STATIONARY DISTRIBUTIONS FOR THE NONSEMIMARTINGALE
REFLECTED BROWNIAN MOTION WITH DRIFT IN A WEDGE:
EXISTENCE, CLASSIFICATION AND ELLIPTIC PDE OBSTRUCTIONS

ZIRAN LIU

ABSTRACT. We consider the reflected Brownian motion with drift in a planar wedge defined
by the submartingale problem (Definition 2.1 in [5]). In the convex range 0 < { < 7 and for
1 < a < 2 (the case when the RBM solution to the submartingale problem is nonsemimatingale),
we give the complete stationary-existence phase diagram. At the borderline value a = 1, a
stationary distribution exists exactly when ne - 1 < 0. In the strict regime 1 < a < 2, it exists
exactly when
¢ Kger := cone{—v1, —va2}.

Thus zero drift and both boundary rays of K belong to the nonstationary region.

Existence follows from bounded concave truncations of a Foster—Lyapunov function and
the Krylov—Bogoliubov theorem. Nonexistence is obtained from bounded one-dimensional
supersolutions, a neutral projection argument at o = 1, and bounded two-scale localizations of
a two-homogeneous Varadhan—-Williams gauge in the strict regime.

We also introduce the corresponding finite-measure weak elliptic PDE system and prove the
same drift classification for its nonzero finite nonnegative solutions. Every stationary law has
zero boundary mass and a strictly positive real-analytic density in the open wedge, satisfying the
adjoint stationary equation. Additional compatibility and gauge criteria for the weak oblique
elliptic PDE problem are also developed in the later sections.
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1. INTRODUCTION AND MAIN RESULTS

Let
S={(r0):r>0,0<0<ECR 0<<m,
be a convex planar wedge. On its two faces, let v; and vy be constant oblique reflection
directions normalized by v; - n; = 1. We study the Markov family introduced by Lakner, Liu,
and Reed through a submartingale problem with constant drift p [5]. The reflection angles
01,09 € (—7/2,7/2) are encoded by
01 + 02
£

For 1 < a < 2 the process generally lies outside the semimartingale reflected Brownian-motion

framework, so arguments based on boundary local times or a classical basic adjoint relationship
are not available. The purpose of this paper is to determine the stationary-existence region for
1 < a < 2 directly from the admissible tests of the defining submartingale problem.

Theorem 1.1 (stationary phase diagram). Assume 0 < & < 7.

(i) Ifa =1, let £ = cone{vy,va} and let n.y be the unit normal to this line satisfyingngy-z >0
for z € S\ {0}. A stationary distribution exists if and only if

ny -1 <0.
(i) If 1 < a < 2, a stationary distribution exists if and only if
¢ Ky := cone{—vy, —va}.

Thus the whole closed cone Kgy, including zero drift and its two boundary rays, is a
nonexistence region.

The proof is formulated entirely in terms of bounded admissible tests. Bounded one-dimensional
profiles give a direct nonexistence criterion. On the critical line ny - 4 = 0, compactly supported
neutral projection tests reduce stationarity to a one-dimensional distributional identity. For
existence, an exponential Foster—-Lyapunov gauge is replaced by bounded concave truncations;
the resulting occupation estimates imply tightness, and the Cy-Feller property yields an invariant
probability measure. In the strict regime, a two-homogeneous transform of the Varadhan—Williams
harmonic function provides a neutral gauge whose bounded two-scale localizations exclude the
entire closed cone Kg..

The same stationary inequality has a natural weak elliptic formulation. We call a finite
nonnegative measure with zero boundary mass a solution of the stationary elliptic system when
it satisfies the admissible-test inequality. Testing with both signs yields the neutral identities and
the interior adjoint equation without imposing a classical boundary condition on the density.

Theorem 1.2 (elliptic-system phase diagram). Under the hypotheses of theorem 1.1, the station-
ary elliptic system has a nonzero finite nonnegative measure solution exactly for the same drifts
for which the reflected Brownian motion has a stationary distribution.
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Every stationary distribution charges neither the boundary nor the vertex. Its restriction to
S° has a smooth strictly positive density p satisfying

1
§Ap—u~Vp=O.

The weak elliptic formulation also yields the interior adjoint equation and a collection of
compatibility and supersolution criteria. These consequences follow directly from the weak
stationary inequality and use only bounded admissible tests.

The main argument is organized as follows. Section 2 fixes the geometry and the reflected
diffusion, and section 3 states the classification. Section 4 derives the stationary inequality and
the interior adjoint equation. Sections 5 to 7 establish, respectively, the direct nonexistence
criterion, Foster—Lyapunov existence, and nonexistence on the closed reflection cone. Section 8
introduces the weak stationary elliptic system and proves its phase diagram. After section 9, the
appendices collect compatibility results, limitations of local correction schemes, and additional
elliptic-gauge criteria that are logically independent of the phase-diagram proof. Quantitative
moment theory, the closed Laplace-transform domain, and exact projected, radial, and sector
logarithmic tails are developed in the companion paper [4].

2. GEOMETRY AND BASIC PROPERTIES OF THE REFLECTED DIFFUSION

Throughout the paper,

k
cone{wy, ..., wg} = Zajwj ca; >0
Jj=1

denotes the closed conical hull generated by its arguments. In particular, it is not the compact
convex hull. We use this notation consistently because the phase diagram below is organized by
conical subsets and their complements.
Let
S={(r0):r>0,0<6<¢ CR? 0<é&<m,
be the convex wedge. We write its two unit generators as
u; = (1,0), ug = (cos§,sin ),

so that S = cone{uj,us}. Its two open boundary rays are denoted by 957 and 0Ss, excluding
the vertex. Let vy, vs € R? be the reflection directions, normalized by

vi-nizl, i:1,2,
where n; is the inward unit normal on 95;. We write
Di:w~v, i:1,2.

Throughout, CZ(S) denotes functions whose values and first two Euclidean derivatives are
bounded on S, with derivatives understood on the interior and by continuous extension up to
each open face. Every admissible test used below is also constant on a neighborhood of the
vertex, so its derivatives extend through the corner. Generator expressions Lf are the bounded
open-wedge expressions, with arbitrary bounded values assigned on the boundary when an integral
over S is written; the zero-boundary-mass result in proposition 4.2 shows that these boundary
choices never affect stationary integrals. For gauges that are introduced before localization and
are not inserted directly into the submartingale problem, the following regularity convention is
also used: a function W is facewise C? away from the vertez if it is continuous on S, is C? in
S5°, and its first and second Euclidean derivatives admit continuous limits to compact subsets of
each open face. A facewise C? gauge is called locally C?-extendable away from the vertex if, for
every compact set K C S\ {0}, its restriction to K is the restriction of a C? function on an open
neighborhood of K in R?. Boundary directional derivatives such as D;W are interpreted through
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the open-face limits. Whenever a localized gauge is used as an admissible test, the statement
includes this local extendability, or verifies it directly. All functions used as admissible tests
below are bounded members of C’g(S’ ), typically after localization.

For drift u, write

Pl'g(z) :==EE[g(Z(1))].

A probability measure 7 on S is stationary if 7P}' = & for every t > 0. The state space S is
locally compact and Polish. For a < 2, Lakner—Liu—Reed prove the C (S)-Feller property [5,
Theorem 2.12]; their space C (S) is the usual space Cy(.S) of continuous functions vanishing
at infinity. This Cy(S)-Feller property, together with tightness of occupation measures, is the
only semigroup regularity used in the Krylov—Bogoliubov argument below. The superscript y is
suppressed when the drift is fixed.

As in Lakner—Liu-Reed [5], let 01,02 € (—7/2,7/2) be the reflection angles and define

01+ 0
£

Throughout the paper we use the following sign convention for these angles. Let ¢; be the unit

tangent on 0.5; pointing away from the vertex. The normalization v; - n; = 1 is then equivalent to
Vi = Ny — (tan@i)ti, 1= 1, 2.

Thus a positive reflection angle means that the tangential component of the reflection direction
points toward the vertex. This convention is used in the Varadhan—Williams harmonic calculation
in section 7.

The process studied in this paper is specified by the following submartingale problem.

Definition 2.1 (Submartingale problem with drift). For a fixed drift vector € R2, a family of
probability measures {P£' : z € S} on C(]0,c0), S) is said to solve the submartingale problem with
drift if the coordinate process Z satisfies the three conditions of Definition 2.1 in Lakner—Liu—Reed
[5]: it starts from z, it makes

t

{2y~ [ wvraeyas—; [ ss@enas: =0}

a submartingale for every admissible test function f € Cg(S) that is constant near the vertex
and satisfies D; f > 0 on 0.5;, and it spends zero occupation time at the vertex.

The following results of Lakner—Liu-Reed [5] will be used.

(i) If @ < 2, the submartingale problem with drift has a unique solution; this is [5, Theorem 2.3].
(ii) If o < 2, the transition semigroup has the Cy(S)-Feller property; in the notation of [5], this
is the C(S)-Feller property of [5, Theorem 2.12].
(iii) For the solution to the submartingale problem, the whole boundary has zero occupation
time; this is [5, Lemma 3.3].
(iv) If 0 < £ < w and a > 1, then there exists b # 0 such that

b-z<0 (z€85\{0}), b-v; >0 (i=1,2).

This follows from the Lakner—Liu—Reed reflection-cone geometry, in particular the statement
that cone{vi,v2} NS = {0} in the convex a > 1 case.
(v) If 0 < ¢ <7 and a =1, then cone{v;, v2} is a line and cone{v;,v2} NS = {0}.
We refer to this vector b as the geometric separator. The term strict nonsemimartingale regime
below refers only to 1 < o < 2; the boundary case o = 1 is treated separately.
The following elementary consequence of the angle convention will be used in the cone
calculations.

Lemma 2.2 (strict reflection cone contains the wedge). Assume

0<¢é<m, l<a<?2.
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Then

S = cone{uy,uz} C cone{—vy, —va}.
More explicitly, if the boundary generators have polar angles 0 and &, then the ray generated by
—v1 has angle

™
91*§<0,

and the ray generated by —vo has angle
§+g—®>§
The counterclockwise angle from —vy to —vg is
T+E— (0 +62) =7 — (a— 1),

which lies in (§,m). Hence the proper closed cone generated by —v1 and —va contains the whole
wedge sector.

Proof. With the convention v; = n; — (tan6;)t;, the first face has t; = e,(0) and n; = eg(0).
Thus
v1 = ep(0) — (tan 0 )e, (0),
so vy has angle 7/2 + 6, and —v; has angle 6; — 7/2. Since 6; < /2, this angle is strictly below
the first boundary ray.
On the second face, to = e,(§) and ng = —eg(&), hence

vg = —eg(§) — (tan z)e,(§).

Therefore vy has angle £ — /2 — 69, and —v9 has angle £ + 7/2 — 03. Since 0 < 7/2, this angle
is strictly above the second boundary ray.
The counterclockwise aperture from —v; to —vg is

(6+5—02) = (01— 5) =7 +&— (01 +02) =7 — (0= )&,

Because « > 1, this aperture is less than 7. Because 61 4+ 05 < m, it is larger than £. Thus —vy
and —vy form a proper convex cone whose angular interval contains [0, ], which is exactly the
wedge sector in the convex case. O

Lemma 2.3 (nonempty strict Lyapunov directions). Assume
0<€é<m, l<a<?2.

Let Ky, := cone{—v1, —vo}. Then A # &. More precisely, if
K\/

str

={aeR?:a-2>0 for every x € Ky},

then every a € int K, belongs to 2.

Proof. By lemma 2.2, Kg, is a proper two-dimensional closed cone with aperture
Wiy, =7 — (a—1)¢ € (0,7).

The dual cone therefore has aperture ™ — wg,,, > 0, so int K, # @.
Fix a € int K. Choose £ > 0 such that

Be(a) C K,

For any = € Ky, \ {0}, the vector
e
Ay ‘= a — im

belongs to K... Hence

str+

Ogam-x:mx—%m,
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and therefore
(2.1) a-wzlel>0, @€ K\ {0}
Since u1, ug, —v1, —v are nonzero elements of Ky, (2.1) gives
a-u; >0 (j=1,2), a-(—v;) >0 (i=1,2).
Thus a - v; < 0 for i = 1,2, and therefore a € 2. Since int K. # @, it follows that A # @. O
We use the dual cone notation
SVi={0ecR*:9.-2>0forall z€ S}, SY:={9ecR?®:9-2>0forall zec S\ {0}}
In the convex regimes 0 < & < 7, we also fix the following Lyapunov cone notation at the outset.

Definition 2.4 (Lyapunov existence cone). Let
uy = (1,0), up = (cos¢,siné)
denote the two generating rays of the wedge. Define
A = {aERZ:a-ul >0, a-uy>0,a-v1 <0, a-vy <0}
and the corresponding drift cone
Mpyap := {p¢ € R?: Ja € A such that a - p < 0}.
3. MAIN RESULTS
We write Ky, := cone{—v1, —v2} in the strict regime.

Theorem 3.1 (stationary phase diagram). Assume 0 < { <7 and 1 < a < 2.

(i) Ifa =1, let £ = cone{v1,va} and let ng be the unit normal to £ whose positive half-plane
contains S\ {0}. The submartingale problem admits a stationary distribution if and only if
ng - pu<0.

(ii) If 1 < a < 2, the submartingale problem admits a stationary distribution if and only if
12 ¢ K.

Proof. Suppose first that a = 1. By proposition 5.10,
SmLyap = {M ‘ng i< 0}7 S)Ensup = {M Ny - u> 0}

Existence on the first half-plane follows from proposition 6.11; nonexistence on the second follows
from theorem 5.4. The boundary line is excluded by proposition 5.14.
Now assume 1 < a < 2. By lemma 2.2, S C Kg,. Hence

cone{ui, uz, —v1, —ve} = Kspr,
and the polar description in proposition 6.10 yields
S)ﬁLyap = RQ \ K.

Thus proposition 6.11 gives existence for u ¢ K, whereas theorem 7.12 gives nonexistence for
every p € K. O

Every application of the stationary inequality in the proof of theorem 3.1 uses a bounded
admissible test function. In particular, the classification requires neither an unbounded test nor
an a priori stationary moment assumption.

Remark 3.2 (logical scope of the auxiliary elliptic criteria). The proof of the phase diagram
is logically complete at the end of section 7: the borderline case uses the one-dimensional
Lyapunov, supersolution, and neutral-projection arguments, while the strict case uses the
Lyapunov complement and the localized Varadhan—Williams gauge. The stationary elliptic
system and the compatibility, elliptic-norm, cone-quadratic, and proper-gauge criteria developed
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in later sections are consequences and alternative obstruction mechanisms; none of them is used
as an input to theorem 3.1. This separation also rules out any circular use of the elliptic-system
phase diagram in the probabilistic classification.

4. STATIONARY IDENTITIES AND ADMISSIBLE SUPERSOLUTIONS
Throughout this section, o < 2. For a fixed drift u, write
1
Ly,=p-V+ §A’
and write £ when the drift is fixed by context.

Lemma 4.1 (zero stationary mass from zero occupation times). Assume o < 2, and let 7 be a
stationary distribution for the solution to the submartingale problem with drift u. Then

(4.1) ©({0}) =0, m(0S) =0
Consequently, the stationary integral of any bounded open-wedge expression is independent of the
bounded Borel values assigned on 0S.

Proof. Condition 3 in definition 2.1 gives zero occupation time at the vertex, and [5, Lemma 3.3]
gives zero occupation time on the whole boundary. Under the stationary initial law, the following
expectation identities are finite because the integrands are bounded. For every t > 0,

0—E, /0 140)(Z(s)) ds = t7({0}),

The zero boundary-occupation identity gives separately

¢
O:Eﬂ/o 195(Z(s))ds = tw(0S).

The last assertion follows because two bounded Borel extensions of the same open-wedge expression
differ only on 95, a m-null set. U

Proposition 4.2 (stationary inequality and zero boundary mass). Assume « < 2, and let 7 be
a stationary distribution for the solution to the submartingale problem with drift u. Then for
every admissible test function f,

(4.2) /Sﬁf(x) m(dr) <0
Moreover,
(4.3) ©({0}) =0, w(0S) = 0.

Proof. The zero-mass statement is lemma 4.1. Fix an admissible test function f. Definition 2.1

implies that
My(t) = / Lz

is a submartingale. Since f € CZ(S), both f(Z(t)) and the time integral of the bounded open-
wedge generator are integrable after any bounded Borel extension to the boundary. Under a
stationary initial law 7,

SO

/Lf ds} <0.

Because Lf is bounded in the open wedge and 7(9.S) = 0, Fubini’s theorem and stationarity give

/Ef ds—/ /Efdwds—t/ﬁfdw,
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where any bounded Borel extension of the open-wedge generator may be used on 95. Division
by t yields (4.2). O

Corollary 4.3 (stationary equality for neutral boundary tests). Assume o < 2, and let 7w be a
stationary distribution for the drift . Suppose f € C’g(S) is constant near the vertex and satisfies

Dif:(] on 851, i:1,2.

