jlo. If 19? -v; < 0, this point is feasible in (6.103), proving the first case.
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Suppose that 19? -v; > 0, and let 6, maximize 6 - u; over B, N {0 : - v; < 0}, which is compact.
We claim that 0, - v; = 0. If instead 0, - v; < 0, consider the segment
s := (1 —5)0, +s0), 0<s<l1.
Convexity of B, gives 0, € B,. Because 0, -v; <0 < 19? - v;, one has 0, - v; < 0 whenever
—0, - (%
19?-1)1'—0*”01‘.

But 19? is the unique maximizer of the strictly convex Euclidean disk in direction u;, so 19? Uy >

0<s<

0 - u;; hence every such s satisfies
05 -u; = (1—5)0*-ui+529?-ui > 0, - uy,

contradicting maximality. Therefore 8, - v; = 0.
The nonzero vector p; satisfies p; - v; = 0; in two dimensions it spans the line {0 : 6 - v; = 0}.
Write 6 = tp;. Since p; - u; = 1, the objective equals ¢, and the disk constraint is exactly

1
Quitpi) = tp-pi+ 5 Ipif* < 0.
The point ¢ = 0 is feasible. For ¢ > 0, the inequality is equivalent to
2p-pi
pil?
which has a positive solution precisely when p - p; < 0. Thus the maximal objective value is

<_2M'pi>
‘pi|2 +’

and the maximizing point is the vector in (6.106). O

t <

Proposition 6.47 (stationary lower bounds in face neighborhoods). Assume 0 < £ < 7 and
a < 2, and let m be stationary for the drift u. For each face i and every relative open angular

neighborhood U of u;,

1
(6.107) limsup—logw{z;é(): |z| >, s GU} < 3t (w).
r—00 r ’Z‘
Consequently,
(6.108) Be(w) <3h(p), i=1,2

Proof. Fix a >0, £ > 0,06 >0, and v > 0. Apply lemma 6.44 and use stationarity:
m(Ay) = / Pr (z,A;) w(dx) > n(K) inf Pp(x,A4,),
S TeK

where
A ={2#0:|z| > z/|z| € U}.
Since w(K) > 0 is independent of r,

1 146
limsup ——log w(4,) < i

r—00 r a

First let v | 0, then 0 | 0, and finally minimize over a > 0 and ¢ > 0. This proves (6.107). For a
fixed relative open neighborhood U, the one-dimensional tail-abscissa identity proposition 6.4

law; — p — L |* + .

gives
1 1
a7 = liminf —= log 7(A,) < limsup —= log w(4,) < ().

r—roo r r—00 r

Taking the supremum over all such neighborhoods U in the definition of 5 (u;) proves (6.108). O
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Definition 6.48 (one-face sharpened projected and radial rates). For ¢ € SY, define

~f ~f
(6.109) 38 (p) == min {&(u), M, "Q(M)} ;
C-UuUyp C-Ul
and
(6.110) () s= min { Juaa (1), 3 (), 3500) }
Also set
2

(6.111) Kt (1) 1= Kun (1) 0 ({01 0w < J5()}-

i=1

Corollary 6.49 (one-face sharpened outer bounds). Under the hypotheses of proposition 6.47,

(6.112) Dr C Ky (1)

For every c € SY,

(6.113) () < af < 3o (w),

and

(6.114) hmsup—llogw{z c-z>x} <JH(p).
T—00

The corresponding radial bounds are

(6.115) apma(p) < afq < Jaalw),
and
1
(6.116) limsup —~log {|z| > r} < Jiaa(p)-
r—00 r

If E(n) # @, then
(6.117) Kin(12) € Kiga (1),
and 35(,@ 1s the ray extent of the right-hand side in direction c.

Proof. The interior killed-wedge lower bound gives the constraints defining Ky, (). We verify
the two face constraints without suppressing the tail-to-moment step. Fix 6 € Deyp(m) and a
face i. Suppose, for a contradiction, that

0-u; > ().

Choose ¢ > 0 such that 6 - u; > 3f(,u) + 3e. By continuity there is a relative open angular
neighborhood U of w; such that

0-u >3 () + 2, u € U.

Let
A ={2#0:|z| >r, z/|z| e U}.
The bound (6.107) implies that, for all sufficiently large r,

m(Ar) = exp{—(Ji(n) +e)r}.
On A, one has - 2z > (Jt(u) + 2¢)r; hence

/ e’ r(dz) > e(ﬁg(“)+25)r7r(AT) > e
S

for every sufficiently large r, contradicting 6 € Deyp(m). Therefore
0-u; <Jj(w), i=1.2
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Together with the killed-wedge constraints this places Dexp(7) in KL (11); closure proves (6.112).
The ray extent of that intersection is the minimum in (6.109), which yields the upper bound in
(6.113).

For (6.114), the interior mechanism gives the bound J.(u). Fix a face i and 0 < 0 < ¢ - u;.
Continuity of u — ¢ - u supplies a relative open angular neighborhood Uy of u; such that

lc-u—c-ui| <6, u € Us.
Put
mg:= inf c-u>c-u;—06 > 0.
ueUs
Then

{lz| > x/ms, z/|z| € Us} C{c-z > z}.
Writing s = x/my in (6.107) gives

I _ W
ms ~— c-u; —0

1
limsup——logm{z:c-z>2x} <
x

T—00

Letting § | 0 proves that the i-th face mechanism contributes J:(u)/(c-u;). Taking the minimum
of the interior mechanism and the two face mechanisms proves the displayed limsup. For the
radial tail, the killed-wedge mechanism gives

1
limsup —=log 7{|z| > r} < Jraa(p).
r—00 r
For each face i and every relative angular neighborhood U of wu;, the event in (6.107) is contained
in {|z| > r}. Hence
1
limsup ——logm{|z| > r} <Jh(n), i=1,2
r—00 r

Taking the minimum of these three bounds gives (6.116). The moment-domain inequality in
(6.115) follows from ozirgd < a4 and the tail-abscissa identity proposition 6.4.
Finally, let 6 € £(u) and n € SV. The point § — 1 belongs to Kyin(1). Moreover,

O —n) u < 0w < J(p),

because 6 is feasible in the dual problem (6.103). This proves (6.117). The ray-extent assertion
follows directly from (6.111). O

Corollary 6.50 (one-face geometric criterion for exact logarithmic tails). Assume E(u) # @
and let m be any stationary law for the drift p.

(i) If, for some c € SY,

(6.118) () = Je' (),
then
1
(6.119) lim —logm{z:c-z> a2} =-J(n).
T—00 I

The equality in (6.118) holds if and only if the endpoint L (p)c belongs to Kin(p).
(ii) 1f _
apa(i) = Jtaa(p),

then 1
. ~1f
TIHIQO ;log m{|z| > 7} = =Jraa (1)

Both conclusions hold for every stationary law at the prescribed drift.

Proof. For projected tails, the inner moment bound gives

; 1
ag (p) <liminf ——logn{z:c- 2z > x}.
x

Cc
T—00
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The limsup is bounded above by J (1) by corollary 6.49. Under (6.118), the two bounds coincide.
The endpoint characterization follows from the inclusion (6.117), closedness and convexity of the
two sets, and the fact that both contain the origin. The radial proof is the same. O

Corollary 6.51 (explicit face-active certificate). Assume &(u) # @. Fix c € SY, and suppose
that for some i € {1,2},

f
~ Ji(w)
A= g () = 2222
Je () =~ ”
Let 19{- be a mazimizing point from proposition 6.45. If
(6.120) O v <0, W —AceSY,

then ol () = X, and the exact projected tail (6.119) holds for every stationary law at drift p.

Proof. The second condition in (6.120), together with Ac € SV, implies 19£ € SY. By proposi-
tion 6.45, the point lies on (), = 0 and satisfies its own face inequality 19£ -v; < 0. The first
condition supplies the other oblique inequality. Hence

9 € E().

The decomposition
Ae =98 — (91 — Ae)
therefore places the one-face endpoint in i, (1). Apply corollary 6.50. O

Lemma 6.52 (at most one active one-face clip in the classified geometry). Assume
0<é<m, 1<a<?2,

and let p# 0. Put M = |u| and

19? = Mu; — p, i=1,2.
Then the two strict inequalities

9 v >0, 99-v>0
cannot hold simultaneously. Consequently at least one one-face cost is unclipped:

3t(w) = ha, (w)

for some i € {1,2}, and for that index

Proof. Write u = Mu(p) with ¢ € [0,27). With the angle normalization of section 2,
cos by v1 = (—sinfy,cosby),
and
cos by vg = (sin(§ — 2), — cos(& — 62)).
We derive the two sign formulas explicitly. Since u; = (1,0), ug = (cos§,siné), and pu/M =
(cos p,sin ),

0
o8 1 9 -v1 = (1 — cos ) (—sinby) — sin @ cos by

=sin(6) — p) —sin b
= —2sinfcos (f — 91) .
2 2
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Likewise,
cos 0
M

99 - vy = (cos € — cos @) sin(€ — fz) — (sin & — sin ) cos(€ — o)
=sin(p — £ + 02) — sin by
:2sin(p_€cos (gp—é +92>.
2 2

Because 0 € (—7/2,m/2), the first expression is positive exactly when

e (7T+291,27T).

For the second expression, the condition 81 4 03 > &, together with 6; < 7/2, gives 0 > £ — /2.
Hence the cosine factor is positive on [0, ], while the sine factor is nonpositive there. On (¢, 27)
the sine factor is positive, and the cosine factor remains positive exactly until its first zero. Thus
the second expression is positive exactly when

pe(§E+m—207).
Both intervals lie in [0, 27), and
(7T+291) — (§—|—7r—292) 22(91+92)—f= (20(—1)§>0.

They are therefore disjoint, proving the first assertion.

If 19? -v; < 0, the unrestricted support point of the kernel disk in direction u; is feasible in
the one-face dual problem of proposition 6.45. Hence the one-face support value is the full-disk
support value. The defining half-space of C;(p) is then a supporting half-space of the whole disk
and does not remove any point of B,. O

6.4. One-face broken paths and a sharper outer frontier. The preceding face cost describes
motion whose macroscopic endpoint lies on a boundary ray. A projected tail can be cheaper
when the path first uses one face and then leaves it along an interior segment. This leads to an
infimal convolution of the face cost with the unconstrained Brownian quasipotential.

For z € R?, put

(6.121) 3u(@) = |l o] — - = b, (@), By = B(—p ).
Equivalently,
| — ptf?
J =inf ———.
u(®) 0 2t

Definition 6.53 (one-face broken-path cost). For i € {1,2} and x € R?, define
(6.122) Jinlwi ) = inf {y3l(u) + (e —yui) |

For a unit direction v € SN'S!, the parameter y is the macroscopic distance traveled along face i
before the path enters the interior. The extension to all z € R? makes the positive homogeneity
and the support-function representation below literal.

Lemma 6.54 (uniform tubular containment of a broken segment). Let S* C S be a closed
convez subwedge with one boundary ray equal to dS; and the other boundary ray T% C S°. Let
v :10,1] — S* be continuous and suppose that

[0,1)n({0}ul*) =2,  ~(1)=ue S NS

Put

My 1= sé%?l] |v(s)| > 0, dy = sgég] dist(y(s), T%) > 0.

Let ro > 0. Suppose that R, > 0 satisfies R./r — p with

1
(6.123) 0<p< B min{m,, d,}.
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Let o, € (0,1]. If a continuous path z, : [0,0,] — S obeys

(6.124) sup |z(s) — ry(s)| < Ry,
0<s<o,

then, for all sufficiently large r, the path neither reaches {|z| = ro} nor intersects T*. If in
addition o, = 1, then

(6.125) lzr(V)] > 17— Ry,

whenever R, < r.

Proof. Distance from a point to the origin and distance from a point to the closed ray I'* are
both 1-Lipschitz functions. Hence (6.124) gives, uniformly for 0 < s < oy,
|zr(s)] > rmy — Ry, dist(z(s),T%) > rd, — R,.

Condition (6.123) makes both right-hand sides positive for all large r, and the first tends to
infinity; this proves the non-exit assertions on every possible prefix. Assume now that o, = 1.
Since y(1) = w and |u| = 1, the first estimate in (6.125) is the reverse triangle inequality. Finally,

zr(1) _ zr(1) _ zr(1) zr(1) _
|2(1)] Tl r
_ @l =] L @) ] 2R,
r r r
which proves the terminal direction estimate. O

Proposition 6.55 (stationary lower bound for one-face broken paths). Assume 0 < { <7 and
a < 2, and let @ be stationary for the drift p. Fizi € {1,2}, an interior direction u € S° NS*,
and a relative open angular neighborhood U of w. Then

1
(6.126) linisup—;logﬂ {z #0:|z| >, é € U} < Jibr(us p).
T—00
Consequently,
(6.127) Br(u) <1 }%3i7br(u; ), ue S°nSt.
=1,
Proof. Fix y > 0, £ > 0, and speeds ay,a2 > 0. Put
r d|r
d:=u— yu,, T, = z—l, Ty, = |a’27 Ty =T, +To,.

Since u is an interior direction, d # 0 and d - n; = u - n; > 0.

Choose a closed convex subwedge Sf » C S with one boundary ray equal to 9.5;, with its second
boundary ray lying strictly between u and the opposite face, and with u in its relative interior.
Let ngu be the auxiliary boundary ray. For a fixed rg > 0, set

Gﬁ,u = (si.{u N {|z] > r0}) \rg,u.

This relatively open set contains the true reflecting side 95; N {|z| > ro}, meets no other true
face, and is separated from the vertex. Choose a one-face conical strip H; whose closure, apart
from its true side, is contained in G’g’u, and denote its aperture parameter by k.

Apply lemma 6.43 to H;, with speed a; and regulator rate . Fix the resulting compact ball
K € H; N S°, start-up radius 79 > 0, and constant g, > rg. These choices are uniform in the
start-up time and in the relative-tube tolerance. Strict positivity of the stationary density gives
m(K) > 0.

The deterministic second-phase segment, at macroscopic scale one, is

v(s) == yu; + s(u — yu;), 0<s<1.
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It is a compact subset of Sf’u, meets the true face only at s = 0, and is disjoint from the vertex

and the auxiliary ray. Hence

(6.128) My 1= miil1 |v(s)| >0, dy = OI<nin dist(’y(s),f‘gu) > 0.

0< s<1

Choose py > 0 so that every unit vector within Euclidean distance py of u belongs to U.
Define
d d-n;
wi = aju; — p — v, Wy 1= ag— — [, v = ag——— > 0.
|d| |d|
Apply the path estimate (6.93) with a = a; and the present value of ¢. There are constants
Dg, D1 < 00, depending only on K, the reflection vector, and the fixed first-phase control, such
that, before exit from H;,
|Z(t) — artu;| < Do + Dy sup [B,(q)].
0<qg<t
On the first two tube events below, the running Brownian supremum is at most 79 + et. We
therefore fix
Dyy
Ag = Az := Dgy + D1, Ay = o Az = Dx.
These constants give exactly the switching and coordinate estimates (6.140)— (6.141). During
the second phase, the switching error contributes at most Ag + Ajer, the Brownian increment
contributes at most e(h, + T2 ,), and the additional reflection term contributes at most |v;|eh,..

Since T, = |d|r/az, define

d
(6.129) Cyi= A1+ u >0
a2
and
(6.130) R, = Ao+ (1 + |vi])eh,.
Then the total deviation is bounded by Cier + R, ., and, for every fixed € > 0,
Rrs A —
= 70 + (1 + |vi))er Y2 — 0.

All constants are independent of the starting point = € K.
Choose € > 0 before choosing the start-up time so that

(6.131) (1+ k) Ase < %
(6.132) e < %
(6.133) 4Cse < min{m~, d, 1}, 8Ce < pu.

All geometric smallness requirements have now been imposed. By lemma 6.40, choose tg so large

that - .
s
P{Sup| () Se} > =
s>0 to+ s 2
for standard planar Brownian motion W. Increase tg, if necessary, so that

t
. + K)Ag < ra R ai1tg — Ag — Aszetg > 1o
6.134 1+k)A 21 0 Ay — A

Increasing tg preserves the relative-tube probability bound, and the uniform start-up lemma
leaves K and 7y unchanged.

For every sufficiently large r, so that tg < 77 ,, define on F7, the Cameron-Martin law Q, ,
associated with the piecewise constant control

) wy, 0<t<Ty,,
w =
" wa, Tl,r <t <T,.
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Under Q ,
t
Bo(t) = B(t) — / wy(s) ds
0

is standard Brownian motion. By lemmas 6.41 and 6.42, the same reflected path is represented
by the one-face Skorokhod map on [0, T} A 7! ], where 7! is the exit time from G? w

iU iU
Use the three events
Fo = { sup 1B, (1)] < no} |

0<t<tg
(6135) Eljr e Sup ’BT‘(tO + 8) - Br(tO)‘ S c ,
0<s<Ti .—to to+s
and, with h, = /2,
(6136) E2 ,oi= Sup |BT’(T177' + 8) _ BT’(TLT’)’ S e .
’ 0<s<Ts.r hy + s

The start-up lemma gives
(6.137) inf Q. (Eo) = po(to) > 0.
zeK

The choice of ¢y gives Qg »(E1,) > 1/2, uniformly in  and x, while lemma 6.40 gives Q. (E2,) —
1. The three events are measurable with respect to Brownian increments on the disjoint intervals
[0,%0], [to, Th ], and [T1 ,,T,], respectively; they are therefore independent under Q. Choose r;
so large that Qg . (FE2,) > 1/2 for r > ry. Then

t
(6.138) inf Qq,(Eo N Ey,yNEsy) > polt) o
wGK I ’ I 4
Since probabilities are at most one, this constant lower bound proves
1
(6.139) lim —log inf Q,(EoN Ey,NEy,)=0.
r—o0 T zeK

During the first phase the controlled input drift is aju; — fv;. The explicit one-face formula
gives, on Ey N Eq, and up to 11, A Tiﬁu,

(6.140) Z(ler) = yru; + Rl,T7 |R1,7~’ < Ag + Aqer,
provided the exit time exceeds T}, and, in the conical-strip coordinates Z(t) = q(t)u; + s(t)ni,
(6.141) q(t) > a1t — Ay — Agset, 0< S(t) < Ay + Aset

fortg <t < Ty, A Tfu. The first-phase non-exit follows from explicit inequalities. From (6.131),
Ase < a1/2, and hence, for t > tg,

q(t) > (a1 — Aze)t — Az > arto — Ay — Azeto > 7.
Moreover,

kq(t) — s(t) > kait — (1 + K)(Az + Aset)

t
> ’“;1 — (14 K)Ay
t
> raito —(1—|—H)A2>0,

where the last inequality is (6.134). On [0, o], the same strict strip inequalities follow from FEj
and the start-up lemma. Let o; be the first time the path meets either artificial boundary of H;.
Ifo; <Ti, A Tiﬁ,u, continuity would force q(o;) = 19 or s(o;) = kq(0;), contradicting the strict
bounds. Thus o; > T, A Tzﬁ’u. We now exclude Tf’u < Ti, by a first-exit contradiction rather

than by an implicit geometric assertion. Suppose that this inequality held. Then o; > Titiu, SO
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the path has not met an artificial boundary of H; by time Tf’u. The coordinate bounds, which
hold up to the stopped time, give

q(Tzﬁ,u) > T0, 0 S S(Tzﬁ,u) < K’q(Tiu,u)'

Consequently
Z(Tf,u) = q(Tf’u)ul + S(Tiﬁ’u)ni S Hl

The true side s = 0 is part of Ggu, and by construction H; away from that side is contained in

Gg .- Hence in either case Z (Tfu

) € Ggu, contradicting the definition of the first exit time from

this relatively open set. Therefore o> Ty . This proves the first-phase non-exit and validates

1,u
(6.140).

For0 <s<T,,A (Tlﬁ’u —Ti,), set ALy(s) := L(T1,+5)—L(T1,). The shifted one-dimensional
Skorokhod formula gives

AL,(s) = sup {=Z(T1,) - ni —viq — [Br(T1r +q) — Br(Th )] - i}

0<q<s
By (6.132), the event Ey, yields
(6.142) 0< ALy(s) <ehy,  0<s< T, A(rf, —Tip)

Indeed, the expression inside the running supremum is bounded above by eh, — (v; — €)q.
The vector representation during the second phase is

d - _
(6143) Z<T1,r + S) = Z(ler) + agms + BT(TI,T + S) — BT(TLT) + ’UZ‘ALT(S).

Since

d s
yTUi+a2m5:7ﬂ’Y T )
T

subtracting this deterministic segment from (6.143) and using (6.140) gives

S
Z(Ty+s)—1y <T2 )
NS

< Ag + Ajer + 6(hr + S) + |Ui|€hr

d
< (Al + |a> er + Ao + (1 + |vi|)eh,
2

=Cier + R,

for 0 <s <Tp, A (Tf’u — T ,). Thus

(6.144) sup
0<s<To  A(7!, ~T1 1)

i,

s
Z(Tiy+s)—1ry (T

> ' < Cier + Ry.
2.r

By (6.133), C.e < 1 min{m,,d,}. Since R, ./r — 0, for all sufficiently large r,

Cier+ R 1
Cuer + fire < ~min{m,,d,}.
T 2
We turn the preceding tube estimate into an explicit first-exit contradiction. Suppose that
T,L!{u < T,.. The first-phase argument already gives 7'?7” >T1,, so
§
7—’L u - Tl,'f‘
op = —— € (0,1].
T 1—127,,1 ( ) ]

Define the stopped, rescaled second-phase path
ZT(Q) = Z(Tl,r + qTQ,r)a 0< q < or.



STATIONARY DISTRIBUTION FOR RBM WITH DRIFT IN A WEDGE: ASYMPTOTICS 91

Substituting s = ¢T%, into (6.144) gives

sup |zr(q) — ry(q)| < Cier + Ry
0<g<or
The ratio of the right-hand side to r is, for all large r, smaller than %min{mv,dv}. Hence
lemma 6.54, applied with this o,, shows that 2, neither reaches the inner circle nor meets the
auxiliary ray up to and including ¢ = o,. Those are the only exit portions of GZ > the true
reflecting face belongs to the relative state space and is not an exit boundary. This contradicts
the definition of Tﬁu. Therefore Tf’u > T, on the three tube events.

At s =Ty, (6.144) gives
(6.145) Z(T,) =ru+ Ra,, |Ra | < Cier + Ry .

For all sufficiently large r, the convergence R, ./r — 0 makes the right-hand side at most 2C,er.
The reverse triangle inequality then gives

Z(T)| > (1-2Ce)r.

The terminal direction estimate in lemma 6.54 gives

Z(T) 2| Ry, | PU
- — < 4C,e
ZT) Y ST )
by (6.133). Hence, for all sufficiently large r,
Z(T,
(6.146) |Z(T,)| > (1 —2C,e)r, |ZET ;| el.
On fTr’
d]P)x /T,« _ 1 /Tr 9 }
—expl — wy(8) - dBr(s) — = wr(8)|“ds p .
A o RECRACES Y R TE]

Since the control is constant on each phase,

T " " " "
/ wr(s) - dBy(s) = wy - By(T1 ) +ws - [Br(T) — B(Th )]
0
On the controlled event its absolute value is at most
(6.147) erClike + Pre, Clike 1= \w | + 4 ’\w2| pre i=|wi|no + |waleh,.