Then both f and —f are admissible test functions, the open-wedge generator Lf has a bounded
Borel extension to S, and
/ Lfdr=0.
S

The value assigned to Lf on 0S is immaterial.

Proof. The function — f is also in Cg(S ) and is constant near the vertex. The boundary equalities
imply D;f > 0 and D;(—f) > 0 on both faces, so both signs are admissible. Since f € CZ(S),
the open-wedge generator Lf is bounded and therefore has bounded Borel extensions to S. By
proposition 4.2, 7(9S) = 0, so the integral is independent of the chosen boundary extension.
Applying proposition 4.2 to f and to —f gives opposite inequalities for the same finite integral,
hence equality. O

Corollary 4.4 (boundary-null integration of generator bounds). Assume a < 2, and let  be a
stationary distribution for the drift . Let f € 03(5'), and let G be a bounded Borel function on
S. Interpret Lf as any bounded Borel extension to S of the open-wedge generator. If

LFf>G onS°,

/EdeZ/Gdﬂ.
S S

The analogous statement holds for upper bounds and equalities. Consequently, when applying

then

stationary inequalities, generator bounds that are proved in the open wedge and extended con-
tinuously to open faces may be integrated without specifying their values at the vertex or on the
boundary.

Proof. By proposition 4.2, 7(9S) = 0. Hence the inequality £f > G, which holds on S°, holds
m-almost surely after arbitrary choices of values on 95. Both functions are integrable because
the chosen extension of Lf is bounded and G is bounded. Integration gives the claim. Changing
the extension of £Lf on 95 changes neither side of any stationary integral. O

Corollary 4.5 (pathwise integration of interior generator bounds). Assume a < 2, and fix an
initial state z € S. Let f € C,?(S), and let G be a bounded Borel function on S. Interpret Lf as
any bounded Borel extension to S of the open-wedge generator. If

Lf>G onS°,
then, for every T < oo,

E, /OT £f(Z.)ds > E, /OT G(Z.) ds.

The analogous statement holds for upper bounds and equalities. Thus open-wedge generator
inequalities for bounded localized tests may be used inside time integrals under any initial state,
without specifying special values at the boundary or verter.

Proof. The solution has zero occupation time on the whole boundary: definition 2.1 gives zero
occupation time at the vertex, and |5, Lemma 3.3| gives zero occupation time on 0S. Hence

T
/ 195(Zs)ds =0 almost surely
0
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for every initial state. The inequality Lf > G holds whenever Z; € S°, and the set of times at
which Z; € 05 has Lebesgue measure zero. Since both functions are bounded, integration in
time and expectation give the claim. Changing the boundary extension of Lf changes the time
integral only on a null set of times. O

Proposition 4.6 (scaling invariance along drift rays). Assume a < 2, so that the Markov family
of definition 2.1 with drift is available. For r > 0, let
T.:5—585, Trx =rx.

If ™ is a stationary distribution for drift i, then (T,)um is a stationary distribution for drift yu/r.
Equivalently, for every ¢ > 0, stationary ezistence for drift p is equivalent to stationary existence
for drift cu.

Moreover, if ™ has interior density pr, then (T,)xm has density

pr(y) =7 %pely/r),  y €S,
Consequently, existence and nonexistence are invariant under positive rescaling of a nonzero drift.
Proof. Let Z solve the submartingale problem with drift © and initial point z, and define
Y(t):=rZ(t/r?),  t>0.

For an admissible test function g, set f(x) = g(rz). Then f is admissible: it is constant near the
vertex whenever ¢ is, and on 985;,

D;f(xz) =rD;g(rz) > 0.
The chain rule gives
1 1
£1@) = (9458 1) = (294 58 ) alra) = 2L, g(r0).

Let F# be the canonical filtration of Z, and put FY := F 57,2. Evaluating the submartingale

associated with f at time t/r? gives
t/r?
F(Z(t/r%) = [(2(0)) —/0 L,.f(Z(s))ds
t/r?
V() =gV O) = [ L0 Z(s)) ds

— (¥ (£) — g(Y(0)) - /0 £,r0(Y(9)) da,

s in the last integral. Thus the required process for Y is an F} -submartingale. Its
initial state is Y (0) = rz. For every T' < oo,

where q = r?

T T/r2
/ Ly (Y'(t)) dt = 7”2/ 1403(Z(s))ds =0 almost surely.
0 0

The same identity with 19g preserves zero occupation time on the whole boundary. Hence Y solves
the Lakner—Liu—Reed submartingale problem with drift x/r and initial point 7z. Uniqueness for
a < 2 identifies this law with the canonical Markov family at drift p/r.

If Z(0) ~ 7 and 7 is stationary for drift u, then Z(t/r?) ~ m for every t. Therefore
Y (t) =rZ(t/r?) ~ (T,)u for every t, so (T,) 4 is stationary for drift u/r. Replacing r by 1/c
gives the equivalence between p and cu. Finally, for every Borel set A C S°,

(T,)y(A) = m(r—14) = /A r2pa(y/r) dy,

which proves the density transformation. U
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Proposition 4.7 (interior adjoint equation and smooth density). Assume a < 2, and let 7 be a
stationary distribution for the solution to the submartingale problem with drift u. Then

Lodr =0
g0
for every ¢ € C2(S°). Consequently, the restriction of T to the open wedge S° is absolutely
continuous with respect to Lebesque measure. Its density pr is C* in S° and satisfies the adjoint
stationary equation

1
§Ap7r—u-VpTr:O in S°

i the classical sense.

Proof. If ¢ € C%(S°), then the compact support of ¢ has positive distance from the vertex and
from 3S. Hence ¢ and —¢ are both bounded admissible test functions: they are identically zero
in a full neighborhood of the vertex and in a neighborhood of each face, so the oblique boundary
inequalities are automatic. In particular, no boundary value of the open-wedge generator enters
this argument. Applying proposition 4.2 to both signs and using 7(9S) = 0 gives
Lodr <0, - Lodr <0,
Se Se
and therefore
Lodr = 0.
SO
This means that the order-zero distribution
T :=7|go

satisfies £L*T = 0 in D’(S5°). We spell out the elliptic regularity step because no regularity of the
measure is assumed a priori. Define the distribution

Q:=e ", (Q, ) := (T, e **P).
For ¢ € C2°(S°), put ¢ = e #*1). A direct calculation gives

o= (u v QA) () = e (A — ).

Consequently,

(A = |p*)Q,v) = 2(T, Lp) = 0.
Thus Q is a distributional solution of the constant-coefficient equation (A — |u|?)Q = 0. The
operator P = A — |u|? has principal symbol —|¢|?, which is nonzero for every ¢ # 0; hence P is
elliptic. Constant-coefficient elliptic hypoellipticity gives sing supp @ C sing supp(PQ) = &, and
therefore Q) € C°°(S°); see, for example, [3|. Thus @ is represented by a smooth function ¢ on
S°. It follows that

T = etq(x) de,

so 7|go has the smooth density p, = e#*q. Returning to £*T = 0 gives

1
E*pﬁ = §Ap7r_,uvp7r =0

classically in S°, as claimed. (]

Corollary 4.8 (strict positivity of the interior stationary density). Assume o < 2. Let 7 be a
stationary distribution for the solution to the submartingale problem with drift u, and let pr be
the interior density from proposition 4.7. Then

pr(x) >0 for every x € S°.
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Proof. By proposition 4.2, w({0}) = 0 and 7(9S) = 0. Hence
/ pr(z)de =7(S°) = 1.

In particular, p, is not identically zero. Because 7 is a nonnegative measure, its smooth density
is nonnegative almost everywhere; continuity therefore gives p, > 0 at every point of S°. Since
pr satisfies

1
§Ap7r —p-Vpr=0  inS°,
the strong maximum principle for uniformly elliptic equations with bounded lower-order co-

efficients applies on every relatively compact connected subdomain of S°; see [2, Chapter 3|.
Suppose that p;(zg) = 0 for some zy € S°, and set

Zp :={x € S° : pz(x) = 0}.
The set Zj is relatively closed by continuity. For every x € Zj, choose 7, > 0 such that

Ba,, () € S°. On By, (), the nonnegative solution p, attains its minimum zero at the interior
point x. The strong maximum principle gives

pr =0 on By, (z),

s0 Ba,, (x) C Zy. Hence Zj is also relatively open. Since S° is connected and Zy # &, one would
have Zy = S°, which contradicts 7(S°) = 1. Therefore p, > 0 throughout S°. O

Proposition 4.9 (ground-state transform and analyticity of the interior density). Assume a < 2.
Let w be a stationary distribution for the solution to the submartingale problem with drift u, and
let pr be the interior density from proposition 4.7. Define

gr(x) == e " pr(x), xeS°.
Then g > 0 in S°, and g satisfies
Agr = |’ qx in S°.

Consequently both g, and p; are real analytic in S°. In particular, when p = 0, the interior
density pr is a positive harmonic function in the open wedge.

Proof. The positivity of ¢, follows from corollary 4.8 and the positivity of the exponential factor.
Write
pr(z) = € qn().
Then
Vpr = " (Var + pigr),
and
Apr =" (Agr + 21 - Vr + |u|2qﬂ).
Substituting these identities into the interior adjoint equation

1
iApn—u'pr:()

gives

1 1

iAQTr - 5’”’2(]7r =0,
which is exactly Aqy = |p|?¢r. The operator has analytic constant coefficients, so analytic elliptic
regularity implies that every smooth solution is real analytic; see [6]. Hence ¢ , and therefore

pr = e*¥qr, is real analytic in S°. O

Remark 4.10 (interior elliptic reductions impose no boundary condition). The conclusions of
propositions 4.7 and 4.9 and corollary 4.8 are purely interior statements. They use compactly
supported test functions in S° and the fact that any stationary distribution gives no mass to
0S. No Neumann, oblique, or flux boundary condition for the density is asserted or used in
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the arguments below. This distinction is necessary in the Lakner—Liu—Reed nonsemimartingale
regime, where the process is not represented by boundary local times in the way a semimartingale
reflected Brownian motion is.

Proposition 4.11 (separator barrier). Assume

0<E<m, 1<a<?2.
Let b be the geometric separator. For any drift u € R?, choose
2b -
(4.4) v > rnax{O, - |b|2,u}7 P, (z) =P — 1.
Then
(4.5) ,(0)=0, —1<&,<0o0nS,
(4.6) D;®, >0 on0S;, LO, >0 on S° and by continuous extension to the open faces.

Proof. Since b-x < 0 on S, with strict inequality away from the origin, (4.5) follows from the
separator property. Also,

Vo, =%, Ad, = ~%b]2e

Hence
D;®., = v (b-v;) >0,
and
LD, = evb'l’(fyb A+ %721612> >0,
by the choice of . O

Definition 4.12 (local admissible patching family). Fix a drift © € R? and choose 7 as in
proposition 4.11. A family

{f-:0<e<ey}y CCES)
is called a local admissible patching family for the drift p if there is a fixed constant r > 0 such
that, for every sufficiently small € > 0,

(4.7) fe = const in a neighborhood of 0,
(4.8) fe =2, on S\ By,

(4.9) Dife >0 on 95,

(4.10) Lf->0 on S°.

Remark 4.13 (generator inequalities in local patching tests). In definition 4.12, the generator
inequality is a pointwise open-wedge inequality, with the open-face values understood through
the continuous facewise extensions of the bounded C? test. The value assigned at the vertex
and on the boundary is irrelevant to stationary integrals by lemma 4.1 and corollary 4.4. Thus
the local patching contradiction uses bounded admissible tests only, and no boundary generator
term is being introduced.

Theorem 4.14 (patching criterion for nonexistence). Assume
0<é<m, 1<a<?2.

Fiz a drift vector u € R?. If there exists a local admissible patching family for p in the sense of
definition 4.12, then the solution to the submartingale problem with drift p admits no stationary
distribution.

Proof. Let m be stationary and let f. be a local admissible patching family. By proposition 4.2,

(4.11) OZ/Efgdﬂ.
S
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Using definition 4.12 and proposition 4.11,

(4.12) / Lf.dr > / L., dr.
s S\Bre

By proposition 4.11 and the boundary-null integration convention, the open-wedge integrand
L., is bounded, nonnegative, and strictly positive on S°. Since 7(9S) = 0 and 7({0}) = 0, it is
strictly positive m-almost everywhere on S\ {0}. The strict positivity gives a positive integral:
up to the m-null boundary,

svi0r=U (51 opn{ee, > 1),

n=1

and therefore one of the sets in this union has positive m-mass. Hence

/ L., dmr > 0.
S\{0}

Moreover, 15\p,. T 15\(0} as € | 0. Put

I, ::/ LD, dr > 0.
S\{0}

The monotone convergence theorem gives

lim L. dr = I,.
10 J5\B,.

Hence there exists €9 > 0 such that, for every 0 < € < &g,

I
/ LS dr > = >0.
S\Bre 2

Together with (4.12), this yields [¢ £f. dm > I,/2, contradicting (4.11). O

Definition 4.15 (vanishing-core admissible contradiction family). Let H : S — [0,00) be
continuous and satisfy

(4.13) H(0) =0, H(z) >0 (z#0).

A family {fs : 0 < § < dp} C CZ(9) is called a vanishing-core admissible contradiction family
relative to H if, for every sufficiently small 6 > 0,

(4.14) f5 = const near 0,

(4.15) D;fs >0 on 9S;,

(4.16) Lfs>0 onS°,

(4.17) Lfs(z) >0 (z€8° H(z)>9).

Theorem 4.16 (abstract vanishing-core contradiction criterion). Assume a < 2. Let H and
{fs} be as in the preceding definition. If such a vanishing-core admissible contradiction family
exists for a drift u, then the solution to the Lakner—Liu—Reed submartingale problem with drift u
admits no stationary distribution.

Proof. Assume, for contradiction, that 7 is stationary. By proposition 4.2, for every 9,

(4.18) 0 z/£f5 dr.
S

On the other hand, by the generator conditions in the definition of a vanishing-core admissible
contradiction family, the open-wedge integrand L f5 is nonnegative on S° and strictly positive on
S°N{H > ¢6}. Since 7(0S) = 0, and since H(0) = 0 makes the vertex irrelevant for {H > 4},
the condition 7{H > ¢} > 0 implies

m(As) > 0, As = S°N{H > d}.
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On As the measurable function L fs is pointwise positive. Hence

[e.e]

As = J (Asn{Lfs > 1/n}),

n=1

and if m(As) > 0, then some set in this increasing union has positive m-mass. Consequently

(4.19) / Lfsdr >0,

S
which contradicts the stationary inequality for f5. Therefore
(4.20) m{H >} =0 (0 <8 < dp).

Choose N so large that 1/N < dg. Since H(z) > 0 for every z # 0,
(4.21) S\ {0} = |J {H > 1/n}.

n>N

For every n > N, the preceding zero-mass conclusion applies with 6 = 1/n, and therefore
m{H > 1/n} = 0. Thus (S \ {0}) = 0. But proposition 4.2 also gives w({0}) = 0, contradicting
m(S) = 1. Hence no stationary distribution exists. O

Remark 4.17 (specializations of the criterion). Taking H(z) = |z| and matching the separator
barrier ®., outside a shrinking ball gives the patching criterion for nonexistence. Taking H(z) = c¢-z
gives the one-dimensional supersolution theorem below. In both cases the admissible supersolution
has a generator that is positive outside a core shrinking to the vertex.

5. A DIRECT ADMISSIBLE-SUPERSOLUTION NONEXISTENCE CONE

This section establishes a direct nonexistence criterion based on bounded functions of one dual
coordinate.

Definition 5.1 (direct supersolution cone). Let
B:={ceS :c-v;>0fori=1,2}.

Define
Maup 1= {1 € R? : 3¢ € B such that ¢ p > 0}.

Lemma 5.2 (integrable one-dimensional profiles). Let 6 > 0 and p > 0. There exists a function
w5 € C*([0,00)) such that

ws(s) =0 (0<s5<§/2), ws(s) >0 (s>9),

B = pesls) (520, [ asods <
0
Proof. Choose a nondecreasing function ¢ € C°°(]0, 00)) such that
0<y <1, ¥ =0on [0,6/2], ¥ >0 on (§,00), ¥ =1on [3§/2,00).
Set
@s(s) = 1(s)e”"”.
Then ;5 is smooth, vanishes on [0, /2], is positive for s > 4§, and is integrable. Moreover
P5(s) = e ) (s) — pps(s) = —pps(s),
because v’ > 0. This proves the lemma. O
Lemma 5.3 (one-dimensional bounded supersolution). Let ¢ € SY and suppose
c-v; >0 (1=1,2), c-pu>0.
Then for every § > 0 there exists a function f5 € Cg(S) of the form
fs(z) = hs(c- 2)
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which is constant in a neighborhood of the vertex, satisfies
D;fs >0 on0S;, Lfs>0 onS°,

and such that
Lfs(z) >0 for z € 8° with ¢+ z > 4.