For fixed ¢, p,c/r — 0. The deterministic action is exactly

17
(6.148) - / 0y (8)[2 ds = r Aces,
0
where 9
Y 2 ’d|
Actrl 1= 57— i Lo, Py I
trl 2a1 |a/1u n— L | + |d| H

It follows from (6.147)— (6.148) that, on the controlled event,

dP,
(6.149) > exp{—7(Actn + €Clike) — Pre}-

d@fﬂ T
Let

A= {z #0:|z| > (1 —2Ce)r, é € U} .
By stationarity and w(K) > 0,
(6.150) (A ) > m(K) mf IP’Q;{Z( r) € Arc}.
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The terminal inclusion, the constant controlled-event lower bound (6.138), and (6.149) yield, for
all large r,

Ppol(t
W(Ar,s) > n(K) 0510) exp{—r(Actn + €Clike) — Pr,s}-
Therefore
1
(6.151) limsup ——log m(Arc) < Actrl + €Clike-
r—00 r

Put s = (1 — 2Cse)r. The choice of € ensures 1 — 2C,e > 0, and (6.151) becomes

1
limsup—logﬂ'{z #0:|z| > s, Z ¢ U}
s

5300 2]
< Acirt + €Chike
- 1-2Ce
Letting € | 0, then minimizing over a; > 0 and ¢ > 0, gives y\”jg(,u); minimizing over ag > 0 gives
Ju(u — yu;). Finally minimize over y > 0. The function

~f ~
y > yJi(k) + Julu — yui)
is continuous on [0, 00), because J,, is continuous. Since 0 is a limit point of (0, 00), the infimum

over y > 0 equals the infimum over y > 0. This proves (6.126). For a fixed relative open
neighborhood U, the radial tail-abscissa identity proposition 6.4 gives

1

ag’rad < limsup —-logm {z #0:|z| >, Z e U} < Jivr(u; ).
r—00 r |Z| 7

This holds for each face ¢. Taking the minimum over ¢ and then the supremum over all relative

open angular neighborhoods U of u in the definition of B, (u) proves (6.127). O

Proposition 6.56 (dual representation of the broken-path cost). For i € {1,2}, define the
compact convex set

(6.152) Ci(u) =B, N {9 0w gsﬁ(u)}.
Then
(6.153) Jipr(us 1) = ey (u) = eglca(};) 0 - u, u € R?.

In particular,

(6.154) Jivr(wsp) < Tp(w),  Jiwe(ui; p) = 35 (p).

Proof. Let f = hg, =7, and define the proper convex function

' +00, otherwise.

Then the left-hand side of (6.153) is the infimal convolution (f 00 k;)(w). Both summands are
nonnegative, and the choice y = 0 shows that the infimal convolution is finite on all of R2. It is
convex as an infimal convolution of proper convex functions. Every finite convex function on R?
is continuous; hence f [ k; is proper, closed, and convex.

Moreover,

[*=ds,, ki = 01g.9.u,<3 ()}
Since f is finite and continuous on R?, the conjugacy rule for infimal convolution gives
(fOki)" = bc,(u)-

The Fenchel-Moreau theorem now yields f U k; = hc,(,), proving (6.153). The first inequality in
(6.154) follows by taking y = 0 in (6.122).
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For the endpoint identity, let ﬁg be a maximizer in the one-face dual problem of proposition 6.45.
Then
0 €Bu U ui = Ji(n).
The second equality implies 195- € C;(u), and therefore
he, () (ui) > 05w = Ji(p).
Conversely, every € C;(u) satisfies 0 - u; < Jf(u) by the defining half-space in (6.152). Thus
hey o (ui) < Ji(w).

The two inequalities prove J; e (us; 1) = (). O

(2

Proposition 6.57 (explicit clipped-kernel formula for broken paths). Fiz a face i, and write
M= ul,  pig= g, = pen, Jii= Jiw).
Set
(6.155) ki = Ji + Wit 0 1= —fip +\/ M? — K2
Then —M < k; < M. Forx € S, write
x = ai(z)u; + bi(x)n;, bi(x) > 0.
For xz # 0, one has

Mlz| - -, Ma;;? =i <
(6.156) Jipr(z;p) =
ai(x)
Jlal(x) + O'ibi({l,‘), M — Wit > Ji.

||

The value at x = 0 1s zero. In the first case a supporting point is

Mi - M
||

whereas in the second case a supporting point is
(6.157) Jiu; + oin;.

Consequently J; pe( - 1) is continuous, convex, and positively homogeneous. It is real analytic on
the relative interior of each region defined by the two strict alternatives in (6.156); when both
regions are nonempty, their common boundary is a ray.

Proof. By proposition 6.56, the broken-path cost is the support function of
(CZ(/L) = E(—,u, M) N {9 10 -u; < Jz}

Since 0 < J; < M — 4, the number x; = J; + ;4 belongs to [—M, M], so o; is real.

The support point of the full disk in direction x # 0 is Mx/|z| — p. If its u;-coordinate does
not exceed J;, it remains feasible and gives the first line of (6.156). Otherwise the clipping
constraint is active. In the orthonormal coordinates (u;, n;), the active chord is 6 - u; = J;, and
its upper endpoint is precisely J;ju; + o;n;. Because x - n; = b;j(z) > 0 for = € S, this endpoint
maximizes 6 - x on the chord and gives the second line. The remaining assertions follow from
the support function representation and from agreement of the two formulas on the switching
ray. U

Definition 6.58 (broken-path transform domain and scalar rates). Set
2

(6.158) Koe () := () (Ci(p) — 5Y).

i=1
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For c € SY, define

o . Jibr(u;:uf)
6.159 br(u) = e
(6.159) ) = min I,
(6.160) 3 () = min 305 (n),
(6.161) P () = {ni%uglglmnsldzbr(u ).

Lemma 6.59 (conversion of localized radial lower bounds to projected lower bounds). Let m be
a probability measure on S, let ¢ € SY, and let J : SNS! — [0,00) be continuous. Suppose that
for every u € S° NS and every relative open angular neighborhood U of u,

1
hmsup—logw{z;éo Hzl >y ﬁ € U} < J(u).
z

r—00
Then
1 J(u)
6.162 limsup ——lo z:c-z>x+ < min
( ) a:—>oop x gﬂ—{ } ueSNSt ¢ - u
Also,

11msup—flog7r{|z| >r} < min J(u).
r—00 uesSNSst

Proof. Fix an interior direction w. Since ¢-u > 0, for every 0 < § < ¢ - u, continuity of v — ¢ v
supplies a relative open angular neighborhood Us of u such that

lc-v—c-ul <9, v € Us.
Consequently
mg:= inf c-v>c-u—06>0,
veUs
and

{2750:|z]2x/m5, P ‘GU(;}C{ZIC-ZZ.T}.

With R = z/mg, the assumed sector estimate gives

1 1
hmsup——logTr{c z>:n}<limsup—log7r{z;£0 |z| > R, EU5}
T—00 M5 Rsoo I | |

< J(u) - J(u)

Letting 6 | 0 yields
J(u
hmsup—— logm{c-z>ux} < (u)
T —00 cC-Uu
for every interior direction u. The function u — J(u)/(c-u) is continuous on the compact angular
interval, because c - v has a strictly positive minimum there. For any boundary direction ug,

choose interior directions u, — ug; continuity gives

T J(ug)

c-Up c-uy

Thus the infimum over the interior equals the minimum over the closed angular interval, proving
(6.162). For the radial assertion, the sector event itself is contained in {|z| > r}, so the hypothesis
gives

hmsup—f logm{|z| > r} < J(u)

r—00
for each interior u. For a boundary direction uy € {u1,us2}, choose interior directions u, — ug.
Continuity of J gives
J(up) — J(ug).
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Therefore

1
limsup ——logn{|lz| >r} < inf J(u)= min J(u),
rﬁoop r o8 {1 2 }_ueS°ﬁsl ) ueSNst ()

which is the radial assertion. O

Lemma 6.60 (ray extent of a compact convex core). Let C C R? be a nonempty compact convex
set with 0 € C, and put
Kc:=C-8Y.
Then K¢ is closed and conver and admits the support representation
(6.163) Ke={zeR*:z-u<hc(u) for everyu € S}.

For every c € SY, its ray extent is

. hc(u)
6.164 ;= sup{A > 0: Ac € K¢} = .
(6.164) pc(c) == sup{A > 0: Ac € K¢} nin ==

The minimum is attained, the endpoint pc(c)c belongs to K¢, and
KenN{Ac: A>0}={Ac:0< A< pcle)}
Proof. 1f 1 = (1 —m and x2 = (2 — 12 belong to K¢, then for t € [0, 1],
tey + (1 —t)zy = (tG + (L —1)¢2) — (b + (1 — t)n2) € Kc,

because both C and SV are convex. Thus K¢ is convex. To prove closedness, let =, = ¢, —1, — =,
with ¢, € C and n,, € SV. After passing to a subsequence, compactness gives ¢, — ¢ € C, and
thenn, = ¢y —2p > C—2€8Y. Thusz=(— (¢ —x) € Kc.

Every point of C — SV satisfies the inequalities in (6.163). Conversely, suppose that = ¢ K.
We construct the separating vector from the nearest point. Let d = dist(z, K¢). Since 0 € K¢,
one has d < |z|. Choose p,, € K¢ with |z — p,| < d+n~t. Then |p,| < 2|z| + 1, so closedness
of K¢ and compactness of the corresponding ball give, along a subsequence, a nearest point
p € Kc. Put y =2 — p # 0. For every z € K¢, convexity gives p+t(z —p) € K¢ for 0 <t < 1.
Differentiating at zero the squared distance from x gives

y-(z—p) <0.
The variational inequality gives y - z < y - p for every z € K¢, and equality is attained at z = p.
Consequently

(6.165) supy-z=y-p, y-ax=y-p+ly’>y-p
zeKc

The support on the left is finite. Because —SY C K¢, this forces y € (SV)¥ = S; otherwise some
n € SV would satisfy y -7 < 0, and the points —rn € K¢ would make the support infinite. For
yes,

supy-z= sup y-(C—n)=hc(y),
zeKc CeC,nesv

because y - n > 0 and n = 0 is allowed. Thus (6.165) says = -y > hc(y), so x violates one of the
inequalities in (6.163). This proves the support representation.
Because ¢ € SY, one has ¢-u > 0 on the compact set SNS'. Applying (6.163) to Ac therefore
gives
he(u)
c-u

AdeKe <= A< for every u € S NSt

This proves (6.164). Compactness of the angular set gives attainment, and closedness gives
inclusion of the endpoint. Since 0 € C, all ratios are nonnegative, and the final ray identity
follows. 0

Lemma 6.61 (localized sector lower bounds force transform half-spaces). Let 7 be a probability
measure on S, and let J : SNS! — [0,00) be continuous. Suppose that, for every u € S° NS
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and every relative open angular neighborhood U of u,

1
(6.166) limsup—logTr{z #0:|z| >, é € U} < J(u).

r—00 r

Then every 0 € Dexp() satisfies
(6.167) 0-u< J(u), ue SNSh

The same inequalities hold for every 8 € Dexp ().
In particular, if C C R? is compact and convez, 0 € C, and J(u) = hc(u) on SNS, then

(6.168) Dexp(m) CC — SV,
Proof. Fix € Dexp(m) and an interior direction u € S° NS, Suppose, for contradiction, that
g:=0-u—J(u) >0, and set ¢ = g/5. Then

0-u=J(u)+ 5e.

By continuity of v — 6 - v, there is a relative open angular neighborhood U of u such that

0-v—0-u| <e, vel.
Therefore
(6.169) in(fjﬁ-vZ@-u—szJ(u)—i—éls.
ve
Let

A (U) = {27&0: 2] > 7, ‘ZGU}.
The limsup assumption (6.166) implies that, for all sufficiently large r,
(6.170) m(Ar(U)) > exp{—(J(u) +¢)r}.

Indeed, an infinite sequence of radii at which the reverse strict inequality holds would force the
limsup in (6.166) to be at least J(u) + €; in particular, the events cannot vanish at large radii.

On A,(U), (6.169) gives 0 - z > (J(u) + 4¢)r. Consequently,
/ 66’-,2 W(dz) > 6(](u)+4e)rﬂ_(AT(U)) > e3er
S

for every sufficiently large r. This contradicts § € Deyxp (7). Hence 0 - u < J(u) for every interior
direction. Density of the interior angular directions and continuity of both sides extend the
inequality to the two boundary directions. Since each constraint in (6.167) is closed in 6, it also
holds on the closure of the moment domain.

For the final assertion, positive homogeneity extends (6.167) to

0z < hc(z), zeS.

The support representation (6.163), proved in lemma 6.60 by a closedness argument and an
explicit metric-projection separator, identifies the set of all such § with C — SV. This proves
(6.168). O

Theorem 6.62 (broken-path outer frontier and exact logarithmic tails). Assume 0 < & < 7,
a < 2, and let m be stationary for the drift ;. Then

(6.171) Dy C Kie(p1) € Kifu ().

For every c € SY,

(6.172) (1) < a2%P(p) < afi(p) < af < I (n) < J(w),
and

(6.173) 1i£8£p —é logm{z:c-z>x} < J(p).
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The radial bounds are

(6.174) ana(n) < 0t (1) < o (1) < afa < Iaa(w),
and
1
(6.175) limsup —= log 7{|z| > r} < 35, ().
r—00 r
If E(p) # @, then
(6176) ICin(:U’) - ICbr(:u)'
Independently of this last inclusion, if
(6.177) ad" (1) = 32" (),
then, for every stationary law at the prescribed drift,
1
(6.178) lim —logn{z:c-z>z}=—3"(p).
T—00 I
If
(6.179) apmy (1) = Inma (),

then the radial logarithmic tail is exact with this common rate.

Proof. For each fixed face ¢, combine propositions 6.55 and 6.56: for every interior direction
and every relative angular neighborhood, the localized radial lower bound has continuous rate
Ji(u) = he,(u)(u). Applying lemma 6.61 gives

D, C Ci(p) — SY, i=1,2.
Intersecting the two inclusions proves the first inclusion in (6.171). Since C;(p) C B, and every

point of C;(u) — S satisfies 0 - u; < Jf(u), the second inclusion follows.
By lemma 6.60, for each face 1,

he, () ()
A>0:AceCi(p)— SV} = min — 2 =3P ().
sup{A = 0: Ac € Ci(p) b= min — " =Je(k)
Moreover,
2
. _ Vv < < 3 ~b1"'
Ac € Q (Ci(w) = 8Y) = 0= A< min3%(w)

Hence the ray extent of the intersection in (6.158) is 2% (1), which proves the transform-domain

part of (6.172). For each i, the function u +— h¢,(,)(u) is continuous. Applying lemma 6.59 to
(6.126), and then minimizing over 4, gives (6.173), including the case of a boundary minimizing
direction. The radial assertion follows from the radial part of the same lemma.

If ¥ € (i), then ¥ € B, and, by proposition 6.45, 9 -u; < J(1). Hence £(u) C C;(p) for both
faces. Subtracting SV proves (6.176). Assume (6.177) and write J = 32 (1). Because Mgy (1)
is convex, contains the origin, and is stable under subtraction of SV, every strict subcritical
point Ac¢, 0 < A < J, belongs to Mg, (p). By proposition 5.12, its exponential moment is finite.
Markov’s inequality therefore gives

liminf—llogw{z icrz>ah > A
T—00 €T
Letting A 1 J and combining with (6.173) proves (6.178). In particular, either of the stronger
sufficient conditions
aZ®®(p) =3 or g (u) =3 (w)
remains valid. Under (6.179), fix ¢ < 3%, (1) = afi (). By the definition of the last supremum,
there exists § € Mg, (1) such that

min 0-u > q.
ueSNS!
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The moment fee'z dr is finite by proposition 5.12, and 6 - z > ¢|z| on S. Hence the radial
g-moment is finite. Markov’s inequality and then ¢ 1 Jb* (1) give the matching logarithmic

rad

upper-tail bound. Combining it with (6.175) proves the exact radial logarithmic tail. U

Corollary 6.63 (homogeneity of the finite-exponential and broken-path constructions). For
every p > 0,

3iow) = p3i(),  Cilpp) = pCi(n),
Jibe(@s o) = plipe(as i), I (or) = P32 (1),
and the same homogeneity holds for the radial broken-path rate. Hence the endpoint condition
ald (1) = I (1)
1s invariant under positive rescaling of the drift and may be checked on one normalized represen-

tative of each nonzero drift ray.

Proof. The first identity follows from (6.82) after the change of variables a = pa’, £ = pl'. Since
B, = pB,, the clipped-kernel definition then gives C;(pp) = pC;(u). For every x € R?
he, (o) (%) = Ppcyu(x) = sup (pd) - = phe, () (z).
0eCy(p)
Thus
Jior (@3 pp) = pJior (3 1),

and taking the minima in the definitions of the projected and radial broken-path rates gives the
remaining broken-path identities. The finite-exponential rates scale by proposition 5.15; the final
assertion follows. (]

Proposition 6.64 (simultaneous-clipping bound for the finite-exponential hull). Define
Cia(p) := Ci() N Ca(p),  Kia(p) := Cra(p) — SY.

Then

(6.180) Miin(p) C Kaz(p) C Kpr(p)-

Force SY, let

Ay (u) (1)
6.181 Je2(pu) == min —2=
(6.181) Je (1) Jmin =

which is the ray extent of KC12(p) in direction c. Then

(6.182) ol () < I () < I (1)

The two geometric ray extents in the last display are proved equal for all positive dual rays in
proposition 6.67.

Proof. Consider first 6 € Eqn (1), and choose a witnessing family. Put

B N
C¢=9+77=Z75k§k-

k=1

Because Q,,((x) < 0 for every k, convexity of the open kernel disk gives Q,(¢) < 0. On face 4, let
m; be the largest tangential exponent and I; the corresponding index set. The strict inequality

Zakck-vi<0

kel;
implies that some k; € I; satisfies (i, - v; < 0. The dual formula (6.103) therefore gives
mi = Cr, - ui < Jj ().
Every exponent in the family has wu;-coordinate at most m;, so

Coup <3(w), i=1,2
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Thus ¢ € Ci2(p), and 6 = ¢ —n € Kia(p).

The same conclusion holds for every 6 € £(u), because such a point satisfies Q,,(6) < 0 and
is feasible in both one-face dual problems. The origin belongs to Ci2(p) as well. Hence every
generator in the convex hull defining Mgy, (1) belongs to Ki2(p) = Ci2(p) — S, This latter set
is convex and is stable under subtraction of SV; the definition of Mg, (1) therefore proves the
first inclusion in (6.180). The second follows from Cia(p) C Ci(p), i = 1, 2.

Since 0 € Cja2(i), lemma 6.60 applied to C = Cj2(u) gives (6.181). Taking ray extents in
(6.180) proves (6.182). O

Lemma 6.65 (strict-feasibility criterion for the clipped-kernel interior). Let
Cia(p) =B, {0: 0wy <Jj ()} N {0:0-uz < Jp(p)}-
If a point 0, satisfies
Qu0.) <0,  Ou-u; <J(p), i=1,2,
then 0, € int C1o(p). More precisely, if
dp := dist (0., 0B,) > 0, oi =3 p) — 0, -u; >0,

then every
0<re < min{dg,al,ag}
satisfies By, (0x) C Cia(p). In particular, with m}? := he,, (0 (wi),

(6.183) mil22(9*-ui+%*>9*-ui, i=1,2.
Proof. The strict kernel inequality says exactly that 0, lies in the open disk intB,,, so dy > 0. If
|h| < 7y, then 6, + h € B, and, because |u;| = 1,

(O + 1) - < Oy -uy + |h| < 0, - ui + 0 = J(p).
Thus the whole ball lies in all three defining constraints. Finally, 6. + (7+/2)u; € Ci2(n), and
evaluating the support function at this point proves (6.183). O

Lemma 6.66 (two-coordinate clipping lemma). Let C C R? be conver and contain the origin.
Let
0= (£, 0s) € (0,00)?, J = (J1,J2) € [t1,00) x [£3,00).

Suppose that there are points (M, 23 € C such that
V>0 2V <,
@ >0 2P <,
where vector inequalities are coordinatewise. Then

Ol Ji] x [by, Jo] # 2.

Proof. 1f xgl) < Jg or mgz) < Ji, one of the two points already belongs to the required rectangle.
Assume therefore that

Hfél) > Jo, 51352) > Jp.
Put r = ly /0. If mél)/:ngl) < r, then the point
62 1
v="m"
)

belongs to C' by convexity and 0 € C, and it satisfies yo = #2, ¢1 < y1 < J;. Thus y lies in the
rectangle. In the second ratio case x§2)/$§2) >, set
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Because C'is convex and contains the origin, the multiplier fl/xgm € (0,1] gives y € C. Moreover,

(2)
y1 =41, y2:€1% >l =y, y2§$§2) < Jo.
Ty

Hence y lies in the required rectangle in this case as well.
In the remaining case,
a1
wgl) 4 x?)
Thus
det(zM, 2 < 0, det(¢,z?) <0, det(zM, 0) < 0.
Cramer’s rule gives the unique coefficients in az®) + bz(?) = ¢:
- det(¢, () >0, b= det(z(M), 0)
det(x(M), 2(2)) det(x(M), z(2))
Because both points dominate ¢ coordinatewise, either coordinate of this identity gives a +b < 1.
Therefore

> 0.

0 =az™ + b2 + (1 —a—1b)0eC,
and / itself belongs to the required rectangle. O

Proposition 6.67 (raywise equality of simultaneous and broken clipping). For every drift u
and every c € SY,

(6.184) I (1) = 3 (w)-
More precisely, for every A > 0,
(6.185) Ac € Kip(p) <= Ace€ Kia(p).

Thus the two sets may differ away from the positive dual cone, but they have identical intersections
with every ray generated by SY .
Proof. Only the reverse implication in (6.185) requires proof. Let
T:R? =5 R%  TO=(9 up,?9-up).
Since 0 < £ < m, the map T is invertible, and
T(SV) = [0, 00)>.
Put £ = T(\¢) € (0,00)? and J; = Jf(u). Membership of Ac in C;(u) — SV gives a point

¥ € C;(u) such that
799 > /.

Moreover,

(WY, < gy, (T9P)y < .
The set TB,, is convex and contains the origin. The hypotheses of lemma 6.66 therefore hold
with C' = TB,. We obtain a point x € TB,, satisfying

b < xp < J;, i=1,2.

Let ¥ = T~'x. Then ¥ € Cia(p) and ¥ — Ac € SV, which proves Ac € Kia(u). Equality of the
ray extents follows. O

Corollary 6.68 (global equality of the simultaneous and broken domains). Assume
0<é<m, 1<a<?, u# 0.

Then

(6.186) Ki2(p) = Kor(p)-
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More precisely, either both one-face clips are inactive and Cia2(p) = By, or exactly one clip is
active and Cya(p) equals the corresponding singly clipped disk.

Proof. By lemma 6.52, at least one of the sets C;(u) equals B,. If, for example, Co(u) = B,
then

Ciz(p) = Ca(p)
and, because Cy(u) C By,
(Ci(u) = §¥) N (By = §) = Ci(n) — 5.
This is exactly (6.186). If instead Cy(u) = By, then
Cia(p) = Ca(p),  (Bu—S5")N(Cap) = S¥) = Ca(p) — 5.
If both clips are inactive, then Cy(u) = Ca(p) = By, so both sides of (6.186) equal B, — SV.

These alternatives exhaust the conclusion of lemma 6.52. O

Definition 6.69 (closed finite-exponential endpoint certificate). Fix ¢ € SY and A > 0. A closed
finite-exponential endpoint certificate for (¢, A) consists of an integer N > 1, positive coefficients
aj, exponent vectors ¢, € R?, target weights t;, > 0 with Z}ngzl tr, = 1, and a cone shift n € SV
such that

N
(6.187) Aetn=> tiCe,  Qu(G) <0, k=1,...,N.

k=1
For + = 1,2, write

m; = IISI}CB,SXN Ck * Ug, Iz = {k : Ck U = mz}

The endpoint family is required to satisfy the strict leading boundary conditions
(6.188) Y apGrovi<0,  i=1,2.

kel;

The adjective closed refers only to the nonstrict kernel inequalities in (6.187); the boundary sums
remain strict.