Proof. Set
1
m:=c-p>0, d::§|c\2.
Choose 0 < p < m/d, and let ps be the profile given by lemma 5.2.
Define

hs(s) == /OS ws(r) dr, fs(z) :==hs(c- z).

Then hs is bounded, nondecreasing, C2, and constant on [0,6/2]. Moreover, hs = @5 and
hf§ = ¢ are bounded, because the profile is smooth, exponentially decaying outside a compact
transition region, and constant near the origin. Since ¢ € SY, the condition ¢ -z < §/2 contains a
neighborhood of the vertex in S, so fs5 is constant near the vertex. The composition with the
linear map z — ¢ - z therefore belongs to CZ(S).

On 0S5;,

D;fs(2) = h(c-2)c-v; = ps(c-2)c-v; > 0.
Moreover,
Lfs(z) = (c- whs(c-z) + %IC\Z’ZS'(C - z) = meps(s) + dps(s),
where s = ¢ z. By the differential inequality on s,
Lfs(z) = (m —dp)es(s) = 0.

Because m — dp > 0 and ¢s(s) > 0 for s > §, we also get strict positivity whenever ¢-z >4§. O

Theorem 5.4 (direct nonexistence cone). Assume o < 2. If p € Mgyp, then the solution to the
Lakner—Liu—Reed submartingale problem with drift . admits no stationary distribution.

Proof. Choose ¢ € 9B with ¢-u > 0. Suppose, for contradiction, that « is a stationary distribution
for the drift u. Fix § > 0 and let f5 be given by lemma 5.3. By proposition 4.2,

0 2/£f5d7r.
S

On the other hand, lemma 5.3 gives Lfs > 0 on S° and Lfs > 0 on S°N{c-z > §}. Since
m(0S) = 0, the boundary-null integration convention implies that £fs > 0 m-almost everywhere.
The preceding display therefore forces | gLfsdr =0. If

As :=5°Nn{c-z>4d}
had positive m-mass, then, because Lf5 > 0 pointwise on Ag, the decomposition

A= (asn{ess=21)

n=1
would give [ g Lfsdm >0, a contradiction. Hence
T(S°N{c-z>4d})=0.
Because m(0S) = 0, this is the same as
m{c-z>d} =0.
Since this holds for every 6 > 0, applying it with § = 1/n and using

S\{O}:U{zeSzc'z>1/n},

n>1
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which follows from ¢ € SY, gives
7(S\ {0}) = 0.

This contradicts lemma 4.1, which gives m({0}) = 0, while 7 is a probability measure. O

Remark 5.5 (geometric interpretation). The cone My, is the first nonexistence region obtained by
a completely explicit admissible supersolution. It is different from the two-dimensional patching
problem: here the supersolution is one-dimensional in the coordinate c¢- z, and it works only when
a direction c is simultaneously positive on the wedge, nonnegative on both reflection directions,
and points outward in the drift sense ¢ -y > 0.

Proposition 5.6 (maximality of the direct one-dimensional class). Let ¢ € SY. Suppose there
exists a function h € CZ([0,00)) such that

h' >0, h % constant,
h is constant in a neighborhood of 0, and
£(2) = hie- 2)
satisfies
leZO on 832, ,CfZO on S°.
Then
c-v; >0, 1 =1,2,
and
c-u>0.

Consequently, every nontrivial monotone bounded one-dimensional admissible supersolution of
the form h(c- z) arises only from a drift j in the direct supersolution cone Mgyp.

Proof. Write
1
m:=c-p, d::§]c|2>0.
Since ¢ € SY, the function z — ¢ - z maps each open boundary ray 9.5; onto (0,00). Because
k' > 0 and h is not constant, there is so > 0 with h'(sg) > 0. For each i choose z; € 9S; such
that ¢- z; = sg. Then
0 < Dif(z) = I'(s0)c- v,
soc-v; >0fori=1,2.
Next set p := h/. Since h is bounded and nondecreasing, p > 0. Moreover, for every R > 0,
R
/ p(s)ds = h(R) — h(0) < sup h(s) — h(0) < oo,
0 s>0

and monotone convergence gives

/Ooop(s) ds < oo.

Moreover, since h is constant near 0, there exists s; > 0 such that p(s) = 0 for 0 < s < s7.
Choose an interior unit direction u, € S°NS!. Since ¢ € SY, one has ¢ - u, > 0. For every
s > 0, the point z; = (s/(c - us))us lies in S° and satisfies ¢ - z; = s. The open-wedge generator
inequality, applied at zs, gives

0 < Lf(z5) = mh'(s) +dh"(s) = mp(s) + dp'(s).
Thus

Let k := m/d and define
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Then

G'(s) = ks (p'(s) + kp(s)) > 0.
Since p = 0 near 0, G = 0 near 0; hence G is nonnegative and nondecreasing.

If m <0, then £ < 0. Since h is not constant, p is not identically zero, so there is sy with
G(s2) > 0. For all s > s9,
G(s) = G(s2) > 0,

and therefore

p(s) = e *G(s) > G(sy)e .
When k < 0, the right-hand side is not integrable over [s2, 00). This contradicts p € L'(0,00).
Hence m > 0, i.e. ¢-pu > 0. (]

Remark 5.7 (sharpness within the monotone one-dimensional class). Lemma 5.3 and proposi-
tion 5.6 show that Mgy, is exactly the drift region accessible to bounded monotone supersolutions
of the form h(c- z). Thus a drift outside My, cannot be excluded by a test in this particular
monotone bounded-profile class. This conclusion concerns the class, not the dimension of every
alternative argument: at o = 1 the remaining reflection line is excluded by compactly supported
neutral tests of the single coordinate n.¢ - z, whereas in the strict regime the remaining cone
is treated by the genuinely two-dimensional Varadhan—Williams gauge; see proposition 5.14
and theorem 7.12.

Proposition 5.8 (nonemptiness of the direct supersolution cone). Assume 0 < & < 7. Let
V := cone{vy, va}.

Then

(5.1) B+ — VnN(-S) ={0}.

Equivalently, a direct admissible supersolution depending on one linear coordinate exists exactly
when the cone generated by the reflection directions contains no nonzero vector pointing into the
opposite wedge.

Proof. Suppose first that ¢ € B. If there were a nonzero vector w € VN (—S), then —w € S\ {0}.
Since ¢ € SY, we would have
c- (—w) >0,
and hence ¢-w < 0. On the other hand, w € V = cone{vi,v2} and ¢-v; > 0 for i = 1,2, so
¢-w > 0, a contradiction. Thus V' N (-S) = {0}.
Conversely, assume V N (—S5) = {0}. We use the finite-dimensional Farkas alternative to
obtain the required mixed strict /weak separator. Consider the system

(5.2) c-up > 1, c-uy > 1, c v >0, c-vg > 0.

If this system were infeasible, Farkas’ lemma would give nonnegative numbers A1, Ag, 51, B2, with
A1+ Ao > 0, such that

Atur + Agug + Sror + Savg = 0.
Then

Bro1 + vz = —(A1u1 + Agus)
is a nonzero vector in V' N (—9), contradicting the hypothesis. Hence (5.2) is feasible. Any
feasible c¢ satisfies ¢- z > 0 for every z € S\ {0}, because S = cone{ui,us} is pointed and both
inequalities on the wedge generators are strict after normalization. Thus ¢ € SY, and the two
inequalities ¢ - v; > 0 give ¢ € B. Therefore B # . U

Remark 5.9 (geometric meaning). The Lyapunov existence cone is available under the opposite
separation condition cone{vi,v2} NS = {0}, which is precisely the convex-regime geometry
used to construct the separator b. The direct admissible-supersolution cone instead requires
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cone{vy,va} N (—=S) = {0}. Thus the two one-dimensional criteria live on opposite geometric
sides of the reflection cone.

Proposition 5.10 (borderline geometry when o = 1). Assume
0<¢<m, a=1.

Let

£ = cone{vy, va}.
Then £ is a line through the origin and £ NS = {0}. There is a unique open half-plane bounded
by L that contains S\ {0}. Let ng be the unit normal to £ pointing into that half-plane, so that

ng-z>0 (z€5\{0}), ng-v;=0, i=1,2.
Then
A= {tng :t >0}, B = {tng :t > 0}.
Consequently,
Mryap = {p:ng - p <0}, Maup = {p:ng - p >0},
and the set remaining after the two one-dimensional criteria is exactly the reflection line

{ning p=0}=2.
Proof. The first statement is the borderline part of the Lakner-Liu—Reed geometric classification.
Since .Z NS = {0} and S is a closed convex wedge of opening angle less than 7, all nonzero
points of S lie in one of the two open half-planes bounded by .. This determines n_¢ uniquely.

Because v1,v9 € £, one has ng - v; = 0 for ¢ = 1,2. Hence every positive multiple of n ¢
belongs both to 2 and to B.

Conversely, let a € 2. Since .Z = cone{vi,vs} is a line, the two reflection directions are
opposite generators of the same line. Thus the two inequalities a-v; < 0 and a - ve < 0 force a to
vanish on .Z. Therefore a is a scalar multiple of one of the two unit normals to .Z. The condition
a-z>0on S\ {0} selects precisely the positive multiples of ng. Thus 2A = {tny : t > 0}.

Now let ¢ € B. Write vy = —pv; with p > 0. The two inequalities

c-v >0, c-vg=—pc-v; >0

force ¢ -v; = 0, and hence ¢ vanishes on the line .. Thus ¢ is a scalar multiple of one of
its two unit normals. The condition ¢ € SY selects the positive multiple of ng. Therefore
B = {t’n‘g it > 0}.

The formulas for Myyap, and Mgy, now follow directly from their definitions. The boundary
set between the two open half-planes is the line n» - u = 0, which is exactly .Z. (]

Remark 5.11. The two one-dimensional criteria cover the two open half-planes: the Lyapunov half-
plane gives existence and the opposite half-plane gives direct nonexistence. The next proposition
rules out the boundary reflection line by a projection argument. The required one-dimensional
distributional fact is stated first.

Lemma 5.12 (finite half-line measures with zero second derivative). Let m be a finite nonnegative
Borel measure on (0,00). If

/ ¢"(s)m(ds) =0 for every ¢ € Cf(((), o)),
(0,00)

then m = 0.

Proof. The measure m defines a distribution T, on (0, 00), and the displayed identity says that
T =0. We record the elementary distributional integration step. Put U = T),. Then U’ = 0.
Fix p € C2°((0,00)) with [ p=1. If » € C2°((0,0)) has integral zero, then

o= [ vy
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belongs to C2°((0,00)): it vanishes near zero because ¢ does, and it vanishes for all sufficiently
large s because fooo 1) = 0. Moreover, X’ = 1. Hence

U(y) =-U'(x) =0.
For arbitrary ¢ € C°((0,00)), the function ¢ — ([ ¢)p has integral zero. Therefore

Ulp)=a [ e)ds a=U),

so U is the constant distribution a. If s +— as also denotes the distribution induced by that
smooth function, set

V.=1T,, — as.
Then V' = 0. Retain the test function p € C°((0,00)) with [ p =1 and define b := V(p). For

arbitrary ¢ € C2°((0,00)), put
=@ — w(s)ds | p.
(0 (/0 (s) s)

Then [¢ = 0, and the compactly supported primitive x(s) = fos (r) dr satisfies ' = 1.
Therefore

V() =-V'(x) =0,
and hence

Vig)=b /0 o(s) ds.
Consequently .
To(p) = /0 (as + D)p(s)ds, ¢ € CF((0,00)).

Thus m is absolutely continuous with affine density as 4+ b on (0,00). Since m is nonnegative,
the continuous affine function as + b is nonnegative for Lebesgue-almost every s > 0. If it were
negative at one point, continuity would make it negative on an interval of positive Lebesgue
measure, a contradiction; hence it is nonnegative everywhere on (0,00). This forces a > 0, since
otherwise the affine density is negative for all sufficiently large s, and it forces b > 0, by letting
51 0. If a > 0, then m((0, R)) grows quadratically in R; if a = 0 but b > 0, then m((0, R)) grows
linearly in R. Since m is finite on the whole half-line, both alternatives are impossible. Therefore

a=b=0and m=0. O

Proposition 5.13 (neutral linear projection contradiction). Assume a < 2. Let £ € R? satisfy
0-z>0 (ze8\{0}), C-v; =0 (i=1,2), 0-p=0.

Then the Lakner—Liu—Reed submartingale problem with drift u admits no stationary distribution.

Proof. Suppose, to the contrary, that 7 is stationary. Let ¢ € C2((0,00)), extend ¢ by zero to a
neighborhood of the endpoint, and set

f(z)=p-2), zeS.
Because £ is strictly positive on the compact set SNS!, there is ap > 0 with £-z > ay|z| for z € S.

Hence the support of f is contained in a compact subset of S\ {0}. In particular f € C’g(S), is
constant on a neighborhood of the vertex, and satisfies

Dif(z)=¢'(l-2)0-v; =0 on 05;.
Thus f is a neutral admissible test. By corollary 4.3,

0—/S£fd7r.
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The open-wedge generator is

L) = (0wl (L 2) 4 P20 2) = S IR (¢ 2),

and the boundary-null convention allows this identity to be integrated against m. Therefore
/ Ol 2)m(dz) =0 for all ¢ € C?((0,00)).
S

Let my be the push-forward of 7 under z — ¢- z. Since £-z > 0 on S\ {0} and 7({0}) = 0, this
is a probability measure on (0, 00). The last display says that its second distributional derivative
is zero on the half-line. By lemma 5.12, my = 0, contradicting my((0,00)) = 1. O
Proposition 5.14 (critical reflection line at av = 1). Assume
0<¢&<m, a=1.
Let £ = cone{vy,va} and let ng be the unit normal from proposition 5.10. If
ng W= 07
then the solution to the Lakner—Liu—Reed submartingale problem with drift p admits no stationary
distribution.
Proof. By proposition 5.10, ng - z > 0 for every z € S\ {0}. Since £ = cone{v1,v2} and
ny L .2,
n:/'Ui:O, 221,2
The critical-line hypothesis gives n¢ - 4 = 0. Therefore proposition 5.13, applied with ¢ = n ¢,

rules out a stationary distribution. The proof uses only compactly supported neutral functions
of ng - z, not the unbounded normal coordinate itself. O

6. LYAPUNOV EXISTENCE THEOREM AND THE EXISTENCE CONE

The analytic existence criterion below assumes only @ < 2 and the sign conditions on a single
Lyapunov direction. The subsequent cone identities use 0 < £ < 7w and 1 < a < 2.

The Foster-Lyapunov argument uses the following sign convention. If a test function U,
satisfies D;U,, < 0, then definition 2.1 applies to —U,,; equivalently, the corresponding process
for U, is a supermartingale. As on the nonexistence side, no unbounded Lyapunov function
is inserted directly into the submartingale problem; the following two lemmas establish the
norm-like and truncation properties used throughout this section.

Lemma 6.1 (positive linear heights are norm-like). Let a € R? satisfy
a-z>0 (ze€S5)\{0}).

Then there is mg > 0 such that
a-z>meglzl, z€eS.

Consequently, every sublevel set {z € S :a-z <r} is compact. More generally, if a continuous
function U : S — [0,00) satisfies U(z) — oo whenever a - z — oo, then U is norm-like on S.

Proof. The set SNS! is compact. The continuous function u + a - u is strictly positive on this
compact set, so

Mg := min a-u > 0.
ueSNSs!

For z # 0, write 2z = |z|u with u € SN'S!. Then a -z = |z|a - u > m,|z|. Hence
{zeS:a-2<r} CSNB,m,(0),
and this sublevel set is closed in the compact set on the right. Thus it is compact. If U(z) — oo

whenever a - z — oo, then for each R there is Mp < oo such that {U < R} C {a-z < Mgr}. The
preceding compactness shows that {U < R} is compact, so U is norm-like. U
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Lemma 6.2 (bounded concave truncation profiles). There exists a sequence {¢p tn>1 of functions
in C*([0,00)) with the following properties. For each n,

(6.1) n(0) =0,  0<on(s) <s,  0<d(s) <1, n(s) <0,

(6.2) dn(s)=s (0<s<mn), ¢n(s) = constant (s > n+ 2),
and, for every fized s > 0,
(6.3) Pn(s) =5, duls) = L.

Proof. Choose a function p € C*°(R) such that 0 < p < 1, p/ <0, p(u) =1 for u < 0, and
p(u) = 0 for u > 2. Define

Pn(s) := /Os p(r —n)dr, s> 0.