Proposition 6.70 (five-exponential endpoint reduction and exact logarithmic tails). Assume
0<¢<m, a <2, E(pn) # 2.

Fiz c € SY, put A = 3% (1), and suppose that (c,\) has a closed finite-exponential endpoint
certificate. Then the certificate may be replaced by one using at most five exponent vectors.
Moreover,

(6.189) al™(p) = af =30 (),

and every stationary law at drift p satisfies

1
(6.190) lim —logm{z € S:c-z>ux}=—3"(n).

T—00 I
Thus ties among the leading exponents are allowed, provided their weighted leading oblique sums
are strictly negative.

Proof. We first reduce the size of the endpoint family. Put

N
C:: )‘C+77:Ztka-

k=1
Carathéodory’s theorem in R? gives a set J; of at most three indices such that ¢ is a convex
combination of the corresponding exponent vectors. For the two faces define

@ = (Likeny G- v1, Liken) G - v2) € R?.
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By (6.188),
N
g:=> apg € (—00,0).
k=1

Conic Carathéodory in dimension two gives a set Jj, of at most two indices and nonnegative
numbers b such that
q=_ brgy

keJy
Delete indices with zero coefficient and put J = J; U Jp, so |J| < 5. Since both coordinates of
q are negative, J, N I; # @ for ¢ = 1,2. Hence the maximal tangential rates of the restricted
family are still mq1, mo. Give the retained exponents coefficients

R b +¢, ke,
ap =
e, ke J\ Jy,

where, with w := 3, _ ; qx, we choose
. —4i
O<e< —_—.
=12 21 i)

The two leading boundary sums are the coordinates of

q+ew.

For each 1,
i +ew; < g + elw;| < % <0,
so both remain strictly negative. The target weights supplied by Carathéodory on J;, extended
by zero on the other retained indices, preserve (6.187). This proves the five-exponential reduction.
Relabel the retained family as k = 1,..., N, where N < 5, and let I; denote its maximizing index
sets.
Choose ¥, € E(p). For 0 < s < 1, replace every retained exponent by the common interpolation

Crys = Gk + (1 — 5)0,.

Because 9, lies in the open kernel disk and each (; lies in the closed kernel disk,

Qu(Ck,s) <O0.

The common affine interpolation preserves every tangential ordering and every tie: the maximizing
index sets on the two faces are still Iy, Is. Their leading sums are
szakck-vi+(1—3)(19*-vi)26k, 1=1,2.
kel; kel;

The first term is strictly negative whenever s > 0, by the closed endpoint certificate. The second
term is nonpositive because ¥, € £(u) implies ¥, - v; < 0. Hence the displayed leading sum is
strictly negative for every 0 < s < 1; no strict oblique inequality is required of the interpolating
point. Finally,

D thlrs = she+ {sn+ (1 — s)i.},

k

where the term in braces belongs to SV. Thus sAc € () for every 0 < s < 1, and therefore

af™ (i) > .
The reverse chain
al™ (1) < af <J(p) = A

is proposition 5.12 and theorem 6.62. This proves (6.189); the matching moment upper bound
and broken-path lower bound yield (6.190). (]



STATIONARY DISTRIBUTION FOR RBM WITH DRIFT IN A WEDGE: ASYMPTOTICS 103

Proposition 6.71 (finite-dimensional margin formulation of endpoint certificates). Fiz ¢ € SY
and A > 0. A closed finite-exponential endpoint certificate for (c,\) exists if and only if there

are an integer 1 < N < 5, nonempty index sets I1,Io C {1,..., N}, a number § > 0, exponent
vectors (j, € R?, coefficient vectors a = (a1, ...,ayn) and t = (t1,...,ty), and numbers my, ms
such that
(6.191) QM(Ck) <0, k=1,...,N,
N N
(6.192) ai > 6, Y ap=1, tr >0, » tr=1,
k=1 k=1
N
(6.193) >t —Ace S,
k=1
(6.194) Cr - u; = my, kel, i=1,2,
(6195) Ckul Sml—é, k‘gé]l, i:1,2,
(6.196) > ag e vi < =4, i=1,2.
kel;

For fized (u,c, \), positivity of the largest feasible margin §, mazimized over the finitely many
choices of N, Iy, I, is therefore equivalent to existence of an endpoint certificate. For each fized
index pattern, the feasible set obtained by allowing 6 > 0 is compact, and the largest feasible
margin is attained. In particular, the endpoint question is the positivity test for the optimum of
one of finitely many compact degree-two semialgebraic optimization problems.

Under the hypotheses of proposition 6.70, with X = 35" (), feasibility of (6.191)~(6.196) for
some positive § implies

o () = a7 = 3 ()

and the exact projected logarithmic tail (6.190) for every stationary law at drift p.

Proof. Suppose first that a closed endpoint certificate exists. By the five-exponential reduction
in proposition 6.70, it may be chosen with N < 5. Normalize its positive exponential coeflicients
so that ), ar = 1, and let I; be its actual maximizing set on face i. Every coefficient is then
strictly positive, every nonleader has a strictly smaller tangential exponent, and both leading
oblique sums are strictly negative. Define the finite set of positive numbers

R:={ar:1<k<N}U fZak(k-vi:izl,Q U{m; —C-ui:1=1,2, k¢ I;}.
kel;
The first two displayed subcollections are nonempty, and every member of R is strictly positive.
Therefore
6= %minR > 0.

For every k, this choice gives a > 2J > §; for every nonleader it gives (- u; < m; — 20 < m; — 9;
and for each face it gives Dy o/ axCy - v; < —20 < —4. Thus (6.192), (6.195), and (6.196) hold.
The kernel and target conditions are unchanged from the certificate.

Conversely, assume that the displayed system is feasible with § > 0. The gap conditions show
that I; is exactly the set of maximizers of (i - u;. The coefficient conditions make all aj positive,
and (6.196) gives the two strict leading oblique sums. Setting

N
ni= Ztka —Ac
k=1

turns (6.193) into 7 € SV, so the data form a closed endpoint certificate.
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For compactness, fix N, I, Is. The kernel constraint is

By = {(: Qu(¢) <0} = B(—p, |ul),
so every exponent satisfies |(x| < 2|u|, and the exponent tuple lies in the compact product IB%L]Y .
The vectors a and ¢ lie in the two closed probability simplexes. Because ar > 0 and ), ap =1,
summing over k gives

1
0<6< —.
- TN
The sets I; are nonempty. Fix k; € I;. Then (6.194) gives
m; = Ck, * Ui, Imi| < |Gk, | < 2|pl.

Thus every variable belongs to the compact ambient product
IBBLV X An_1 x Ay_1 x [0,1/N] x [=2|pl, 2|u|]%.

The kernel inequalities, simplex equations and inequalities, target membership in the closed
cone SV, leader equalities, gap inequalities, and boundary inequalities are continuous closed
constraints when § > 0. The feasible set is therefore a closed subset of this compact product
and is compact. The continuous objective § attains its maximum. There are only finitely many
choices of N, I, I, and the final assertion follows from proposition 6.70. O

Definition 6.72 (raywise three-leader rate). Fix ¢ € SY. Let 32"(u) be the supremum of {0}
together with all A > 0 for which there exist

7765\/, C07<15C2€R2

satisfying
(6.197) Co = Ac+n, Qu(¢) <0, j=0,1,2,
(6.198) Cl 1 < 0, CQ c Uy < 0,

and the strict leading-order inequalities

(6.199) Cl U > max{(o - U, CQ . ul}, Cg c Uy > max{(o - U2, Cl . UQ}.

The superscript 3L refers to the target exponent together with two face-leading exponents.

Proposition 6.73 (raywise three-leader bound). For every c € SY,
(6.200) I () < o) < FP(n) < I ().

Every strictly feasible value in the definition of J2%(u) is witnessed by a face-dominating family
with exactly three exponent vectors. Moreover, for every p > 0,

(6.201) I (pp) = pI2- ().
Proof. Let A > 0 and choose data satisfying (6.197)—(6.199). The family
((17 Cl)v (17 CQ)u (17 CO))

is face-dominating: (7 is the unique leader on face one and has strictly negative first oblique
coefficient, while (5 is the unique leader on face two and has strictly negative second oblique
coefficient. Taking target weights (0,0, 1) in (5.44) gives Ac € Ean(p). Hence A < ofi" (), and
taking the supremum proves the first inequality in (6.200).

The remaining two inequalities were proved in proposition 6.64. They may also be read directly
from the present certificate. Indeed, (; is strictly feasible for the one-face dual problem on face i,
s0 G - u; < JH(u). The strict ordering then gives

o ui <J(w), i=12
Together with Q,({p) < 0, this places (p in Ci2(), and therefore Ac = (o — 1 € Ki2(p).
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For scaling, multiply A,n,Co,C1,¢2 by p and use Q,u(p¢) = p*Qu(¢). All strict sign and
ordering inequalities are preserved. Hence

3 (pp) > P32 ().

Applying the already proved inequality with drift pu and scaling factor 1/p gives
3w = p 3 (o),
which is the reverse inequality after multiplication by p. Thus equality holds in (6.201). O

Proposition 6.74 (strict three-leader endpoint criterion). Assume 0 < § < 7, o < 2, and
E(p) #2. Fizxce SY, and put

A= 3 (w)-
Suppose that there exist n € SV and (o, 21, Eg € R? such that
(6.202) Go=Xc+n  Quc) <0,
(6.203) QuG) <0,  Gevi<0, i=1,2,
and
(6.204) 21 -up > max{(p - u, 22 upt, 22 - ug > max{(p - ug, 21 Uz}
Then
(6.205) ad"(p) = of = 3 ()
for every stationary law © at drift p, and
(6.206) Jim % logm{ze€S:c-z>x}=-3(n).

Thus an exact projected logarithmic tail follows from a feasibility system in three exponent vectors,
one cone shift, quadratic kernel inequalities, and strict linear face-ordering inequalities. No global
cross-compatibility hypothesis is required.

Proof. Use the three exponent vectors

CO? Zla 22

with positive coefficients equal to one, target weights (1,0,0), and the cone shift 7. The strict
ordering assumptions make ZZ the unique leader on face 7, and (6.203) gives the two strict leading
boundary sums. Hence these data form a closed finite-exponential endpoint certificate in the
sense of definition 6.69. The conclusion follows from proposition 6.70. O

Corollary 6.75 (quadratic-linear three-leader certificate). Assume 0 < £ < 7, a < 2, and
E(n) #@. Fizce SY, and set X\ = 3" (). Suppose that there exist Cy, (1, (2 € R? satisfying

(6207) Q#(CO) <0, (CO - )‘C) ~u; >0, 1=1,2,
(6.208) Qu(G) <0, G v <0, i=1,2,

and the strict ordering inequalities (6.204). Then the frontier equality (6.205) and the exact tail
(6.206) hold for every stationary law at drift p.

Proof. For a convex wedge,
SV ={neR?:n-u; >0, i=1,2}.

Thus (6.207) says precisely that 1 := (y — Ac belongs to SV. The hypotheses of proposition 6.74
are therefore satisfied. (]

For i = 1,2, define
(6.209) m}? = Py (i), F? = {9 € Cro(p) : 9-u; =mi*}.
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Proposition 6.76 (automatic oblique sign on the simultaneous exposed faces). For the exposed
faces in (6.209), one has

(6.210) min 9 -v; <0, 1=1,2.
YeF}?

Thus the sign hypothesis (6.216) is automatic for the clipped kernel disk Cyo(p).

Proof. Fix i € {1,2}, put j = 3 — ¢, and use the orthonormal coordinates
¥ = au; + bn,.
Because n; is the inward unit normal on face i, a direct coordinate calculation on either face
gives u; = cos§ u; + sin & n;. Together with v; = n; — (tan 6;)u;, this yields
(6.211) V- uj =acos{ + bsing, ¥-v; =b— atanb;.
Let
Ji = 35(”)7 m; = m112 = hCm(u)(ui)‘
The origin belongs to both B,, and every clipping half-space, so 0 < m; < J;.
Consider the compact convex one-face feasible set
K; =B, Nn{Y:9 v; <0}
By proposition 6.45, maxg, ¥ - u; = J;. Choose @ € K; with @ -u; = J;. Since 0 € K; and K;
is convex, the segment {t; : 0 <t < 1} is contained in K;. Consequently, for every a € [0, J;],
there is at least one b = b(a) for which
au; +bn; € By, b—atanf; <0.
In particular, this holds at a = m;.
The section of the disk at a = m; is a nonempty compact interval; write it as
{miu; +bn; : b <b<by}.
The preceding paragraph supplies a point in this interval with b < m;tan,;. Hence its lower
endpoint satisfies
(6212) b_ < m;tanb;, (mzuz + b_nz) cv; < 0.