Then ¢,, € C*([0,00)), ¢, = p(- —n), and ¢!, = p'(- —n) < 0. The plateau identities follow from
the two plateau regions of p. Since 0 < ¢/, < 1 and ¢,,(0) = 0, one has 0 < ¢,,(s) < s. Finally, for
each fixed s, once n > s, the point s lies in the identity region, so ¢, (s) = s and ¢/,(s) =1. O

Lemma 6.3 (bounded concave truncations for negative-boundary Lyapunov gauges). Assume
a<2. LetV :8 —[0,00) be continuous, facewise C? and locally C*-extendable away from the
vertex, constant in a neighborhood of the vertex, and norm-like. Suppose
DZ‘V < 0 on 6Sz, 1= 1,2,
through open-face limits. Let ¢, be one of the bounded concave truncation profiles from lemma 6.2,
and set Vi, = ¢, (V). Then V,, € CE(S), Vi, is constant near the vertez, and
D;V, <0 on08S;.

Thus —V,, is an admissible test function, and

Vi)~ Vil - | "LVi(2.) ds

is a supermartingale. If, in addition, for some compact K C S and constants 6,C > 0,
LV <=6V +C1lg on S°,

then, on S°,

LV, < =3¢, (V)V + Clg.
The displayed generator inequalities hold in the open wedge; their pathwise time-integral con-
sequences for the bounded truncations follow from corollary 4.5, and their stationary integral
consequences follow from corollary 4.4.

Proof. For fixed n, the function V,, is bounded. Since V is constant near the vertex, so is V,.
The possible nonconstant region of V,, is contained in

{V<n+2}c{V <n+2},

and this latter set is compact because V is norm-like. Choose a vertex neighborhood on which
V is constant. Outside that neighborhood, the compact set {V < n + 2} is covered by finitely
many neighborhoods on which the local C?-extensions of V are available, and the first and
second derivatives of V' are bounded on this compact set. The chain rule and the fixed bounded
derivatives of ¢, therefore give a bounded C? extension of V,, on the nonconstant region; the
two constant plateaus complete the extension near the vertex and outside {V < n + 2}. Hence
Vi, € CZ(S). No uniform CZ-bound in n is asserted or needed. The boundary sign follows from

DV, = ¢, (V)D;V < 0.
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Therefore —V;, is admissible. Applying definition 2.1 to —V,, gives that
t
V() + V(o) +/ LV, (Z,) ds
0

is a submartingale, equivalently the displayed process with sign reversed is a supermartingale.
Finally, the chain rule in the open wedge gives

1
LV, = ¢ (VILV + S n(V)IVVI* < ¢, (V)LV.,
because ¢! < 0. Combining this with the drift inequality for V and 0 < ¢!, <1 yields
LV, < =3¢ (V)V + Clg.

The asserted integration conventions follow from corollaries 4.4 and 4.5. O

Lemma 6.4 (averaged Foster bound from bounded truncations). Assume o < 2, and let (Z;)i>0
be the Markov family started from a fized state z € S. Let V : S — [0,00) be a norm-like gauge
and let Vy, = ¢p (V) be bounded truncations as in lemma 6.3. Suppose that, for some §,C > 0
and compact K C S, each V,, satisfies the supermartingale localization

t
Vo(Zy) — Vi(Zo) — / LV, (Zs)ds is a supermartingale,
0

and the open-wedge generator bound
LV, < =3¢ (V)V + Clg.
For each fized n, the right-hand side is bounded and Borel. Indeed, the truncation profiles satisfy
0<¢h(s)s<n+2, s >0,
because 0 < ¢, <1 and ¢}, =0 on [n+ 2,00). Then, for every T > 0,

V(z) C
/ z)ds < 2 1 C

Proof. Set
Gp:=-0¢,(V)V + Clg.
The preceding boundedness observation makes G,, a bounded Borel function. By the pathwise
boundary-null convention, corollary 4.5, the open-wedge inequality £V,, < G,, may be integrated
along the path.
The supermartingale inequality gives

E.[V,(Zr)] — / LV, (Zs)ds <0,

T
Z)SEZ/ LV,(Z
0

Combining this with the integrated upper bound by G, yields

“V(2) < 5/ Z))\V ds+C/ .(Z, € K)d

Since the last integral is at most T,

and hence, since V,, > 0,

T
5 / E. [ (V(Z:))V(Z,)] ds < Va(2) + CT.

Since 0 < ¢, < id, we have V,,(z) < V(z). Dividing by 7 yields

V(z) C
/ Z)WV(Z)ds < T 1 ©




STATIONARY DISTRIBUTION FOR RBM WITH DRIFT IN A WEDGE: EXISTENCE 23

For each fixed sample point and time, ¢/ (V(Z5))V (Zs) — V(Zs), because ¢ (r) — 1 for every
finite r > 0. Fatou’s lemma gives the asserted averaged bound. Every function to which the
submartingale problem is applied is bounded; Fatou’s lemma is used only after the bounded-test
estimates have been obtained. (]

Lemma 6.5 (stationary moment bound from bounded truncations). Assume « < 2, and let
be a stationary distribution for the drift p. Let V : S — [0,00), V, = ¢n(V), §,C, K be as in
lemma 6.4, and assume in addition that —V, is admissible for every n. If

LV, < -6, (V)V +Clg on S°,

/de<c.
g )

Proof. For fixed n, the right-hand side is bounded and Borel by the same estimate
0< ¢ (s)s<n+2.

then

Since —V,, is admissible, proposition 4.2 gives

/ L(=V,,)dr <0,
S
that is,
0< / LV, dr.
S
Using corollary 4.4 to integrate the open-wedge upper bound gives
0< / LV, dr < —5/ ¢ (V)Vdr+ On(K) < —6/ &L (V)Vdr+C.

S S S

Thus
, C
/%Wng.
S )

Since ¢),(r)r — r for every finite > 0, Fatou’s lemma yields the assertion. Thus the stationary
inequality is applied only to bounded admissible tests, followed by Fatou’s lemma. O

The following two lemmas give the compactness and Krylov—Bogoliubov invariance steps in
the standard occupation-measure argument for Feller Markov processes [1].

Lemma 6.6 (norm-like averaged bounds imply tight occupation measures). Let (P;)i>o be a
Markov semigroup on the locally compact state space S, and fix z € S. Let

1 (T
vy = T/o Py(z,-)ds, T >0,

be the occupation averages. Suppose that V : S — [0, 00) is norm-like and that there are constants
A, B < oo such that
B
/VdV%SA—i—, T > 0.

g T
Then the family {v7 : T > 1} is tight.
Proof. Let € > 0. Since V is norm-like, there exists R < oo such that

Kr:={yesS:V(y) <R}
is compact and (A + B)/R < €. For every T' > 1, Markov’s inequality gives

! A+ B
D%(K%)gR/ngﬂ%g ; <e

Thus {77 : T > 1} is tight. O
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Lemma 6.7 (Krylov—Bogoliubov from tight occupation averages). Let (P;)i>0 be a Feller Markov
semigroup on the locally compact Polish space S. Fix z € S, and suppose that the occupation
measures

1 T
Ui = — Pz, -)ds
pmg [ PG
are tight. If vp, =T for some sequence Ty, — oo, then w is stationary.

Proof. Let g € Cy(S) and fix t > 0. Since the semigroup is Feller, P,g € C(.S). Weak convergence

gives
/Ptgdﬂ—/gdﬂ— lim (/ Ptgdﬂ%k—/gdﬁfzpk).
s s k—oo \Js s

By the definition of the occupation average and the semigroup property, the expression in
parentheses is

Tk
;k /0 (Psyeg(z) — Pog(2)) ds
1

- </Tjk+t Prg(z) dr — /Ot Prg(2) dr) .

Since |Prg(z)| < ||g]|co, the absolute value is at most 2¢||g||oc/T%, which tends to zero. Thus 7P
and 7 agree on Cy(.S). Both are Radon probability measures on the locally compact Polish space
S; the Riesz representation theorem therefore gives mP, = w. Since t > 0 was arbitrary, 7 is
stationary. U

Theorem 6.8 (Lyapunov existence criterion). Assume o < 2 so that the Markov family of
definition 2.1 with drift is available, unique, and has the Feller property on Co(S). Suppose there
exists a € R? such that

(6.4) a-z>0 (zeS5\{0}),
(6.5) a-v; <0, i=1,2,
(6.6) a-p<0.

Then the solution to the submartingale problem with drift i admits a stationary distribution.

Proof. We give a direct Foster—Lyapunov proof based on an exponential Lyapunov function. The
sign convention requires care: the function constructed below has nonpositive oblique derivatives,
so definition 2.1 is applied to its negative.

Choose
(6.7) 0<fB< —2‘(;"2”.
Let n € C*°([0, 00)) satisty
(6.5) Ns)=0 (0<s<y), =1 (21), i >0
Set
(6.9) V(z) :==n(a- 2)e’*?,

Then V' > 0 and V is constant in a neighborhood of the vertex. Because it is a smooth function
of the linear coordinate a - z, it is facewise C? and locally C?-extendable away from the vertex.
By lemma 6.1, a - 2 — 0o whenever |z| — oo in S, and the sublevel sets of a - z are compact;
hence V' is norm-like. Since a-v; < 0 and 7’ > 0, on 0S; we have

(6.10) DiV(z) = (n'(a-2) + Bnla- 2))eP*a - v; <0,

Thus —V has the admissible boundary sign. Since V' is unbounded, we apply the bounded
concave truncations of lemma 6.3.
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Let ¢, be the bounded concave truncation profiles of lemma 6.2, and define
(6.11) Vi = on (V).

For each fixed n, the nonconstant part of Vj, is contained in the compact set {V < n + 2}.
Therefore V,, € CZ(S) and is constant near the vertex. Moreover,

(6.12) DV, = ¢, (V)D;V <0.

Hence —V,, is admissible. definition 2.1 gives that
t

(6.13) Vi (Zy) — Vi(Zo) — / LV, (Zs) ds
0

is a supermartingale.
A multiplicative drift inequality follows. On the set {a -z > 1}, one has V = €5%? and
therefore

1
(6.14) LV = <ﬁa-u+252|a2> V.
By the choice of 3, the coefficient

1
(6.15) kg = Pa p+ 5 B%af?

is strictly negative. Fix, for instance,
0g == —%/@5 > 0.
With
(6.16) Kg:={2z€S:a-z<1},
lemma 6.1 shows that K is compact. On S\ Kg the exact identity (6.14) gives
LV = kgV < —63V.

On the compact set Kg, the open-wedge expression LV 4 3V is bounded and has continuous
open-face extensions; increasing Cs if necessary gives

(6.17) EV(Z) < *5/3‘/(2) + CﬁlKB(Z)a S SO,

and, by continuous extension, on the open faces. As usual, the value assigned at the vertex is
immaterial for later integrals. Applying lemma 6.3 to the drift bound (6.17) gives

(6.18) LV, < —(55¢;L<V)V + CglKﬁ.
Applying lemma 6.4 with § = dg, C' = Cg, and K = Kp gives the uniform averaged bound
1 /T V(z)  Cg

6.19 = E.[V(Zs)]ds < —.
(6.19) AT
Let

1 (T
(6.20) vg() = / Py(z,-)ds.

T Jo
Then (6.19) is the averaged moment bound

. V() Cs

6.21 l/Vmﬂg + S8
(6.21) REEES

By lemma 6.1, V' is norm-like. Hence lemma 6.6 implies tightness of {#/7, : T' > 1}. By Prokhorov’s
theorem, choose a weakly convergent subsequence v7, = 7 with T, — co. Applying lemma 6.7
to the Cy(S)-Feller semigroup shows that 7 is stationary. This proves the theorem. (]

Recall the Lyapunov cone notation from definition 2.4.
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Lemma 6.9 (metric-projection separator for a closed convex cone). Let C C R? be a nonempty
closed convex cone and let y ¢ C. There is a vector r # 0 such that
(6.22) r-x<0 (xeC), r-y=r*>0.

Equivalently, a := —r satisfies a-x > 0 for every x € C and a -y < 0.

Proof. Let d := dist(y,C). Since 0 € C, one has d < |y|. Choose p,, € C with |y —p,| < d+n"L.
Then, for every n > 1,

Pl <yl + |y —pal < 2Jy| + 1.
Thus (py,) lies in the compact set C'N §2|y|+1(0). Passing to a subsequence gives p, — p € C,
and continuity of the norm gives |y — p| = d. Put r := y — p. Since y ¢ C, one has r # 0. For
any x € C and t € [0, 1], convexity gives p + t(z — p) € C. The function

$(t) = |y —p — t(x - p)|?
has a minimum at ¢t = 0, and hence
0<¢'(0)=—2r-(x—p), S) r-(x—p)<0.
Taking x = 0 gives r - p > 0, while taking x = 2p € C gives - p < 0. Thus r - p = 0, and the
preceding variational inequality reduces to r - x < 0 for every z € C. Finally,
roy=r-(p+r)=r>>0.

This proves (6.22) and its equivalent formulation. O

Proposition 6.10 (polar description of the Lyapunov existence cone). Assume 0 < & < w and
1<a<2. Let

Dy := cone{uy, ug, —vi, —va}.
Then

Mryap = R\ Dy.

Equivalently, a drift vector u lies in the Lyapunov stationary-existence region if and only if it is
not contained in the closed cone gemerated by the two wedge rays and the two opposite reflection
directions —vi, —va.

Proof. First suppose p1 € Myyap. Then there exists a € 2A such that a-pu < 0. For each generator
of Dy we have
a-up >0, a-ug >0, a-(—v;)=—a-v; >0.
Thus a -z > 0 for every « € Dy. If u € Dy, this would imply a - u > 0, contradicting a - p < 0.
Hence u ¢ Dy.
Conversely, assume p ¢ Dg. The cone Dy is finitely generated and therefore closed and convex.
Apply lemma 6.9 with C' = Dy and y = p. With r = 4 — p as in that lemma, set a := —r. Then

a-x>0 (xe€ D), a-p=—|r*<0.
In particular,
a-uy >0, a-ug >0, a-v; <0.
The inequalities on u1, us may be non-strict. The possible non-strict inequalities on the wedge

generators are removed by perturbation. In the present convex regime, the geometric separator b
exists, and ag := —b satisfies

CLO'Uj>O (j:1,2), ag-v; <0 (i:1,2).

Put
dy=—a-p=|r*>0.
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Ifag-pu <0, set 6, =1;if ag-p > 0, set

Oy = min{l, i } > 0.
2a0 - p

For any 0 < § < J, define
as = a+ dag.
Then, for j =1,2 and i = 1,2,
as - uj = a-uj + dag - uj > dag - uj >0,
as-v; =a-v;+dag-v; <O0.

Moreover, if ag - < 0, then a5 - p < —d, < 0;if ag - > 0, then
d
a(;-u:—du+5ao‘u<—?“ < 0.
Thus as € A and p € Myyap. This proves the identity. O

Proposition 6.11 (Lyapunov existence cone). Assume 0 < { < and 1 < a < 2. Then A is
convex and stable under multiplication by positive scalars, Mryap s an open cone, and for every

(6.23) i€ Myyap
the solution to the submartingale problem admits a stationary distribution. Moreover,

(6.24) Miyap = R? \ cone{uy, ug, —vy, —va}.

Proof. The set 2 is an intersection of two open half-spaces and two closed half-spaces, so it
is convex and stable under multiplication by positive scalars. The strict inequalities on the
wedge generators exclude the zero vector from 2; no argument below uses closure of 2l under
multiplication by zero. For each fixed a € 2, the set {u: a - p < 0} is an open half-space. Hence

Myyap = U{U€R23a'ﬂ<0}
ac

is an open cone. The existence claim follows from theorem 6.8. The displayed geometric identity
is precisely proposition 6.10. O

Corollary 6.12 (complete borderline classification). Assume 0 < & <7 and o =1. With ng as
in proposition 5.10, the solution to the submartingale problem admits a stationary distribution
forng - u <0, and admits no stationary distribution for ng - u > 0.

Proof. If ng - 1 < 0, then p € My yap by proposition 5.10, and proposition 6.11 gives existence.
If ng -p >0, then p € Mgyp, and theorem 5.4 gives nonexistence. The boundary case n.g - =0
is proposition 5.14. (]
Corollary 6.13 (strict Lyapunov complement). Assume
0<¢é<m, l<a<?2.
Then
Miyap = R? \ cone{—vy, —va}.
Consequently, every drift outside the closed reflection cone
Kty := cone{—vy, —vy}
admits a stationary distribution.
Proof. By lemma 2.2,
S = cone{uy,uz} C cone{—vy, —va}.