It remains to verify the other clipping inequality. The set Ci2(i) is nonempty and compact,
so the linear functional ¥ — 1 - u; attains its maximum; hence the exposed face FZ-12 is nonempty.
Thus the same disk section contains some value by € [b_, by] such that

m; cos§ + bgsing < Jj.
Since 0 < £ < m, one has sin& > 0, and therefore lowering the normal coordinate preserves this
inequality:
m;cos§ + b_sin& < m;cos§ + bpsing < Jj.
It follows that
Di = muu; + b_n; € Clg(,u), Di - U; = My,
so p; € F!2. Equation (6.212) gives p; - v; < 0, proving (6.210). O

Lemma 6.77 (quantitative strict-oblique interior perturbation). Assume 99 € E(u), and let
a € SY satisfy a-v; <0 fori=1,2. Put

1
Ko = —Qu(Uo) >0, Mo = la- (u+ o)l + §‘a‘2.
Choose

(6.213) 0 < &9 < min {1, 5 o

m]w_o)}, 19* = 190+€0a.
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Then
(6.214) 9. €8V, Qut) < —% <0, Wov;<0 (i=1,2).
For each i, put
Ky 1= —Qu(04) > 0, di = =0 -v; >0, Li:=|u; - (u+94)| + %|ui|27

and choose

K d;
21 7 i 17 ) .
(6.215) 0<s <mm{ 2(1+ L) 2(1+|ui‘vi|)}

Then J
Qu(Vs + sius) < —% <0, (Wt sug) v <=3 <0,

Proof. Because SY is a convex cone, ¥, € SY. Since 0 < g9 < 1,

1
Qu(V+) = Qu(Yo) + coa - (1 + Jo) + §€3|a|2
< —ko +eoMp < —%.
Moreover,
Yy - v; =9 - v; + g9a - v; <0,
because ¥ - v; < 0. For the displaced point, again using s; < 1,

R
QuVs + siuy) < —ky + 5,L; < BOR

and d
(s + siu;) - vy < —d; + s;i|u; - vi] < —EZ.

This proves the lemma. U

Proposition 6.78 (exposed-face saturation of the simultaneous-clipping frontier). Assume
0<¢&<m, l<a<?, E(p) # 2.

Let mz-12 and FZ»12 be defined by (6.209). Suppose that each exposed face contains a point with
nonpositive own-face oblique coefficient:

(6.216) min 9 -v; <0, 1=1,2.
YeF}?

Then, for every c € SY,
(6.217) af™ (1) = 322 (1)

More precisely, every
0<A<J2(w)

belongs to Ean(p) and has a face-dominating witness with at most three exponent vectors.

Proof. We first choose a strictly oblique interior exponent. Let ¥y € £(u), and use lemma 2.3
to choose a € SY with a-v; < 0 for i = 1,2. Apply lemma 6.77 to obtain ¥, and s; > 0. The
displaced point 9, + s;u; is feasible in the one-face dual problem, and

Dy Uy < (19* + Siui) cuy < Jf(/},)

The hypotheses of lemma 6.65 are now satisfied. Hence ¢, € int C12(u), and (6.183) gives, in
particular,

(6.218) Oy -u; <mi2, i=1,2.



108 ZIRAN LIU

Choose p; € F*? with p; -v; <0. Fix c € SY and 0 < A < X < J'2(u). By lemma 6.60, there
are ¢ € Ci2(p) and 7 € SV such that
C=Nce+1.
Choose t € (A/N,1), and define
ri=1tp;+ (1 —=1t)9, (i=1,2), G =1tC+ (1 —t)0,.

Because t < 1, strict convexity of the kernel disk, with ¥, in its interior, places r1,72,(; in the
open kernel disk. Moreover,

(6.219) G—Ae=tn + (1 —t)0 + (N = N)ece SY.
For each face 1,

g = tml? 4 (1 — )0, - uy,

Gt-up =tC-u + (1 =)0 - uy <1y -y,
and
(6.220) ri v =1tp; - v + (1 — )0, - v; < 0.
Also rq -uy > ro-uy and 19 - ug > 11 - us. Equality on face ¢ occurs exactly when p3_; € Fin. If
both equalities occur, then p1,ps € Fi2 N F}2. The map 0 +— (6 - uq, 0 - ug) is invertible, so this
intersection contains at most one point; hence p; = p2 and r; = ry. In that case the common
corrector has negative oblique coefficient on both faces by (6.220). Therefore all hypotheses of
lemma 5.11(i) hold. Choose the corrector coefficients by the explicit formulas (5.50)— (5.51) in
the one-tie cases, and denote the resulting strict leading sums by by, by < 0.

The target exponent (; has tangential rate no larger than the current maximum on either face.
Apply lemma 5.11(ii) with this one additional exponent. For clarity, write

= max{ry - w;, T2 - Ui} =T - Ui, i=1,2,

corr
m;

where the last equality follows from the leader ordering just proved. Thus, if the exponential
coefficient of (; is any € € (0,¢,), where

: —bi
€4 = min ,
" =12 1+ I{Crui:m‘z?orr}(gt : vi)Jr

the strict leading sums remain negative. Assign target weight one to (; and target weight zero to
the correctors. The identity (6.219) is exactly the target-plus-cone shift required in the definition
of Exn(p). All exponents satisfy the strict kernel inequality, so the resulting family witnesses

Ae€ &) (0<A<JIP(w)

with at most three exponent vectors.
It follows that ofi(u) > J12(u). The opposite inequality is the ray-extent consequence of
proposition 6.64. This proves (6.217). O

Lemma 6.79 (face-separating perturbation in the borderline geometry). Assume 0 < £ < 7 and
a = 1. Define the invertible map

TY = (19 -ul,ﬁ- UQ)
and let d € R? be determined by

(6.221) Td=(1,-1).
Then
(6.222) d-v <0, (=d) - vy < 0.

Consequently, if 99 € SY satisfies
Qu(ﬁo) < 0, Yo-v; =0, =12,
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then, for every € satisfying

. _Qu(ﬁo)
(6.223) 0<e<egy:= mln{1’2(1+|d-(,u+190)|+%|d|2)}’

q1 = VYo +&d, g2 =V —ed

satisfy
Qulgq) <0, g-v; <0, i=12,
and
qr-u >0 -up > qa- U, g2 - uy > Vg - ug > qq - us.

Proof. In the coordinates fixed in section 2,

up = (1,0), ug = (cos§,sin ),

B 1+cos\ B §
d= <1,_51n£> = (1, C0t2> .

v = (—tan6p,1),

so (6.221) gives

On the first face,

and therefore

d-vy = —tanb, —cotg.

Since a = 1, one has & = 01 + 05, and therefore

¢ cos((61 —62)/2)
tan 6 —i—coti = eosty Sn(Z/2) > 0.

Indeed, 01,605 € (—7/2,7/2), so |61 — 02| < 7. Thus d-v; < 0. By lemma 4.1, the two reflection
vectors are opposite generators of the same line, so vo = —pv; for some p > 0. It follows that

(=d)-va=pd-v; <O.
The tangential inequalities follow directly from T'd = (1, —1). Put s := —Q,(¥) > 0. For either
sign,
Qu(Wy£ed) = —k ted- (u+ ) + %52\0”2.
If 0 < e <egpasin (6.223), then

1
Qu(oted) < —k+e¢ (Id'(u+190)| + 2|d|2> < —g < 0.

Finally,

ql"U1:€d"Ul<0, QQ'UQZE(—d)-U2<O,
because vy - v; = 0. This proves every asserted inequality with an explicit admissible range for
E. U

Proposition 6.80 (borderline saturation of the simultaneous-clipping frontier). Assume
0<é<m, a=1, E(n) # 2.

Then, for every c € SY,

(6.224) al (1) = 38 (n)-

More precisely, every
0< A <32

belongs to Ean(1) and has a face-dominating witness with three exponent vectors.
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Proof. Choose 9y € £(u). By definition, 99 € SY and Jg - v; < 0 for i = 1,2. Since vy = —puv;
for some p > 0 by lemma 4.1, these two inequalities force
Yo - v; =0, i1=1,2.
Let d and the explicit threshold €y > 0 be as in lemma 6.79. Fix
0<e<egg

and set
q1 =V +&d, g2 = Yy — &d.
Then the inequalities proved in that lemma give
Qu(q]) <0 (.7:172)7 q1 - V1 <O; q2 - V2 < 0.
Let m}? and F? be as in (6.209). By proposition 6.76, choose
pi € F}?, pi-vi <0, =12

Fix c € SY and
0< A< N <32(n).

By lemma 6.60, there are ¢ € C12(u) and 1’ € SV such that
C=Ne+1.
Choose t € (A/N,1) and put
r=tp1+ (1 —t)q, Ty =tpa + (1 — t)qo, Gt =t¢ + (1 —t)g.
Each of these three points lies in the open kernel disk. Moreover,
G —Ae=tn + (1 —t)9g+ (tN — Nce SY.
On the first face,

roup = tmiZ 4 (1 —1) (0o - ug +¢),

ro - up < tmiZ 4 (1 —1)(Po - up — €),

Grur <tmit 4 (1—1)d0 - ug.

Thus r; is the unique tangential leader on face one. On the second face the three tangential
exponents satisfy

o - up = tmi2 4+ (1 — t) (g - ug + €),
r1ug < tmd% 4 (1 —1)(0 - ug — ),
G -ug < tmd? + (1 — )9 - ug,
S0 79 is the unique leader on face two. Finally,
ri-vi=tp;i-vi+ (1 —1t)g-v; <0, 1=1,2.

Hence the three exponent vectors r1,ra, (¢, with arbitrary positive exponential coefficients, form
a face-dominating family. Give (; target weight one and the two correctors target weight zero.
The preceding cone-shift identity then proves

Ac € Sﬁn(,u,).
Letting A 1 J'2(p), and using the reverse bound from proposition 6.64, proves (6.224). O

Theorem 6.81 (interior of the simultaneous-clipping domain consists of genuine moments).

Assume
0<é<m, 1<a<?,
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and let p be a drift for which a stationary distribution exists. Then Cia2(w) has nonempty interior
and, for every stationary law w at drift u,

(6.225) int Kio(1t) C Degp ().

Every point in the left-hand side has a norm-like face-dominating witness with at most four
exponential terms.

Proof. We first prove that Cyo(u) is full-dimensional and fix an interior exponent for the subsequent
construction.

Assume first that 1 < o < 2. Stationarity and the strict phase diagram give £(u) # @; choose
Yo € E(p). By lemma 2.3, choose a € SY with a - v; < 0 for both faces. Apply lemma 6.77 to
obtain J, and the two explicit steps s; > 0. The one-face dual representation then gives

Uy - uy < (04 + s3u4) - u; < 3£(M)~

Hence lemma 6.65 applies and gives ¥, € int C12(u), together with the quantitative support slack
Dy - uy < ml12 for both faces.

If a =1, choose ¥y € E(1). The vectors g1, g2 from lemma 6.79 remain in the open kernel disk,
and g; is feasible in the i-th one-face dual problem while satisfying ¢; - u; > ¥¢ - u;. Therefore

do-up <Jj(p), i=12

and Q,(¥) < 0. Thus lemma 6.65 gives ¥y € int Cy2(p). This establishes nonempty interior in
both regimes, with an explicit ball contained in the clipped kernel disk.
Fix now 6 € int K12(p). By lemma 5.14, there are

(6.226) ¢ € int Cra(p), nesy, 0+n=_C.