Therefore
cone{uy, ug, —v1, —vy} = cone{—v1, —va}.
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The conclusion now follows from proposition 6.11. O

The strict geometry identifies the two one-dimensional regions explicitly: the Lyapunov region
is the complement of the closed strict cone, whereas the direct one-dimensional admissible-
supersolution region is empty.

Proposition 6.14 (strict convex geometry and the collapse of one-dimensional criteria). Assume

0<é<m, l<a<?2.
Then
S C cone{—vy, —v2}.
Consequently,
cone{uy, ug, —v1, —vy} = cone{—vy, —vy}
and hence
Miyap = R? \ cone{—vy, —vy}.

Moreover,

B =0, Msup = 9.
Thus, in the strict case a > 1, the two monotone one-coordinate criteria leave exactly the cone
cone{—wvy, —va}

undecided. The nonexistence proof used below on that cone is the genuinely two-dimensional
Varadhan—Williams construction; the statement here concerns the reach of the two specified
one-coordinate classes and does not assert a general impossibility theorem for every other scalar
construction.

Proof. The first inclusion is lemma 2.2. Since ui,us € S, both wedge generators lie in
cone{—wvy1, —va}. Therefore
cone{uy, ug, —v1, —v3} = cone{—v1, —va}.
Combining this identity with proposition 6.10 gives the displayed formula for 9y,yap-
It remains to prove that B = &. From the first inclusion we get, by multiplying by —1,
—S C conef{vy, v}
Since —S contains nonzero vectors,
cone{vy,v2} N (—=S) # {0}.

By proposition 5.8, this is equivalent to 6 = &. Hence Mg,, = @ by definition. The final
statement follows from the displayed formula for 9 yap. O

Remark 6.15. In the strict regime, no drift in cone{—wv;, —v2} is detected by this one-dimensional
admissible-supersolution criterion.

6.1. A radial Foster—Lyapunov criterion. The preceding Lyapunov criterion uses a linear
height function. The next criterion gives a distinct sufficient condition. It uses the Euclidean
radius and applies in geometries where the drift is uniformly inward in the radial sense and the
reflections do not increase the radial coordinate on the boundary.

Let

Vi(p) :== sup p-u.
ueSNSt

Let the two boundary rays of the wedge be generated by the unit vectors u; and us.

Proposition 6.16 (radial Foster—Lyapunov criterion). Assume o < 2. Suppose

vi(p) <0
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and
vi-uigo, i:1,2.
Then the solution to the Lakner—Liu—Reed submartingale problem with drift yn admits a stationary
distribution. Moreover, for every
0< B < —2w(p),

every stationary distribution w satisfies

/eﬂlz m(dz) < oco.
S

Consequently,
m{|z| >r} < Cge_ﬁr, r>0,

for some finite constant Cg.

Proof. Choose 0 < 8 < —2v,(u). Let n € C*([0,00)) satisfy
n(r)=0 (0<r<1/2), n(r)=1 (r=1), 7'(r)=0,

and choose 1 so that the function
r—s n(r)e’r
is nondecreasing. Set
Vi(2) = n(|z])e .
The function V3 is constant in a neighborhood of the vertex; the plateau removes the possible
nonsmoothness of |z| at 0, so the bounded truncations below are admissible C? tests. On the

boundary ray generated by u;, the radial derivative gives
DiVs(z) = Va(|z]) vi - us < 0.
For Vg, := ¢, (V3), the chain rule gives
DiVgn = ¢ (V) DiVs < 0

on each open face. We also verify the global test-function regularity. The nonconstant region of
Vi is contained in {Vg < n+ 2}. Since Vj is norm-like, the closure of this set is compact. Near
the vertex the function Vs, and hence its truncation, is constant. On the remaining compact
annular part, |z| is smooth, Vg has bounded first and second derivatives, and the fixed profile ¢,
has bounded first and second derivatives. The chain rule therefore gives bounded derivatives of
order at most two. Outside the compact nonconstant region the truncation is again constant.
Thus Vg, € CZ(S), is constant near the vertex, and —Vj,, is admissible.
For |z| = r > 1, writing u = z/|z],

Vg = BePru, AVg = P <52 + f) .
Hence ) 3 . 8
— P . ZR2 4 ) < P T2, P
LVs(z) =e <Bu u+ 25 + 2r> <e <ﬁu*(u) + 26 + 2r> :
Since By (p) + 3682 < 0, there are R < co and § > 0 such that
EV/@)(Z) < —5V5(Z), |z| > R.

On the compact set Kr := S N B, the open-wedge expression £V + 0Vj extends continuously
to the open faces and is zero in a neighborhood of the vertex where Vj is constant. Hence

C:=1+4+ sup (LV3(z)+ 5VB(2))+ < 00,
zeKrNS°

and
EVﬂ < *5‘/5 +CIKR on S°.
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Applying lemma 6.3 to the displayed drift inequality yields, for the bounded truncations Vg,
LV3, < *5¢;(V5)V5 +Clg, on S°.
Then lemma 6.4 gives the uniform averaged bound

T
;/0 E.[Vi(Z,)] ds < Vg(jf‘) + %
Since Vj is norm-like, lemma 6.6 gives tightness of the empirical occupation measures, and the
Feller property and lemma 6.7 yield a stationary distribution; see also |1, Ch. 4].
Under any stationary distribution for the drift p, lemma 6.5 applied to the same bounded
truncations gives

/ngﬂ'SC’/6<oo.
S

Since V = eIl for |z| > 1, this implies

/ Al r(dz) < oo.
S

The tail bound follows from Markov’s inequality. U

Remark 6.17. The radial criterion may overlap with the linear Lyapunov cone. It provides a
nonlinear Foster—Lyapunov test that can be checked directly from radial drift and boundary
tangential signs, and it gives a concrete stationary-existence criterion when radial information is
more accessible than a linear Lyapunov witness.

6.2. An elliptic Foster—Lyapunov criterion. The radial criterion above uses the Euclidean
norm. The next proposition is its anisotropic analogue. It is the probability-side counterpart of
the elliptic-norm admissible supersolution criterion in section C. The signs are reversed: here the
quadratic gauge decreases in the drift direction and does not increase under reflection on the
boundary.

Proposition 6.18 (elliptic Foster—Lyapunov criterion). Assume a < 2. Let QQ be a symmetric
positive definite 2 X 2 matriz and define

palz) = (z"Q2)'"2.

Assume

(EL1) v - Qu; <0, i=1,2,
and

(EL2) Qu e —S,.

Then the solution to the Lakner—Liu—Reed submartingale problem with drift i admits a stationary
distribution. Moreover, if

T )2
mg = min{—(Qu)-z:ZES, pQ(z):1}>O, MQ = supZTiz<OOa
2#£0 % Q=
then for every
2mg
O R
<p< My

every stationary distribution w satisfies

/eﬂp‘?(z)w(dz) < 0.
S
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Proof. First note that (EL2) gives mg > 0, because the set {z € S : pg(z) = 1} is compact and
does not contain the vertex. On S\ {0},

T2
9 2 Q%%
V = < Mo.

Moreover, for z # 0, put

Then u € S, po(u) =1, and

(FL3) - Voa(e) = A = Q) < —mo
Also
(BL4) Apol(z) = tr@ 2TQ?2 < tr@

-~ ra2) pe(2)® T polz)
Fix 0 < 8 < 2mg/Mg and set

1
Aﬁ =mgQ — iﬁMQ > 0.

Choose
t
R > max {1, 2262} .
Then
tr@ 1 B tr @

Let n € C*([0, 00)) satisfy
nr)=0 (0<r<1/2), nir)=1 (=1, (r)=0,

and set

Va(2) = n(pq(z))e’P).
Then Vjp is constant in a neighborhood of the vertex and is norm-like because pg(2) =< |z|. The
plateau again removes the nonsmoothness of pg at the vertex. On the boundary ray generated
by u;, a point has the form z = ru;, and

rv; - Quy;
Dipg(z) = ————— <0
wal?) po(rui) —
by (EL1). Since r + n(r)e" is nondecreasing, we get
DV < 0.

For Vi3, := ¢,,(V3), one has
DiVgn = ¢, (V) DiVs < 0
on each open face. Its nonconstant region is contained in the compact set {V3 < n + 2}, because
Vj is norm-like. It is separated from the vertex except for the neighborhood on which Vjp is
constant. On every compact subset away from the vertex the elliptic norm pg is smooth, and its
first two derivatives are bounded; composing with the fixed smooth functions r +— n(r)e’" and
¢n, therefore gives bounded first and second derivatives. The two constant plateaus complete the
extension through the vertex and outside the compact nonconstant region. Thus Vg, € CZ(9),
is constant near the vertex, and —Vj,, is admissible.
On the region pg(z) > R, where n = 1, we have

1
LV = ePra <,8£pQ + 252|VpQ|2) .
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Using (EL3)—(EL4),
c Voo + 28pg < —mo + 19
pQ = 1-VpQ + 5Apg < —m :
© @2 =TT a0a(2)
Therefore (EL5) yields a constant 6 > 0 such that

LVg < —6Vp (pQ > R).

The set Kr := {2 €5 : pg(z) < R} is compact. The open-wedge expression LV3 + §V3 extends
continuously to each open face, and it vanishes near the vertex because V3 is constant there.

Consequently
C:=1+ sup (LVs(z)+ 5V5(2))+ < 00,
zeKRrNS°
and
(ELG) £V/j < —5V/5 + ClKR on S°.

Applying lemma 6.3 to (EL6) gives, for the bounded truncations Vs,
LV3, < —5¢;1(V5)Vﬂ +Clg, on S°.
The bounded-truncation Foster estimate gives the uniform averaged bound

T z
F [ Bz e < B2 LS

orT 4]

Since V3 is norm-like, the occupation averages are tight, and the Feller property yields a stationary
distribution by lemma 6.7.

Finally, under any stationary distribution for the drift x, applying lemma 6.5 to (EL6) and
the same bounded truncations gives

/ngﬂgC/5<oo.
S

Since Vg = ePPa outside a compact set, the asserted exponential moment follows. U

Remark 6.19. Proposition 6.18 uses an elliptic gauge: for every positive definite (), the level
sets of pg are ellipses, not half-spaces. It gives a stationary-existence test inside regions where
no monotone one-dimensional Lyapunov direction is available. It is also the sign-reversed
probability-side counterpart of the elliptic-norm admissible supersolution criterion in section C.

Proposition 6.20 (two-parameter feasibility form of the elliptic Foster—Lyapunov criterion).
Assume 0 < € < m and o < 2. Write the reflection directions and the drift in the wedge basis as

v; = Ti1u1 + rious, 1=1,2, [ = miui + maus.
Then the hypotheses of proposition 6.18 are equivalent to the existence of two real parameters

x>0, 7€ (—1,1),

such that

(EF1) r11 + 71272 < 0, T22 + 7’21% <0,
and

(EF2) my+morr <0,  ma+ mlg <0.

Consequently, the elliptic Foster—Lyapunov criterion is a concrete two-scalar feasibility test in
wedge coordinates.

Proof. Let Q be symmetric positive definite and set

qi1 = u1 - Quy, q12 = u1 - Qua, g2 = U2 - Qua.



STATIONARY DISTRIBUTION FOR RBM WITH DRIFT IN A WEDGE: EXISTENCE 33

Since ug, us form a basis of R?, the matrix

<Q11 Q12>
qi2  q22
is positive definite. Multiplying @) by a positive scalar does not change any of the sign conditions
in proposition 6.18. Hence we may normalize gq;; = 1. Then there are unique parameters x > 0
and 7 € (—1,1) such that
q22 :$27 qi2 =TX.

Indeed, positive definiteness is exactly g2 > 0 and |qi2| < \/q22.

The boundary sign condition v - Qui; < 0 becomes

ri1qi1 + rieqiz <0,

which is the first inequality in (EF1). For the second face,
-
vy - Qug = (r21u1 + T22u2) - Qua = T21q12 + T22G22 = a? (7'22 + 7’21;) .

Because 22 > 0, the inequality vy - Qua < 0 is exactly the second inequality in (EF1).
Next, Qu € —SY means
(Qu)-u1 <0,  (Qu)-uz <O0.
Since p = miui + mousg, these two inequalities are

miqi1 + magia2 <0, miqi2 + magaa < 0.

After substituting ¢11 = 1, g12 = 7, and ggo = 22, and dividing the second inequality by x2, we
obtain exactly (EF2).

Conversely, given x > 0 and 7 € (—1, 1) satisfying (EF1)—(EF2), define a symmetric positive
definite bilinear form in the basis u1, uo by

2
qi1 =1, gi2 =TT, g2 = x°.

This bilinear form is represented by a unique Euclidean symmetric positive definite matrix Q.
Reversing the computations above gives v; - Qu; < 0 for i = 1,2 and Qu € —SY. The final
assertion follows from proposition 6.18. O

Remark 6.21. The sign pattern in proposition 6.20 is the probability-side analogue of the two-
parameter elliptic-norm supersolution criterion in proposition C.7, with all inequalities reversed.
Both criteria are therefore expressed by explicit two-parameter feasibility inequalities, one for
Foster—Lyapunov existence and the other for admissible-supersolution nonexistence.

Proposition 6.22 (maximality of one-dimensional Foster—Lyapunov functions). Let a € SY.
Suppose that there exists h € C*(]0,00)) such that

h >0, h' >0, h is constant near 0, h(s) > o0 (s — 00),
and such that, for U(z) := h(a - z),
D;U <0 ondS;, 1=1,2,
and there exist constants R, > 0 with
LU(z) < =6 whenever a - z > R.

Then
a-v; <0, 1=1,2,
and
a-u<0.
Consequently, any stationary-existence proof based on a monotone one-dimensional Foster—
Lyapunov function of the form h(a - z) can only produce drifts in My yap.
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Proof. Since a € SY, we have a - u; > 0 for the two boundary generators u;. Because h is
nondecreasing and unbounded, A’ cannot vanish identically; hence there is sy > 0 such that
h'(sp) > 0. For each boundary ray choose
50
a - U;

Z; =

Then a - z; = sg, and the boundary sign gives
0 Z DZU(ZZ) == h,(SO)CL * Vi
Since h/(sp) > 0, we obtain a - v; <0 for i = 1,2.
It remains to prove a - u < 0. Put

1
m:=a- [, d:= §\a|2>0, p:="h.

Choose an interior unit direction u, € S° NS, Since a € SY, one has a - uy > 0. For every
s > 0, the point z; = (s/(a - us))us lies in S° and satisfies a - z5 = s. Since the expression for LU
depends on zs only through s = a - zs, the drift inequality gives, for every s > R,

dp'(s) +mp(s) < —46.
Assume first that m = 0. Then

)
p,(s) S _&> s 2 R7

so p(s) becomes negative for large s, contradicting p = h’ > 0.

Assume next that m > 0. Multiplying by the integrating factor e™s/¢

gives

(ems/dp(s))’ < _gems/d.

Integrating from R to t > R yields
€mt/dp(t) < €mR/dp(R) _ é(emt/d . emR/d)‘
m
Dividing by e™t/@
number, again contradicting p > 0. Therefore m cannot be nonnegative, and hence a - u =m <
0. O

and letting t — oo shows that p(t) is eventually bounded above by a negative

Remark 6.23. This proposition is the probability-side analogue of the maximality theorem for
the direct one-dimensional admissible-supersolution cone. Together, the two results characterize
exactly the drift regions covered by the two monotone one-coordinate classes considered here. They
do not, by themselves, determine the dimension of every possible argument on the complement:
the borderline reflection line is handled by a neutral one-coordinate identity, while the strict
residual cone is handled here by the two-dimensional Varadhan—Williams gauge.

Corollary 6.24 (compatibility of the one-dimensional criteria). Assume0 < { <7 and1 < o < 2.
Then

(6.25) Msup N Miyap = 9.

Consequently, using proposition 6.10,

(6.26) Meup C cone{uy, ug, —v1, —v2}.

Proof. If pn € Myyap, then proposition 6.11 gives a stationary distribution. If at the same time

€ Mgup, then theorem 5.4 gives nonexistence of a stationary distribution. These two conclusions
are incompatible. Hence the intersection is empty. Since proposition 6.10 gives

M yap = R? \ cone{u, uz, —v1, —v2},

the inclusion (6.26) follows. O



STATIONARY DISTRIBUTION FOR RBM WITH DRIFT IN A WEDGE: EXISTENCE 35

Remark 6.25. This corollary shows that the direct one-dimensional nonexistence cone and the
Foster-Lyapunov existence cone are disjoint.

Proposition 6.26 (polar description of the direct nonexistence cone). Assume 0 < < m and
B # F; equivalently, by proposition 5.8, cone{vy,va} N (—=S) = {0}. Then

(6.27) Meup = R? \ cone{—uq, —ug, —vy, —va}.

Equivalently, under the nonemptiness of 8, a drift vector belongs to the direct one-dimensional

nonezxistence region exactly when it is separated by some admissible outward linear functional
from the closed cone generated by the opposite wedge rays and the opposite reflection directions.

Proof. Let
C_ := cone{—uy, —ug, —v1, —v2}.
First suppose p1 € Mgyp. Then there exists ¢ € B such that ¢- p > 0. Since ¢ € SY, we have
c-u; >0 for j = 1,2, and by definition of B we have c¢-v; > 0 for 7 = 1,2. Hence
c-x<0 (x € C-).

If p € C_, this would imply ¢ - p < 0, contradicting ¢ - p > 0. Thus p ¢ C_.

Conversely, assume p ¢ C_. Apply lemma 6.9 to C = C_ and y = p. The resulting vector
¢ # 0 satisfies the stronger normalized relations

c-x<0 (zelC.), ¢ p=|c* > 0.
The inequalities on the generators of C_ give
cou; >0 (j=1,2), cv; >0 (1=1,2).
These inequalities may be non-strict on the wedge generators. By the assumed nonemptiness of
B, choose h € B. For § > 0, set
cs :=c+ 0h.
Then for each j = 1,2,
cs-uj =c-uj+oh-u; >0,
and for each i = 1,2,
cs v =c-v; +6h-v; > 0.
Thus ¢5 € B for every § > 0. Put
dy=c-p=|c*>0.

If h-p >0, then ¢5 - u > dy, > 0 for every § > 0. If h - u < 0, choose

d
0<6< —F—.
2|k - p
Then
dy
c(;-,u:du+5h-u>?>0.
Hence p1 € Mgyp. This proves (6.27). O

Remark 6.27 (polar descriptions of the drift cones). The Lyapunov existence cone and, when
B # &, the direct nonexistence cone have the parallel polar descriptions
MLyap = R? \ cone{uy, us, —v1, —v2},
Msup = R? \ cone{—uy, —uy, —vi, —vs}.
These identities describe exactly what the two monotone one-coordinate criteria decide. They

do not imply that their complement is full-dimensional or that every further argument must be
two-dimensional.



36 ZIRAN LIU

Proposition 6.28 (the region not covered by the two monotone one-coordinate criteria). Assume
0<é<mandl <a<2, and define

(6.28) Rrem := R?\ (MLyap U Meup)-

Then the following more precise alternatives hold.

(i) If a« =1, then

(6.29) Riem = {p:ng -u=0}=2.
This one-dimensional remainder is excluded by the neutral projection argument of proposi-
tion 5.14.
(ii) If 1 < a < 2, then
(6.30) Rrem = Kstr = cone{—v1, —v2}.

This two-dimensional closed cone is excluded by the Varadhan—Williams argument of theo-
rem 7.12.
(iii) Whenever B # @&, put
Diyap := cone{uy, us, —vi, —va}, Dygyp = cone{—uy, —ug, —vy, —va}.
Then
(6.31) RArem = Dryap N Dsup-

Thus Rrem 1S the set left undecided by the two monotone one-coordinate criteria; the argument
that completes the classification depends on the regime.

Proof. If a = 1, proposition 5.10 gives
Miyap = {1 : ng - p <0}, Meup = {p: ng - p >0}

Taking the complement of their union proves (6.29); the final assertion in part (i) is proposi-
tion 5.14.
If 1 < a < 2, proposition 6.14 gives

gﬁLyap = R2 \ Ksth s):nsup =d.

This proves (6.30), and theorem 7.12 supplies the stated nonexistence result.
Finally assume 8 # &. By propositions 6.10 and 6.26,

?mLyap =R’ \ DLyap? msup =R’ \ Dsup-
De Morgan’s law now gives
Rrem = R?\ (R?\ Dryap) U (R*\ Dsup)) = Dryap N Dsup,
which is (6.31). O

Proposition 6.29 (topology of the one-dimensional drift regions). Under the hypotheses of
proposition 6.28, the sets

i)ﬁLyapv msup
are open cones, and Ryem 1S a closed convex cone. Its dimension depends on the regime: it is the
line £ when o = 1 and the two-dimensional cone K, when 1 < a < 2.

Proof. For each fixed witness a € 2, the condition a - © < 0 defines an open half-space; hence
Myyap is open. Likewise, for each fixed ¢ € B, the condition c-p > 0 defines an open half-space, so
Msup is open; when B = J it is the empty open set. Both sets are invariant under multiplication
by positive scalars.

The explicit alternatives (6.29) and (6.30) show that R;epn, is respectively a line or a finitely
generated closed convex cone. This proves all assertions, including the dimension statement. [
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Remark 6.30 (the mechanisms completing the classification). The notation Ryen, records only the
limitation of the two monotone one-coordinate criteria. In the borderline regime the remainder
is lower-dimensional and is resolved by a neutral one-coordinate distributional identity. In the
strict regime the direct supersolution cone is empty, the remainder is the whole closed cone Ky,
and the genuinely two-dimensional quadratic Varadhan—Williams gauge supplies the missing
nonexistence theorem.

Corollary 6.31 (convex existence slice from the separator). Assume
0<é<m, 1<a<2.

Let b be the geometric separator. If

(6.32) b-p>0,

then the solution to the submartingale problem with drift u admits a stationary distribution.

Proof. Set a:= —b. Thena-z>0on S\{0} and a-v; <0fori=1,2. If b-pu > 0, then a-pu < 0.
Apply theorem 6.8. O

Corollary 6.32 (two special geometric sufficient conditions). Assume 0 < & < m and 1 < o < 2.
Each of the following two conditions implies existence of a stationary distribution.

(a) p# 0, and the closed conver cone

cone{uy, ug, —vy, —vg, —u}

is a wedge in R? with opening angle strictly less than 7.
(b) v1 = —va, and ui,uz, —p all lie in one of the two open half-spaces determined by the line
{Av1: A € R}.

Proof. For part (a), put
C := cone{uy, ug, —v1, —vy, —i}.
By hypothesis, C' is a proper closed two-dimensional cone with aperture strictly smaller than 7.
Its dual cone CV has nonempty interior. Choose a € int CV. We first verify that a -z > 0 for
every nonzero x € C. Since a € int CV, there is r, > 0 such that
B, (a) C C".

If, contrary to the claim, a -z = 0 for some z € C'\ {0}, set h = —z/|z|. For every 0 < & < g,
one has a +¢h € CV, but

(a+¢eh)-z=a-x—¢lx|=—¢lz] <0,
contradicting the defining inequality of C'V on the point 2 € C. Applying strict positivity to the
five nonzero generators gives

a-u; >0, a-v; <0, a-pn<0.

Thus a € 2, and proposition 6.11 applies.
For part (b), let L = {Av; : A € R}. Choose the unit normal a to L which is positive on the
open half-plane containing u;, ue, —p. Then
a-up >0, a-ug >0, a-(—p)>0.

Because v9 = —wvy, one also has a-v; = a-vg = 0. Hence a € % and a - u < 0, so proposition 6.11
again applies. U

Remark 6.33. The two sufficient conditions in corollary 6.32 identify two explicit geometric
stationary-existence regimes; both are contained in the single Lyapunov cone of proposition 6.11.
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7. STRICT CONVEX CLASSIFICATION BY THE QUADRATIC VARADHAN—WILLIAMS GAUGE

The strict closed-cone nonexistence theorem is based on the classical Varadhan—Williams
homogeneous harmonic function [7]. Raising this function to the power that makes it two-
homogeneous produces a neutral gauge W = h?/® satisfying D;W = 0, [VW|? < W, and
LW >mg > 0 for u € Kg,. Bounded two-scale cutoffs then localize the gauge near the vertex
and at infinity, so the neutral stationary identity applies without any moment assumption on W.

Lemma 7.1 (Varadhan-Williams harmonic and cone signs). Assume
0<¢é<m, l<a<?2.

Let 61,02 € (—m/2,7/2) be the Lakner—Liu—Reed reflection angles, measured from the inward
normals with positive sign toward the vertex, so that

01+ 0
o= .

§

In polar coordinates on S, define

q(0) := W, h(r,0) == r*q(6).

Then ¢ > 0 on [0,¢],
Ah=0 onS°, Dih=0 ondSy, Doh =0 on 95s.
Moreover there exist constants Cy,Ca > 0 such that, on S\ {0},
(—v1) - Vh = C1r® Lsin((a — 1)8),

and
(—v2) - Vh = Cor® tsin((a — 1)(€ — 0)).
Consequently, for every drift
p € cone{—vy, —va},
one has
w-Vh>0 onS\{0}.

Proof. Let t1 = w1 and to = ug be the unit tangents along the two faces pointing away from the
vertex, and let n; be the inward unit normal on 9.5;. With the angle convention above,

V; = Ny — (tan&i)ti, 1=1,2.

Since o€ = 01 + 0, the angle af — 0; ranges from —60; to 02. Both endpoints lie in (—7/2,7/2),
hence ¢ > 0 on [0,&]. Also ¢ + a?q = 0, so Ah = 0 in the wedge interior.
On 0S1, one has ny = eg(0), t1 = ,(0), ¢(0) = 1, and ¢/(0) = atan 6,. Hence

Dih = r*"{¢(0) — a(tan6;)q(0)} = 0.
On 0855, one has ny = —eg(§), ta = e,-(§), and

= —q tan 6.

Therefore
Doh = 1" {~¢'(€) - atan2)q(€)} = 0.

The derivatives in the opposite reflection directions have the following signs. From the displayed

formula for h,
are! )
Vh = cos [cos(ad — 61)er(0) — sin(ab — 61)eq(6)].

To make the signs independent of any pictorial convention, we compute the two dot products

explicitly. Since
—v1 = (tan6y)e,-(0) — eg(0),
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the elementary identities
er(0) - er () = cos @, er(0) - ep(0) = —sinéb,
eg(0) - e-(0) = sin b, ep(0) - eg(0) = cos @

give the exact formula

ar®™1
<—U1) -Vh = m Sln((@ — 1)0)
For the second face,
1
—v2 = ¢p(€) + (tanbr)e () = —— 5 eo(§ — 02).

Also,
cos(ad — 01)e,(0) — sin(ad — 6)eg(0) = e, ((1 — )0 + 61).
Using eg(p) - er(¢) = sin(y — ¢) and 01 + 02 = o, we obtain

are—l

(—'UQ) -Vh = m Sln((l - a)e + 91 - g + 02)

are=1

=———sin((a—1)(£-0)).

cos 01 cos 6y

The constants in front are strictly positive because 6; € (—7/2,7/2). Moreover,
0<(a—1)0 < (a—-1)§¢< <,

and the same bound holds with 6 replaced by & — 6. Hence both sine factors are nonnegative.
The final assertion follows by writing p = a(—wv1) + b(—v2) with a,b > 0. O

Remark 7.2 (symmetric quadrant check). For the symmetric quadrant model
SZRE_, V1] = —0ou1 + U2, Uy = U] — OUg, o>1,
one has £ = 7/2 and 6; = 6, = arctan(o). Hence
4 arct 2 1
a = M = — <7T—2arctan> ,
0 T o

and the harmonic above becomes
h(r,0) = r*{cos(af) + o sin(ah)}.

The identities in lemma 7.1 reduce to the explicit formulas used in the symmetric critical-ray
computations. This verification fixes the sign convention: positive reflection angle corresponds to
a reflection direction tilted toward the vertex from the inward normal.

Lemma 7.3 (quadratic Varadhan-Williams gauge). Under the assumptions of Lemma 7.1, set
2
8= —, W= hP.
o

Then W extends continuously to S with W(0) = 0, is positive on S\ {0}, is C* in S°, is facewise
C? and locally C?-extendable away from the vertez, is two-homogeneous, and there are constants
0 <c<C < oo such that
cr? <W(r,0) < Cr2.
Moreover
D,W =0 ondS;, 1=1,2,
there is a constant Cy < oo such that

|VVV|2 < CwW  on S° and by continuous extension to the open faces,
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and there exists a constant mg > 0, depending only on the wedge and reflection data, such that
for every drift ;i € cone{—v1, —va},

LW >mg on S° and by continuous extension to the open faces.

Proof. Since h is a-homogeneous, W = h?/® is two-homogeneous. The positivity and continuity
of q on [0,&] give W = 2 and the continuous extension W (0) = 0. Although the intermediate
harmonic h = r®q(6) need not be twice differentiable at the vertex for noninteger «, this causes
no loss: all differentiations of W below are taken in S° and through open-face limits away from
the vertex, while the localized test functions used below are constant near the vertex. Writing
W = r2G(0), with G positive and C? on the compact angular interval, shows that W is smooth
in the interior and up to each open face away from the vertex. Since G' € C?([0,€]), extend G to a
C? function on a slightly larger angular interval. On every compact annulus away from the origin,
the function 7“2@(9), expressed in polar coordinates, gives a C? extension to a neighborhood of
the annular portion of S. Thus W is locally C?-extendable away from the vertex. Moreover,
VW is one-homogeneous with bounded angular coefficient. Hence |[VW|? < Cr? < CyyW. The
boundary identities follow from
D;W = BhP~'D;h = 0.

Because Ah = 0, the chain rule gives
1
LW = BhP - Vh + BB - AP 2| VA2,

The first term is nonnegative by Lemma 7.1. Since 1 < a < 2, one has 1 < 8 < 2, so the second
term is strictly positive. More explicitly, the gradient formula in Lemma 7.1 gives

a2r2a72

2 __
IVh’(T? 9)| - C082 91 )
and hence 5

8—2 2 _ @ B—2
hP=2|Vh|* = o520 q(8)"~~.

Here 8 — 2 < 0, but this causes no singularity because ¢ is continuous and strictly positive on the
compact interval [0,&]. Thus the displayed angular function is continuous and strictly positive,
and therefore has a positive minimum. One may take, for example,

2

in ¢(0)"2 > 0.
cos? 6, o?éggQ( )

mo = 36(5 - 1)

This lower bound comes only from the diffusion term, so it is uniform over all u € cone{—v;, —va}.
(]

Remark 7.4 (uniformity over the closed reflection cone). The lower bound in lemma 7.3 is uniform
over the whole closed reflection cone Ky, = cone{—v1, —v2}, not merely over compact subsets of
normalized drifts. Indeed the drift term

BhPL - Vh

is nonnegative throughout the cone, while the strictly positive constant mg comes entirely from
the diffusion term. Thus no bound on |u| and no normalization of the critical rays is used in the
closed-cone nonexistence theorem.

Remark 7.5 (vertex regularity and fractional powers). The gauge W = h?/® is two-homogeneous
and continuous at the vertex, and the proof does not require differentiability of W at the
vertex. In lemma 7.9, the cutoff F. g is identically zero on [0, ?]; since W < |z|?, the localized
function F; r(W) is constant on a full neighborhood of the vertex. Thus the admissibility and
C’b2 requirements are verified away from the corner and then extended across the corner by this
constant plateau.
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Lemma 7.6 (two-scale cutoff profiles). There exists a constant Cp < oo with the following
property. For every 0 < e < 1 < R satisfying R*> > 2¢2, there is a function F. r € C*([0,0))
such that
For(s)=0 (s<€®), Fop(s)=s (2°<s< R,
F. g(s) = constant (s > 2R?),
and
0<FLy<Cr  |sF/p(s)| <Cr (52 0).

Proof. Choose fixed functions ¢, € C?([0,00)) such that ¢ = 0 on [0,1], ¢(t) = t on [2, ),
¢ >0, and 9 (t) =t on a neighborhood of [0, 1], while 1) is constant on [2,00) and ¢’ > 0. Define

Fon(s) 2¢(s/e?), 0<s<R?,

R(s) =

: R2p(s/R2), s> R

Because R? > 2¢2, the first branch equals s in a neighborhood of R?, while the second branch

equals s in a neighborhood of R?. Hence the two pieces glue to a C? function. The support and
plateau properties follow from the definitions of ¢ and . Finally,

sF!p(s) = (s/e%)¢" (s/e?)
on the inner transition and
sF!'p(s) = (s/R*)" (s/R?)
on the outer transition. The functions t¢” (t), t1)”(t), ¢', and ¢’ are bounded, giving a constant
independent of € and R. U
Lemma 7.7 (vanishing quadratic shells). Let W : S — [0,00) be continuous and satisfy
clz|? < W(z) < C|z?

for some 0 < ¢ < C < co. If w is a probability measure on S with w({0}) = 0, then for every
§ > 0 there exist 0 < e < 1 < R, with R?> > 2¢2, such that

{22 <W <R’} >1-§

and
m({e? < W <22} U{R* < W < 2R?}) < 4.
2 implies

{W <22} | {0} ase O,

Proof. The comparison W =< |z

and

{(W>R?}|@ as Rt oo.
By continuity from above for the finite measure 7, and by the assumption 7({0}) = 0, we have
7{W < 2e%?} — 0 and 7{W > R?} — 0. Choose ¢ so small that 7{W < 2¢2} < §/2, and then
choose R so large that R? > 2¢2 and 7{W > R?} < §/2. The main annulus then has mass
greater than 1 — §. The transition shells are contained in

(W <2e2} U{W > R%},
so their mass is less than 6. O

Remark 7.8 (differential inequalities for gauges). For gauges that are not themselves admissible
test functions, differential identities and inequalities are understood in the open wedge and by
continuous extension to each open face away from the vertex. The stationary argument only
applies these gauges after bounded localization. The localized functions are constant near the
vertex and belong to CZ(S), so their generators are valid bounded test-function generators. Since
any stationary distribution has zero boundary mass by proposition 4.2, the values assigned
to the displayed gauge inequalities on the open faces are immaterial for the final integrals.
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The argument below uses corollary 4.4; the continuous extensions make the boundary-neutral
identities unambiguous.