We construct a norm-like finite-exponential witness for this identity.
Suppose first that 1 < a < 2, and use the exponent 9, fixed above. By proposition 6.76,
choose p; € F1;12 with p; - v; < 0. For ¢ = 1,2, put

Mi = mi127 a; = 19* * Uq, Zi = C * Uj-
Then M; > a; and M; > z;. Define
(zi—ai)+ 1—|—t0
=T c00,1), tg = t ity <1,  ti= .
V= e €10 0 := max{ty, 2} 5

Set
T = tpl'—i-(l—t)’ﬂ*, 1=1,2.
The quadratic identity

1
Qu(ri) = tQu(pi) + (1 = )Qu(¥) — 511 = t)lpi — 04* <0
places 7; in the open kernel disk. Also
ri-ui—ai:t(Mi—ai) > 0,
and, because t > t;,
m-ui—zi:ai—zi—l—t(Mi—ai) > 0.
Thus
(6.227) i u; > max{C - u;, Uy - u; }, i=1,2.
Furthermore,
ri'vi:tpi-vi—l—(l—t)z?*-w < 0.
The exposed-face definitions imply 71 - u; > ro - u; and ro - ug > r1 - ug. If both equalities
hold, then p; = ps by invertibility of the two coordinate functionals, and so r1 = ro, with both

oblique coefficients negative. Thus lemma 5.11(i) supplies positive corrector coefficients with
strict leading sums b1, by < 0, using one or two correctors as appropriate.
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By (6.227), the two additional exponents ¢ and ¥, are strictly below the current maximum
on each face. Adding them with arbitrary positive coefficients therefore does not change either
leading set; equivalently, lemma 5.11(ii) applies with 73 = T = @&. The resulting family is
coercive on the wedge because it contains 9, € SY: indeed,

max(y-u > Y, -u> min vy -v >0 (ue Snsh).
k veSNS!

Assign target weight one to ¢ and zero to all other exponents. Then (6.226) is precisely the
identity in proposition 5.13, which yields 6 € Dexp (7).
Now let @« = 1. Choose ¥y € £(u) and let ¢1, g2 be the perturbations from lemma 6.79. Choose
Di € Fi12 with p; - v; <0, and put
M; :==m{* = pi - i, D; == [g; - ui — M,
A; = min{M; — ¢ - u;, M; — 99 - u;} > 0.
Choose t € (0,1) so that
(6.228) 1 -t < min L
i=1,2 2(1 + D;)
Set
ri=tp1+ (1 —1)q, re =tp2 + (1 —t)go.
For x € {(, v},
ricu—x-u; > A — (1 —t)D; > % > 0.
Furthermore,
(r1 —re) -uy =t(p1 —p2) - w1 + (1 —t)(q1 — q2) - u1 >0,
because the first term is nonnegative and the second equals 2(1 — t)e > 0. On the second face,

(ro —r1) ~ug = t(p2 — p1) ~ua + (1 — t)(q2 — q1) - ua.

The definition of Fi12 gives py - ug = Ma > pj - ug, while lemma 6.79 gives (g2 — q1) - ug = 2e¢.
Hence
(ro—mr1)-ug >2(1 —t)e > 0.

Therefore
r1-wy > max{ry - ui, (- ui, Yo - ur},
ro - Uy > max{rl . UQ,C . UQ,190 . UQ}.
Moreover,
1
Qu(ri) = tQu(pi) + (1 - t)Qu(Qi) - §t(1 - t) |pi - %’2 <0,
and

riov =1tp;i v+ (1 —t)g; - v; <O0.
Thus coefficients one on 71,9 already give strict leading sums, and adding ¢ and ¥y does not
change the leading sets. The exponent 99 € SY makes the family coercive, and assigning target
weight one to ¢ again invokes proposition 5.13 through (6.226).
In either regime the family uses at most two face correctors, the target exponent, and one
strictly positive exponent, hence at most four terms. This proves (6.225). O

Remark 6.82 (geometry of the simultaneous exposed faces). Each set FZ-12 is a compact point
or line segment. Its endpoints are intersections of the supporting line 9 - u; = mz12 with the
kernel circle and the two clipping lines. The proof of proposition 6.76 shows more than finite
verifiability: the lower endpoint of the disk section in the inward-normal coordinate always lies
in Fi12 and has nonpositive own-face oblique coefficient. Thus no additional exposed-face sign
hypothesis is needed in the strict-regime saturation theorem.
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Proposition 6.83 (cross-compatible saturation of the simultaneous-clipping frontier). Assume
E(n) # @. For each face choose a one-face maximizer 9; satisfying
(6.229) Qu0:) =0,  Vi-v; <0,  Vi-ui=3(w), i=12,

as supplied by proposition 6.45. Suppose that the two maximizers can be chosen to satisfy the
cross-compatibility inequalities

(6.230) 1/9\1 cUg < Jg(,u,), 1/9\2 U < :jfl(u)
Then the following assertions hold.
(i) If 0 € SY and there are n € SV and ¢ € R? such that
(6.231) O+n=¢  QuO<0,  Cu<Jp), i=12

then 0 € Ean(p). A witnessing face-dominating family can be chosen with at most three
exponent vectors.
(i) For every c € SY,

(6.232) af™ (1) = 322 (1)
More precisely, every Ac with 0 < X\ < JL2(u) belongs to Ean(p) and has a three-exponential
witness.

Proof. Choose Yy € E(p). It is feasible for each one-face maximization problem, and in fact
(6.233) o -ui < JHp), i=1,2.
Put ko := —Q, (V) > 0. If ¥ - v; <0, set d; = u; and b; :== —Vg - v; > 0, and choose

. RO bz
0<s; <ming 1, , .
{ 201+ [d; - (u+ 0o)| + 5Idif?) 2<1+\dz~-vir>}

Then
R0 bi
Q“(ﬁo + Sidi) < —?, (190 + Sz‘di) cv; < —57
and the objective increases by s;.
If 9¢ - v; = 0, take d; = u; + (tan 6;)n;, so that d; - v; = 0 and d; - u; = 1. Choose

. RO
0<s; <minq 1, .
{ 2(1+ |d; - (1 +0)| + éwdiP)}

Then Qu (Yo + sid;) < —ko/2, the oblique coeflicient remains zero, and the objective increases by

s;. Thus ¥y cannot maximize the one-face problem, proving (6.233). In particular, J(u) > 0,
and the maximizers in (6.229) are nonzero.
We first prove part (i). Define

7 := min {35(/@ — max{Us - u1, ¢ - ur }, I5 (1) — max{y - us, ¢ - UQ}} > 0, p =
Choose

7
e

0 < §; < min },% s ;= (1—(52)19\2
221+ [94)
Since Qu(@) =0 and 9; # 0,
1 .
Q#(xl) = _552'(1 — (51)W2’2 < 0.

If 1?’; cv; <0, set GG =y If 51 -v; =0, put k; := —Qu(x;) > 0 and choose

. p K
0 < &; < min , , i = X — €.
i {2(1+|w|) 2(1—|—|Uz“(ﬂ+$i)|+%|vi|2)} G e
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Then 1
QulG) < —ri +ei <|Ui ()| + 2|vi!2> < -3 <0,

and ¢; - v; = —¢&;|v;|? < 0. In the first case x; - v; < 0. In both cases,
(6.234) |G — 1/9\,] < p, Qu(G) <0, ¢ -0 < 0.
Using |u;| =1,

Cr-uy —Co-up > J5(p) — 09 -uy —2p > % >0,

~ 3
C1-up—C¢-up Zdi(#)_gul_pz Z’y > 0.

On face two, the same norm estimate is written explicitly as

C2~u2—C1-u2Zﬁg(u)—51-uz—2p2%>0,
N 3
C2'U2—C'U2ZJ§(M)—C'U2—PZ£>0-

Combining the four strict inequalities gives

(6.235) G -ur > max{Gz - u, ¢ - ur}, C2 - ug > max{( - ug, ¢ - uz}.
The family ((1, (2, (), with any positive exponential coefficients, is therefore face-dominating: the
first exponent is the unique leader on face one and the second is the unique leader on face two.
Using target weights (0,0, 1) in (5.44) gives 6 + n = ¢, proving 0 € Eq, ().
For part (ii), the inclusion in proposition 6.64 gives ofi®(11) < J12(u). Fix

0< A< N <32(w).

By lemma 6.60, there are ¢ € C12(p) and 1’ € SV such that
C—Ne=1.

Choose t € (A/N,1) and set

G i= ¢+ (1= ).
Since g lies in the open kernel disk and has the strict slack (6.233), while ¢ € C12(u), one has

Qu(G) <0,  G-u<3J(p), i=12

Moreover,

(6.236) G—Ae=tn + (1 —t)dg+ (N = N)ece SY.

Part (i), with # = Ac, now gives Ac € Eqn(1t). Letting A increase to J2(u) proves (6.232) and
the stronger subcritical assertion. O

Proposition 6.84 (automatic simultaneous-clipping endpoint representation). Fix ¢ € SY and

set
=30 (w)
Then
(6.237) I (i) = I (),
and there exists ¥ € R? such that
(6.238) Qu¥) <0, 9w <JF(p), (0 —Xe)-u; >0, i=1,2.

Thus the finite quadratic-linear endpoint system is always feasible; it does not impose an additional
geometric restriction on a positive dual ray.

Proof. The equality is proposition 6.67. Since KC12(u) is closed and contains the entire ray segment
up to its endpoint, Ac € K12(p). Hence there are ¥ € Cia(pn) and n € SV with 9 = Ac + 7.
Written in the two boundary coordinates, these are exactly the inequalities in (6.238). U
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Corollary 6.85 (global projected logarithmic tails in the strict regime). Assume
0<é<m, l<a<?2,

and let p be a drift for which a stationary distribution exists. Then, for every stationary law 7 at
drift p and every c € SY,

(6.239) aft(p) = af = 3P (n) = 32 (w),
and
1
(6.240) lim —logn{z€ S:c-z>ua}= —J}gr(,u).

r—00 I

Moreover, the positive part of the closed transform domain is law-independent:
(6.241) D:NSY = Kpe(p) N SY = Kr2(p) N SY.

Every strict subcritical point Ac, 0 < A < Sg’r(u), has a face-dominating Lyapunov witness with
at most three exponent vectors. No uniqueness assumption on the stationary law is used.

Proof. By the strict stationary classification and proposition 5.4, one has £(u) # @. The
exposed-face sign condition in proposition 6.78 is automatic by proposition 6.76. Therefore

afm () = 32 (p),

and every strict subcritical ray point has a three-exponential witness. By proposition 6.67,
J2(u) = 35" (p). The chain and exact-tail conclusion in theorem 6.62 now give (6.239) and
(6.240).

The inclusion D, C Ky, (1) is theorem 6.62. Both sets are closed, convex, contain the origin,
and are stable under subtraction of SV. Consequently their intersections with every ray generated
by SY are closed intervals beginning at the origin. Equality of the corresponding endpoints
therefore gives

Dz N Sg/ = K:br(u) N Sg/
To pass to the boundary of SV, choose ¥, € E(u). If ¥ € Ky () N SV, then, for n > 2,
9 = (1 —n"1)0 +n 10,

belongs to Ky, (1) N'SY by convexity. Hence 9, € D, and closedness of D, gives ¥ € D,. This
proves

D.NSY = Kpe(p)NSY.
It remains to compare the two geometric domains on the closed dual cone. The inclusion
K12(p) C Kpe(p) is (6.180). Conversely, let 9 € Ky, () NSV and define
Oy = (1 —n"1)9 +n10,.

Then ¥, € SY and ¥, € Ky (p). Write 9,, = \pcn, where A, = |9, > 0 and ¢, = 9,,/|9,] €
SY N'SL. The raywise equivalence (6.185) gives ,, € Kia(u). Closedness of K12(u) and 9, — 9
imply ¥ € Ki2(u). Hence

Kor() N SY = Ki2(p) N Y,

which completes (6.241). O

Corollary 6.86 (global projected logarithmic tails in the borderline regime). Assume
0<¢é<m, a=1,

and let p satisfy
m:=ng- - <0.

Then, for every stationary law m at drift p and every ¢ € SY,

(6.242) af™ (1) = af =32 (n) = I (),
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and

(6.243) xlgglo % logm{z€S:c-z2>x}=-3(n).
Moreover,

(6.244) D:NSY =Kpe(u)NSY = Ki2(p) N SY,

and every strict subcritical point on a positive dual ray has a three-exponential Lyapunov witness.
For c = ng, the common rate equals —2m, consistently with the exact marginal in proposition 5.22.

Proof. Choose 8 € (0, —2m) and put
’190 = Bng
Then 9 € SY, ¥g - v; = 0, and

1

Qu(¥0) = Bm + 562 <0.

Thus £(u) # @, and proposition 6.80 gives
ad” () = 3 (-
The raywise clipping equality in proposition 6.67 and the outer bounds in theorem 6.62 prove
(6.242) and (6.243).
We now prove the positive-domain identity. The broken-path theorem gives D, C Ky, ().

Equality of the ray endpoints in (6.242) implies

D.NSY = Kpe(p)NSY.
Let ¥ € Ky () NSV and put

I = (1 —n"1)09 +n 1.
Convexity gives ¥, € Kp.(1), and strict positivity of 99 on S\ {0} gives 9, € SY. Hence 9,, € Dy,
and closedness of D, gives ¥ € D,. Thus

D.NSY =Kpe(u)NSY.

For the equality with KCi2(u), the inclusion Ki2(p) C Ky (p) is already known. Conversely, for the
same 9, write ¥, = A\, c, with ¢, € SY. The raywise equivalence (6.185) implies ¥, € K12(p).
Letting n — oo and using closedness gives 9 € Kj2(u). This proves (6.244). Finally, for ¢ = n g,
corollary 5.23 gives af = —2m, and the claimed consistency follows from (6.242). O

Theorem 6.87 (global projected logarithmic tails in the classified regimes). Assume
0<é<m, 1<a<?2,

and let p be a drift for which a stationary distribution exists. Then, for every stationary low w at

drift . and every c € SY,

ad™(p) = of = 32 (1) = I (n),

1
lim —logn{z€S:c-z>ua}= —3‘2‘"(#),

T—00 I
and

D, N SV = ’CIZ(M) nsY = ]Cbr(ﬂ) nsY.
Every strictly subcritical point Ac, 0 < A < 32”(@), has a face-dominating Lyapunov witness with
at most three exponential terms. The conclusions are independent of uniqueness of the stationary
law.

Proof. For 1 < a < 2, this is corollary 6.85. For aw = 1, it is corollary 6.86. U

Theorem 6.88 (full transform domain and exact radial and sector logarithmic tails). Assume

0<é<m, 1<a<?,
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and let u be a drift for which a stationary distribution exists. Then u # 0, and for every stationary
law 7 at drift p,

(6.245) Dy = Kia(p) = Kpe(p).

In particular, the entire closed exponential-moment domain, not only its positive dual part, is
independent of the choice of stationary law. Moreover,

(6.246) int Dexp(ﬂ') = int KCq9 (,u), int KCqy9 (,u) C Dexp(ﬂ') C K2 (,u)

No assertion is made here about the finiteness of moments at every point of OK12(u).
For a nonempty compact angular interval C C S N'S' containing more than one point, define

(6.247) Je(n) = min hc,, () (w).
Then
(6.248) at = Jo(p)
and
1

(6.249) Tli_}rrolo ;logw {z #0:|z| >, ‘% € C’} = —Jc(p).
For C = SN, this gives the radial identities

g : : 1 T
(625()) Qraq = ué{lglmnsl h(Cu(,u) (), TIL% - 10g71'{‘2| > T} = T Oag-

Together with theorem 6.87, these statements determine the logarithmic tails for every positive
projection, the radial tail, and every nondegenerate closed angular sector in all classified stationary
Tegimes.

Proof. The classification theorem gives i # 0: in the borderline case ny - 4 < 0, while in the
strict case 0 € K, belongs to the nonexistence cone. By theorem 6.81,

int /Clg(u) - 'Dexp(Tr).

Since K12(p) is closed, convex, and has nonempty interior, it is the closure of its interior. Taking
closures therefore gives Ki2(p) C Dy. The broken-path outer bound gives D, C Kp,(p), and
corollary 6.68 identifies the two geometric domains. This proves (6.245). Since int Ki2(u) C
Dexp(m) and Dexp(m) C Dy = K12(p), taking interiors gives (6.246).

Fix a compact nondegenerate interval C, and write J = Jo(u). The construction in the-
orem 6.81 places a vector of SY in Cia(p); compactness of C therefore gives J > 0. Let
0<qg< J.

For v € S, the support function of the recession cone is

h_gv(u) = sup (—n-u) =0,
nesv

because u € (SV)V = S, and the value zero is attained at 7 = 0. Hence

(6.251) thlz(u) (u) = h(Cu(,u)fSV (u) = h(Cu(,u)(u)v u€S.
For every u € C, compactness of Cia() supplies 8, € C12(p) attaining the last support value.
Since that value is at least J > ¢, 0, - u > q.
Choose one fixed 0y € int Ki2(u), and choose ro > 0 with By,(6g) C Ki2(u). For every
e € (0,1), convexity gives
Bey (1 =)0y + ) = (1 — )8y + By (60) C Ki2(p).

Thus the convex combination is an interior point. Put

Ay=0yu—q>0,  Bu:=|(00—0u) ul,
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and choose A
in<l,——% %,
O<€<mm{ 72(1+Bu)}
Define
9u = (1 — 5)§u + 890.
Then

_ Au
Qu'u—q:Au—i—e(Ho—Qu)-uZAu—aBu>7>0.

Then 6, € int KCi2(p), 0y - ©w > ¢, and 0, € Dexp(m) by theorem 6.81.

Continuity of v — 6, - v gives a relative open neighborhood V,, of v in C' on which 6, - v > q.
Compactness of C gives a finite subcover Vi, ..., Vi, . Write 8; = 0,,. If 2 # 0 and z/|2| € C,
choose j with z/|z| € V;,;. Then

z
9]“Z:|Z|9j'm

> qlz],
and therefore, pointwise on the cone over C,

m
el < max %% < E efi%,
1<j<m

Each term in the finite sum is w-integrable. Hence the restricted g-radial moment is finite.

e(r) < e_qr/ el 7 (dz),
{2#0:2/|z|€C}

hmmf—flogHC( ) >q.

r—00

Markov’s inequality gives

and therefore

Letting ¢ 1 J yields
hmlnf—flogﬂc( ) > J.

T—>00

Choose u, € C attaining the minimum in (6.247). Since C' has more than one point, there are
interior directions u, € S° Nrelint C' with u,, — u,. For each n, choose a relative open angular
neighborhood U, of w,, whose closure is contained in C'. Since U,, C C, one has IIg(r) > Iy, (1).
Applying the one-face broken—path lower bound separately for the two faces gives

lim sup —— log IIo(r) < limsup 1 log My, (r) < min hg, () (un)-
r—00 r—00 1=1,2

By lemma 6.52, one of the sets C;(u) is the full kernel disk, while the other equals Cj2(1). Hence
the right-hand side is hc,, () (un). Letting n — oo gives the reverse inequality with rate J. This
proves (6.249); the abscissa equality follows from proposition 6.4. Taking the full angular interval
gives (6.250). O

Corollary 6.89 (analyticity on the exact transform interior). Under the hypotheses of theo-
rem 6.88, the Laplace transform

Mo(Q) = [ ()
S
18 holomorphic on the tube domain
{¢e C%:Re( € int Kia(p )}

For every compact set K € int K12(p) and every integer m > 0,

sup/ |2|™e%% m(dz) <

feK
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Proof. By theorem 6.88, every point of int KCi2(u) is an exponential-moment vector. Fix such a
point 8. Choose € > 0 so small that

0o +€(01,O'2) € int Klg(u), 01,09 € {—1, 1}.
If |[Re¢ — Oplloc < €/2, then for every z = (21, 22) € S,

(Re¢ —00) -2 < (|1 + [22]).

For every integer m > 0, polynomial growth is absorbed by the remaining half of the exponential
margin: there is (), . < oo such that

2|mezmlHl < o e=(lFltlz2l),
Choose o; € {—1,1} with 0;2z; = |z;|. Then

690.Z+5(|21|+|22\) _ 6[90—1—5(01,02)}',2 < Z 6[90-5-6(7'1,72)]'2'

T1,m2€{-1,1}
Consequently every complex derivative of order at most m is dominated, on this neighborhood
of 0y, by a fixed m-integrable sum of the four corner exponentials. Differentiation under the
integral sign is therefore justified there. A finite covering of a compact set K &€ int K12(pu) gives
the stated locally uniform bounds and holomorphy on the full tube domain. O

Remark 6.90 (scope of the logarithmic theory). The preceding theorems complete the logarithmic-
order problem in the classified stationary regimes: they identify the closure of the Laplace-
transform domain and determine the exact exponential rates of all strictly positive projections,
the radial tail, and every nondegenerate closed angular sector. They do not determine pointwise
integrability at every critical transform vector, subexponential prefactors, or pointwise density
asymptotics. Those questions require information beyond the convex geometry of the closed
transform domain.

7. DISCUSSION AND FURTHER DIRECTIONS

The results above complete the logarithmic-scale stationary theory in the classified range
1 < a < 2. For every stationary law,

Dy = Cya(p) — SV,

the interior of this closed set consists of genuine exponential-moment vectors, and its support
function gives the exact logarithmic rates for all strictly positive projections, the radial tail,
and every nondegenerate closed angular sector. The proof also shows that these quantities
are determined by the drift and reflection geometry alone, without assuming uniqueness of the
stationary law. The remaining questions concern finer asymptotic resolution rather than a gap
in the closed-domain or logarithmic-tail theorem.

7.1. Boundary moments and transform singularities. The present theorem identifies
Dexp(m) and int Dexp, (1), but it does not decide, point by point, whether a vector on 0D, belongs
t0 Dexp(m). A complete boundary classification should distinguish exposed smooth points,
endpoints of a clipping arc, intersections with the dual-cone boundary, and possible tangential
degeneracies. This requires control of the Laplace transform as an actual analytic object near
the frontier, not only knowledge of its convergence domain.

7.2. Sharp one-term asymptotics. The next asymptotic level is to determine whether, for a
given ¢ € SY,

m{c-Z > x} ~ Cealee™ %,
and to obtain analogous fixed-sector and fixed-ray formulas. In semimartingale models, transform
and boundary-value methods lead to pole, branch-point, and saddle-point regimes; see, for



120 ZIRAN LIU

example, [1, 4, 5]. For the present process, an analogous analysis would have to identify the
correct transform or renewal structure compatible with the submartingale formulation and with
one-face localization.

7.3. Raywise density and reflecting-face boundary layers. The stationary density is
strictly positive and real analytic in the open wedge, but the logarithmic results do not determine
its pointwise asymptotics along a fixed interior ray or in a shrinking neighborhood of a reflecting
face. A natural objective is a uniform expansion that interpolates between interior rays, face-
dominated directions, and the transition angles at which the active clipping mechanism changes.
Such a result would also clarify how the one-face optimal path is encoded in the stationary
density despite the absence of a global boundary-local-time representation.

7.4. The vertex, uniqueness, and long-time convergence. The present arguments deliber-
ately avoid any boundary condition for the stationary density at the vertex. A finer local analysis
could seek vertex asymptotics, determine whether the weak stationary identities select a unique
normalized solution, and relate the stationary tail geometry to recurrence rates and convergence
to equilibrium. These questions are logically separate from the logarithmic tail theorem proved
here and may require additional potential-theoretic or coupling input.

7.5. Extensions of the model. Further directions include projections on SV, one-ray angular
limits, nonidentity covariance matrices, nonconvex wedges, and parameter ranges outside 1 <
a < 2. The closed domain Cjo(u) — SV and the associated optimal paths provide a reference
geometry against which such extensions can be formulated and tested.
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