Lemma 7.9 (localized neutral-gauge tests). Fiz a drift p and let W : S — [0,00) be continuous,
facewise C?, and locally C?-extendable away from the vertex. Assume that, for some constants
0<e<C<oo, Cw < oo, and mg > 0,

clo]* <W(2) < Clal*,
D;W =0 on the open face 0S;, 1=1,2,
IVW|? < CwW on S° and by extension to the open faces,
and
LW >my  on S° and by extension to the open faces.
For 0 <e <1< R with R*> > 22, let F. g be as in lemma 7.6 and set

fe,R = Fe,R(W)-

Then fer € CE(S), 1s constant in a neighborhood of the vertex, is constant outside a compact set,
and satisfies
D;f: r =0 on the open face 0S;, 1=1,2.

Moreover, with
A.r = {2 <W < R?}, T.p:={e? <W <2} U{R? < W < 2R?},

which are Borel sets because W is continuous, there is a constant Cioe < 00, depending only on
Cr and Cyw, such that, on S° and by continuous extension to the open faces,

Lufer = mola,  — Cloclr, 4-

The constant Cyoc is independent of € and R.

Proof. The comparison W = |z|? implies that fe,r is identically zero near the vertex and constant
outside a compact set. On the nonconstant region W € [¢2,2R?], the comparison also bounds |z|
above and below away from zero; hence this region is compact and disjoint from the vertex. The
local C?-extendability of W, a finite cover of this compact set, and the chain rule for F.peC?
give a C? extension of the composition on a neighborhood of the nonconstant region. The
constant plateaus near the vertex and outside the outer compact set then complete the admissible
extension. For each fixed pair (g, R), the compact support of the nonconstant part and the
boundedness of F E’ n F E” r» and the first two derivatives of W on that compact set give bounded
first and second Euclidean derivatives. Hence f. g € CZ(S). No uniform CZ-norm in € or R is
asserted or needed. On the open faces,

Difer= F;R(W)DiW =0.
At the vertex no boundary derivative is needed in the admissibility condition, because f; g is
constant in a neighborhood of the vertex.

On the open wedge, and by continuous extension to each open face away from the vertex, the
chain rule gives

1
Lufen = FLpW)LW + SFp(W) VW,

On Ac g, one has F/ , = 1 and F/p = 0, so L, f- g > mg. On the flat regions W < 2 and
W > 2R?, both derivatives of F. g vanish and the generator is zero. On the transition set T} g,
the first term is nonnegative because F 6’ r > 0and £, W > mg, while

1 1 1
S FUR(V) VW2 2 [ F2(W)|CwW = —CrCiy.
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Thus the asserted lower bound holds with C),c = CrCyy /2. In particular, once the hypotheses
L,W > mg and |[VW|? < Cw W are fixed, the localization error is independent of &, R, and the
size of the drift vector. O

Remark 7.10 (localized cutoff estimates). The conclusion of lemma 7.9 is an integrated-localization
estimate rather than a pointwise supersolution statement. In the outer transition shell the second
derivative of the cutoff may be negative, so the argument uses the uniform lower bound

[’,ufs,R > m(]lAEVR - CloclTE,Ra

together with the fact that the transition-shell mass can be made arbitrarily small under any
probability measure with no atom at the vertex. Consequently the neutral-gauge nonexistence
criterion requires no moment assumption on the unbounded gauge W.

Proposition 7.11 (quadratic neutral-gauge nonexistence criterion). Assume o < 2, so that
the stationary inequality, the zero-vertex-mass conclusion, and the neutral-boundary stationary
equality and boundary-null integration convention of proposition 4.2 and corollaries 4.3 and 4.4
are available. Fix a drift u. Suppose there is a continuous function W : S — [0, 00), facewise C?
and locally C?-extendable away from the vertex, such that for some constants 0 < ¢ < C' < oo,
Cw < oo, and mgy > 0,

clz]? < W(2) < C|z)?, z €8,

DZ'WZO on 851, i=1,2,

IVW|? < CwW on S° and by extension to the open faces,

and
LW >mg  on S° and by extension to the open faces.

Then the submartingale problem with drift p admits no stationary distribution.
Proof. Assume, for contradiction, that 7 is stationary. For 0 < ¢ < 1 < R with R? > 2¢2, let
F. r be given by lemma 7.6, and set

fa,R = FE,R(W)'

By lemma 7.9, the function f; g is a bounded neutral admissible test: it belongs to Cf(S ),
is constant near the vertex, and satisfies D;f. p = 0 on both faces. Hence corollary 4.3 and

m(0S) = 0 give
/ L, ferdr=0.

Only the bounded functions f; g enter this identity; no integrability of W under 7 is assumed.
The same localized-gauge lemma gives, with

Acp={22 <W < R?, T.rp:={?<W<2U{R? <W < 2R?},

the lower bound

Lyufer > mola, z — CloclT, 4
on the open wedge, with continuous open-face extensions. By the boundary-null integration
convention, corollary 4.4, this bound may be integrated against m. Combining it with stationary
equality yields

0 > mom(Ac,r) — Cloem (1% R).
By proposition 4.2, 7({0}) = 0. Applying lemma 7.7 to this W and 7, choose £ and R so that,
for an arbitrarily small § > 0,

W(AsyR) >1-9, 7T(T€7R) < 6.
Taking 0 < mg/(mg + Cloc) gives
mo(l — (5) — Clocd > 0,

contradicting the preceding inequality. Therefore no stationary distribution exists. O
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Theorem 7.12 (nonexistence on the closed reflection cone). Assume
0<¢é<m, l<a<?2.
If
p € cone{—vy, —va},

then the submartingale problem of definition 2.1 with drift © admits no stationary distribution.

Proof. Let W = h%/® be the quadratic Varadhan-Williams gauge from lemma 7.3. For every
drift p € cone{—v1, —va}, that lemma gives
W < |z|?, DW =0 (i=1,2), VW2 < CwW,
and
L,W >my >0 on S°and by continuous extension to the open faces.

Thus all hypotheses of proposition 7.11 hold. The criterion rules out any stationary distribution
for the drift u. O

Corollary 7.13 (strict-regime stationary phase diagram). Assume
0<é<m, l<a<?2.

Write Ky := cone{—v1, —va}. Then the submartingale problem of definition 2.1 with drift p
admits a stationary distribution if and only if

1% ¢ Ky

Equivalently, stationary distributions do not exist precisely for drifts in the closed reflection cone
Kstr-

Proof. If ¢ cone{—v1, —v9}, then stationary existence follows from the strict Lyapunov com-
plement, corollary 6.13. If u € cone{—vy, —va}, then theorem 7.12 gives nonexistence. O

Corollary 7.14 (zero drift and critical rays in the strict regime). Assume
0<E<m, l<a<?2.

Then the submartingale problem of definition 2.1 admits no stationary distribution for zero drift.
It also admits no stationary distribution on either strict critical ray:

w=t(-vy), t>0, or p=t(—-v2), t>0.

More generally, every drift in Kg, = cone{—v1,—va} is on the nonezistence side of the phase
diagram.

Proof. The zero drift and both critical rays are contained in cone{—wv1,—vs}. The conclusion is
therefore the corresponding special case of theorem 7.12, or equivalently of corollary 7.13. [

8. STRUCTURAL AND ELLIPTIC CONSEQUENCES OF THE STATIONARY INEQUALITY

The stationary inequality determines a finite-measure weak elliptic system whose generator
inequality is formulated directly on the open wedge. The symbol 7 is reserved for stationary
distributions of the Markov process, whereas A denotes a finite nonnegative measure solution
of the elliptic system. Every stationary distribution is a probability-measure solution. The
comparison below concerns the corresponding drift-existence regions and does not assert that
every elliptic-system solution is represented by a Markov stationary law.

Definition 8.1 (stationary elliptic system associated with the submartingale problem). Fix a
drift u. A finite nonnegative Borel measure A on S is said to satisfy the stationary elliptic system
for the drift p if the following two conditions hold.
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(E1) The measure has no boundary mass:
A(9S) = 0.

In particular, A({0}) = 0.
(E2) For every admissible f € CZ(S),

LfdA <0.
SO

A solution with A(S) =1 is called a probability-measure solution. The zero measure is allowed
by the definition; all existence and obstruction statements below that concern finite solutions
explicitly require the solution to be nonzero. Every stationary distribution for the reflected
Brownian motion is a probability-measure solution by proposition 4.2.

Remark 8.2 (boundary values of the generator). The weak inequality is written over S°, where
the generator is canonically defined. In view of (E1), it is equivalent to integration over S after
assigning arbitrary bounded Borel values to £, f on 05; those values never affect the integral.

Proposition 8.3 (interior and neutral identities). Let A be a finite nonnegative measure solution
of the stationary elliptic system for the drift . Then

(8.1) . LpdA =0, € C?(S°),
and hence
L, (Alge) =0 in D'(S°).
Moreover, if f € C’g(S) is constant near the vertexr and satisfies
D;f=0 on 0S;, 1=1,2,
then
(8.2) . L, fdA=0.

Proof. If p € C%(S°), then both ¢ and —¢ are admissible because their supports are separated
from the boundary and the vertex. Applying (E2) first to ¢ and then to —¢ gives

LypdA <0, — LypdA <0,
Se Se
and hence (8.1). If f € CZ(S) is neutral, then D;f = 0 on both faces implies D;(—f) = 0, so
both f and —f satisfy the admissibility inequalities. Applying (E2) to the two signs gives

L,fdA <0, - L,fdA <0,
Se Se
which is (8.2). All integrals in these identities are over the open wedge; by (E1) this is equivalent
to any bounded Borel extension of the generator to the boundary. U

Proposition 8.4 (elliptic neutral projection obstruction). Let A be a nonzero finite nonnegative
measure solution of the stationary elliptic system of definition 8.1 for the drift p. Suppose that
there exists £ € R? such that

(-2>0 (z€8\{0}), C-v;=0 (i=1,2), 0-p=0.

Then no such A exists. FEquivalently, the neutral linear projection contradiction of proposition 5.18
1s an elliptic-system obstruction and does not require an underlying Markov stationary law.

Proof. Since 0 < A(S) < oo, define
3. A
TOA(S)
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Then K(@S) =0, and for every admissible f,
~ 1
L dA:/ L,fdA <0.
A G S
Thus A is again an elliptic-system solution. Rename it A, so that A(S) = 1. Let » € C2((0,00)),
extend it by zero to a neighborhood of the endpoint, and put

f(z) =l 2).
Since / is strictly positive on the compact set S N'S!, there is ay > 0 such that £- 2z > ay|z| on S.
Hence f € CZ(S), is supported in a compact subset of S\ {0}, and is constant near the vertex.
Moreover

Dif =@ (l-2)0-v;=0 on 05;.

Thus both f and —f are admissible elliptic-system tests. By proposition 8.3,

0= L, fdA.

SO

The open-wedge generator is

Luf(2) = UG- 2) + (- m)gl (€ 2) = S (0 -2).

Let my be the push-forward of A under z +— £ - z. By (E1) and strict positivity of £ on S\ {0},
this is a finite nonnegative measure on (0, 00) with total mass A(S) > 0. The preceding identity

gives
[, #mtds) =0, pecio)
0,00
By lemma 5.12, m; = 0, contradicting m((0,00)) = A(S) > 0. O

Proposition 8.5 (elliptic direct admissible-supersolution obstruction). Let A be a nonzero finite
nonnegative measure solution of the stationary elliptic system of definition 8.1 for the drift p. If
€ Mgyp, then no such A exists.

Proof. Choose ¢ € B with ¢- p > 0. Since 0 < A(S) < oo, set

~ A
—A(S)
The normalization preserves the boundary-null condition, and linearity gives
~ ~ 1
A(0S) =0 LyofdA=——— L,fdA<0
( ) Y So ,LLf A(S) /So /Jf =

for every admissible f. Rename A as A, so that A(S)=1. Fix § > 0, and let
fs(2) = hs(c- 2)

be the bounded one-dimensional profile from lemma 5.3. It belongs to CZ(S), is constant near
the vertex, and satisfies

D;fs >0 on 08, L.fs>0 onS°,

with strict positivity on S° N {c-z > §}. Hence fs is an admissible elliptic-system test, and (E2)
gives

OZ/ L, fsdA.
SO

Since (E1) gives A(0S) = 0 and the generator is nonnegative in the open wedge, the same integral
is nonnegative. Thus it is zero. If

As :=5°N{c-z> 4}
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had positive A-mass, then the strict positivity of £, fs on As, together with

as=J (asn{ewi=11).

n=1
would force [, go Lyufs dA > 0, a contradiction. Therefore
AMzeS:ic-z2>0}=0, >0,
where the boundary has again been removed by (E1). Because ¢ € SY,
S\{0} = J{z€S:c-2>1/n}.
n>1

It follows that A(S \ {0}) = 0. Together with (E1), this gives A(S) = 0, contradicting the
normalization. Thus no nonzero finite nonnegative measure solution of the elliptic system exists
for p € Meup- O

Proposition 8.6 (elliptic strict closed-cone obstruction). Assume
0<é<m, 1<a<?2,

and let Ky = cone{—vy, —va}. If p € Ky, then the stationary elliptic system of definition 8.1
admits no nonzero finite nonnegative measure solution.

Proof. Suppose that such a solution A exists. Since 0 < A(S) < oo, replace A by A= A/JA(S);
the identities A(0S) = 0 and

~ 1
EfdA:/LfdAgO
g0 " A(S) Jgo "

show that A is again an elliptic-system solution. Rename it A, so that A(S) = 1.
Let W = h?/® be the quadratic Varadhan-Williams gauge from lemma 7.3. For every p € Ky,
that lemma gives

clzP <W(2) <Clz)}, DW=0(i=12), |[VWP?<CwW, L,W>mg>0.
We apply the two-scale estimate at the level of the finite measure and write all parameter choices
explicitly. Condition (E1) gives A({0}) = 0. Fix
L
mo + Cloc.

By lemma 7.7, applied to the probability measure A and to W < |z|?, there are 0 < e < 1 < R,
with R? > 2¢2, such that

(8.3) 0<6<

(8.4) A(Azr) > 1 -0,
(8.5) AT r) <6,
where

Acr=1{22 <W < R?*, T.p={?<W <2*JU{R? <W < 2R?}.
Let
fz—:,R = FE,R(W)'
By lemma 7.9, this function belongs to Cg(S), is constant near the vertex and outside a compact
set, and satisfies D; f- r = 0 on both open faces. Thus both signs are admissible elliptic-system
tests, and the neutral identity in proposition 8.3 gives

(8.6) 0= /S Ly fe,rdA.

The pointwise open-wedge estimate from the same localization lemma is

Lufer > mola, , — Coclr, -
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It may be integrated directly over S°; condition (E1) removes all boundary values. Combining it
with (8.4)— (8.6) yields

0> moA(A&R) — C]OCA(T&R) > mo(l — (5) — Clocd > 0,

where the final inequality is exactly (8.3). This contradiction rules out the normalized solution.
Positive rescaling then rules out every nonzero finite nonnegative solution on Kg,. O

Proposition 8.7 (probabilistic-to-elliptic bridge). Assume o < 2, and let ™ be a stationary
distribution for the reflected Brownian motion with drift u. Then w is a probability-measure
solution of the stationary elliptic system of definition 8.1. Moreover, its interior density is smooth,
strictly positive, and real analytic in S°. If pr = e*?q,, then

Agr = |u*qs  in S°.
Proof. By proposition 4.2,
m(0S) =0
and, for every admissible test function f € CZ(9),

Eufdﬂ:/EHfdﬂ <0.
Se S

The equality of the two integrals uses the boundary-null property and an arbitrary bounded Borel
extension of the open-wedge generator to 0S. These two displayed facts are exactly conditions
(E1) and (E2) in definition 8.1; since m(S) = 1, the measure 7 is a probability-measure solution
of that system.
For every o € C?(S°), both signs are admissible, so proposition 4.7 gives
1
Lpdr =0, T|lse = pr(2)dz, §Ap7r — - Vpr=0.
SO
The density is nonnegative and has total mass one in the open wedge; corollary 4.8 therefore

yields pr > 0 throughout the connected domain S°. Finally, setting ¢ = e™#*p,, the explicit
calculation in proposition 4.9 gives

Aqr = ‘ﬂ‘QQW'
Constant-coefficient elliptic analyticity then gives real analyticity of ¢, and of pr = e**q,. This
proves every assertion of the proposition. O

Proposition 8.8 (interior regularity for elliptic-system solutions). Let A be a nonzero finite
nonnegative measure solution of the stationary elliptic system of definition 8.1 for the drift p.
Then there is a unique smooth function pp on S° such that

Alse = pa(z) dz.
The density is strictly positive and real analytic and satisfies
1
iApA—u-VpAzo in S°.

Moreover, with

one has
Agp = |pqn in S°.

Proof. By proposition 8.3, the restriction 7' := A|go, regarded as a distribution of order zero,
satisfies )
<2A—M-V>T:0 in D'(S°).
Multiply the distribution by the smooth positive function e % and set
Q= e M*T, T = e"*Q.
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The conjugation may be checked directly at the distributional level. If ¢ € C°(S°), then
(A= [u)Q, ) = (T, e (A — |u*)y) .

For ¢ = e7#*1), a direct calculation gives
1 1,
<2A +p- V) =g A= [u)y.

The distributional adjoint equation for T" therefore implies

Thus

A-uPQ=0  nD/(s)
The operator A — |u|? has principal symbol —|¢|? and is elliptic. Elliptic hypoellipticity [3]
first gives Q € C*°(S°), and analytic elliptic regularity [6] then makes this smooth solution real
analytic. Thus @ is represented by a real-analytic function gx on S°. Consequently

T =" qa(2)dz,  pa(z) :=e'Zqa(2)

is the unique smooth, real-analytic density of A in the open wedge, and it satisfies the asserted
adjoint equation. The displayed distributional equation becomes

Aqa = |plPqa
classically.

Since A is nonnegative, py > 0 almost everywhere and hence everywhere by continuity.
Condition (E1) and A # 0 give A(S°) = A(S) > 0, so pa #Z 0. The strong maximum principle |2,
Chapter 3| for %ApA — - Vpa = 0 on the connected domain S° yields pp > 0 throughout S°.
No regularity at the vertex or across the two faces is asserted here. O

Theorem 8.9 (stationary elliptic-system phase diagram). Assume
0<€<m, 1<a<?2.

For probability-measure solutions of the stationary elliptic system in definition 8.1, the following
drift classification holds. In the strict case, Ky = cone{—vy, —va}.

(i) If a« =1, a probability-measure solution exists if and only if
ng - u<O0.
(il) If 1 < a < 2, a probability-measure solution exists if and only if
w ¢ Kt

Equivalently, because the defining conditions in definition 8.1 are homogeneous under multiplication
by positive constants, the same drift classification holds for nonzero finite nonnegative measure
solutions after normalizing by their total mass.

Proof. The existence implications follow from the probabilistic phase diagram, theorem 3.1, and
the bridge proposition 8.7: whenever a stationary distribution exists, it is a probability-measure
solution of the stationary elliptic system.

The nonexistence implications also hold for the elliptic system. The direct admissible-
supersolution obstruction proposition 8.5 rules out probability-measure solutions whenever
€ Meup; in the o = 1 geometry this is exactly the half-plane ng - 4 > 0. That proof uses
only bounded one-dimensional profiles, the boundary-null condition (E1) and the admissible-test
inequality (E2). On the reflection line ng - u = 0, proposition 8.4, applied with £ = n g, rules out
probability-measure solutions directly from (E1) and the neutral identity in proposition 8.3. The
proof uses only compactly supported neutral tests and the finite half-line distribution lemma; it
does not require a Markov realization of the measure.
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In the strict case, let Kg, = cone{—v1, —v2}. The nonexistence implication for every p € K,
including the two boundary rays and g = 0, is the elliptic strict closed-cone obstruction of
proposition 8.6. That proposition is exactly the two-scale Varadhan—Williams bounded-neutral
localization proof rewritten at the level of (E1) and proposition 8.3, so it does not require a
Markov realization of the measure. This proves the asserted probability-measure classification.

Finally, if A is a nonzero finite nonnegative measure solution of the elliptic system, then
A(S) € (0,00), and A/A(S) is a probability-measure solution because the defining conditions
(E1) and (E2) are linear in A. Conversely, every probability-measure solution is a nonzero finite
nonnegative measure solution. The assertion for nonzero finite nonnegative measures is therefore
equivalent to the assertion for probability-measure solutions. O

Corollary 8.10 (drift-level equivalence of probabilistic and elliptic stationarity). Assume
0<¢<m, 1<a<?2.
For a fized drift p, the following three assertions are equivalent.

(i) The Lakner—Liu—Reed reflected Brownian motion with drift . admits a stationary distribu-
tion.
(ii) The stationary elliptic system of definition 8.1 admits a probability-measure solution.
(iii) The stationary elliptic system of definition 8.1 admits a nonzero finite nonnegative measure
solution.

Equivalently, in the borderline case o = 1 these assertions hold exactly when
ng - p <0,
and wn the strict case 1 < a < 2 they hold exactly when
u ¢ Kgiy = cone{—v1, —va}.
The equivalence is at the level of drift regions. It does not assert that each abstract elliptic-system

solution is represented by a Markov stationary law.

Proof. The implication (i)=-(ii) is the bridge proposition 8.7. The implication (ii)=-(iii) is
immediate. Conversely, if (iii) holds, normalization gives a probability-measure solution, and
theorem 8.9 places p in the elliptic existence region. That region is identical to the probabilistic
existence region in theorem 3.1; hence a stationary distribution exists. The two displayed drift
descriptions are the alternatives in theorems 3.1 and 8.9. U

8.1. Interior elliptic equation. By propositions 4.2, 4.7 and 4.9 and corollary 4.8, every
stationary distribution has zero boundary mass and a strictly positive real-analytic density p, on
S° satisfying

1

The ground-state transform p, = e#*q, gives

Aqr = ‘:U"QQW'
The oblique reflection enters through the admissible-test inequalities rather than through a
classical boundary condition for p.

9. CONCLUSION

We have determined the complete stationary-existence region in the convex cases « = 1 and
1 <a<2 At a =1, the sign of ny - u gives the classification. In the strict regime, the
existence region is the complement of Ky, = cone{—v1, —v2}. The proof combines the stationary
inequality with bounded one-dimensional tests, a Foster—Lyapunov compactness argument, and
bounded localizations of the Varadhan—Williams gauge.
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The same bounded-test identities define a finite-measure weak elliptic system with the same
drift phase diagram. Its interior adjoint equation and compatibility consequences provide an
elliptic formulation of the classification without introducing boundary fluxes or unbounded test
functions. The appendices record supplementary compatibility, impossibility, and gauge criteria.
Each of those results is proved in full, but none is used to replace or abbreviate any step of the
phase-diagram proof in the main text.

APPENDIX A. COMPATIBILITY CONDITIONS FOR WEAK ELLIPTIC SOLUTIONS

This appendix records a compatibility consequence of the weak elliptic formulation. A
probability-measure solution of the stationary elliptic system cannot coexist with a local admissible
patching family for the same drift. By proposition 8.7, the same conclusion applies to every
stationary distribution.

Proposition A.1 (elliptic-system solutions obstruct patching). Assume
0<é<m, 1<a<?2,

and fiz a drift vector u € R2. If the stationary elliptic system of definition 8.1 admits a probability-
measure solution for the drift u, then there does not exist any local admissible patching family
for that drift. Consequently, the same obstruction holds whenever the reflected Brownian motion
admits a stationary distribution.

Proof. Assume, for contradiction, that Ag is a probability-measure solution of the stationary
elliptic system and that {fz : 0 < e < ep} is a local admissible patching family for the same drift.
Let r > 0 be the fixed constant in definition 4.12. By the elliptic-system inequality (E2),

(A1) 0> LfedAg.

SO
On S°N By, the patching hypothesis gives Lf. > 0. On S°\ B, one has f. = ®,, and therefore
Lfe = L®,. Hence the pointwise open-wedge inequality

(A.2) Lfe > 1go\p, LD, on S°
holds. Both sides are bounded Borel functions. Integrating (A.2) against Ay gives
(A.3) LfedAg > / L., dAy.

Se 5°\ By«

No boundary value of either generator is involved, because Ag(9S) = 0 by (E1).
By proposition 4.11, the function L&, is bounded and strictly positive at every point of S°.
Since Ag(S°) = 1, its integral is strictly positive. Indeed, with

E,:={2€8°: L,(2) >n"'},
one has S° = Un21 E,; hence Ay(E,,) > 0 for some ng, and
(A.4) L, dNg > ny Ao(Ey,) > 0.

SO

Moreover, 1go\p,. T 1so as € | 0. Monotone convergence applied to the nonnegative function
LP. and (A.4) therefore yields an €; > 0 such that

/ ﬁq)fyd/\0>0, 0<e<er.
5°\ B,

For such ¢, (A.3) contradicts (A.1). Thus no local admissible patching family can coexist with a
probability-measure solution. If a stationary distribution exists, proposition 8.7 makes it such a
solution, proving the final assertion. U
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Corollary A.2 (patching is impossible on the existence cone). Assume
0<¢é<m, 1<a<2.
If 1 € Miyap, then no local admissible patching family can exist for that drift. In particular, if
b-p >0, then no local admissible patching family can exist for that drift.
Proof. Combine proposition 6.11 and corollary 6.31 with proposition A.1. O

Remark A.3 (elliptic interpretation). The local admissible patching family is a supersolution
family for the linear elliptic operator
1
L=p-V+ §A

with oblique inequalities on a singular wedge domain. Thus every stationary existence theorem
yields an obstruction theorem for this elliptic patching problem on the same drift region.

APPENDIX B. LIMITATIONS OF LOCAL ADMISSIBLE CORRECTIONS

We identify two natural correction mechanisms that cannot satisfy the simultaneous admis-
sibility and generator inequalities required by the patching criterion: scalar flattening of the
separator barrier and compactly supported separated-variable corrections built from a positive
angular mode.

B.1. Impossibility of scalar flattening. Assume
0<¢é<m, 1<a<?2,

and fix the separator barrier ®, from proposition 4.11. Define
1 1
Cyi=7b-p+ §V2|b‘2a dy = 5’721512-
The choice of v in proposition 4.11 gives ¢, > 0, and the definition gives d, > 0.

Proposition B.1 (impossibility of scalar flattening). Let g € C?([—1,0]) and define
f(x) = g(24(x)).
If
Lf>0 onS°,
then for every s € (—1,0),
0,4 () + dy (1 + 5)g"(5) > 0.
Equivalently, with
ayi= T H(s) = (1+5)0g(s),
then ay > 0 and
H'(s) >0 forall s € (—1,0).
In particular, if g is constant on some interval [sg, 0] with so € (—1,0), then
g (s) <0 forallse[-1,s0).

Therefore no function of the form f = g(®5) can simultaneously be constant near the vertex,
equal to ®., outside a compact set, and satisfy Lf >0 on S°.

Proof. We have

Vo, = (1 + )b, AD, = ?|b* (1 + @),
thus

LOy=(1+Dy)cy, [V, |* =2d,(1+ @)%
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Applying the chain rule to f = g(®,) yields

Lf = (14 0)(er0/ (@) + (1 + @,)g"(@)).
Since every value in (—1,0) is attained by &, along an interior ray, the assumption £f > 0 and
the displayed chain-rule formula imply

cvg' (8) +dy(1+ 5)g"(s) > 0, —1<s<0.
Writing a., = ¢,/d~, we have

H'(s)=(1+8)"((1+s)g"(s) +ayg(s)) >0, -1<s<0,
so H is nondecreasing on (—1,0). If g is constant on [sg, 0], then H(sg) = 0, and monotonicity
gives H(s) <0 for —1 < s < sp. Since (1 + s)% > 0, this gives ¢'(s) < 0 on (—1, sg, and the
endpoint value at s = —1 follows by continuity when it is needed.
If f were constant near the vertex, then g would be constant on some [sg, 0]. If f = @, outside

a compact set, then along any fixed interior ray we must have g(s) = s on an interval [—1, s,],
hence ¢'(s) = 1 there. This contradicts the preceding inequality ¢’ < 0 near —1. O

B.2. Impossibility of positive-mode compactly supported separated-variable correc-
tors.

Lemma B.2 (positive angular mode). Assume
2
0<é<m, me(zl).

Let 1 solve
W"(0) +mPp(0) =1, $(0) = (&) =0.
Then
P(0) >0 (0<0<E), Y'(0) >0, YP'(€) < 0.

Proof. The explicit solution is

w(60) = 1 — cos(mf) n cos(m&) — 1 sin(mo).

m? m?2 sin(mg)

Writing 6 = m&/2 € (n/2, ), the preceding formula can be rewritten as

b(6) = cosd — cos(m(0 — £/2))

m?2 cos 0

For 0 < 0 < & we have |m(8 — £/2)| < 0; since cos is even and strictly decreasing on [0, 7],
this gives cos(m(f — £/2)) > cosd. Both the numerator and the denominator in the displayed
expression are therefore negative, and hence ¥ (0) > 0. Moreover,

in(m(0 — £/2))

) — sin(m/(
Vo) m cos 0

so ¢'(0) > 0 and ¢’(§) < 0, because cosd < 0. O

9

Proposition B.3 (impossibility of positive-mode compactly supported separated-variable cor-
rectors). Let 1 be the positive angular mode from lemma B.2. Let

n€Ci(esds),  n=0, 90,
and define
x(r, 0) = n(r)r"y(6).
Then
Ax >0 cannot hold on the whole shell SN (Bg, \ Bes)-

Consequently, no compactly supported separated-variable corrector of this positive angular-mode
form can serve as the local correction required in theorem 4.14.
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Proof. A direct polar-coordinate computation yields
A =172 ((r) + $(O) 2" (1) + (2m + D (7)]).
Let 0, € (0,£) be a point at which 1 attains its maximum, and put

U, =Y (0,) = max.
P(0) [oﬁw

The maximum point lies in the open interval because ¢ > 0 on (0,&) and (0) = (&) = 0. If
Ay > 0 everywhere, then evaluating the displayed formula for Ay at 8 = 0, gives
n(r) + W [r2" (r) + (2m 4+ 1)ry/(r)] > 0 for all r.
Set r = e® and h(s) = n(e®). Then
rf(r) = W'(s),  r*n"(r) = h"(s) = (),

so the preceding inequality becomes

h(s) + W, (h"(s) + 2mhk(s)) > 0.
Now define

y(s) := €™ h(s).

Then

Uy (s) + (1 = Wam®)y(s) > 0.
At 6., one has ¢ (6,) < 0. Hence the differential equation for ¢ gives

1 =m2(6,) + " (0.) < m*,.
Hence U,m? — 1 > 0, and the preceding displayed inequality implies

y"(s) > 0.

Thus y is convex. But y = e™*n(e®) is nonnegative, nonzero, and compactly supported. Choose
so with y(sp) > 0. Since y vanishes for all sufficiently negative and sufficiently positive s, choose
a < sp < b with y(a) = y(b) = 0. Convexity gives

b— sg sop—a
<
y(so) < 5—wla) + 5 —

a contradiction. 0

y(b) =0,

APPENDIX C. ADDITIONAL ELLIPTIC-GAUGE CRITERIA

This appendix develops supplementary sufficient conditions for nonexistence based on bounded
monotone compositions or compact localizations of proper gauges. The elliptic-norm criterion
uses pg(z) = (27Q2)Y/?; the cone-quadratic criterion uses boundary-distance coordinates; and
the final criterion treats a general proper gauge. The abstract elliptic-norm and proper-gauge
results require o < 2. Coordinate formulas and cone-quadratic results assume 0 < £ < 7, while
statements concerning the closed reflection cone assume 1 < a < 2. In every case the function
inserted into the stationary inequality is bounded, belongs to Cg(S ), and is constant near the
vertex.

Here @ denotes a symmetric positive definite matrix, pg its elliptic norm, ¢ a cone-quadratic
gauge, and H a general proper gauge. Abstract finite nonnegative measure solutions of the
stationary elliptic system are denoted by A.

Let Q be a symmetric positive definite 2 x 2 matrix and define

po(z) == (7 Q).
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Let u1,us denote the two unit generators of the boundary rays of the wedge. The following two
elementary conditions are used:

(ENl) Uy - Qul > 0, 1= 1, 2,
and
(EN2) QuesSY.

Condition (EN1) is the oblique boundary sign condition for the elliptic norm pg. Condition
(EN2) says that the drift points outward in the Q-dual gauge.

Lemma C.1 (a bounded one-dimensional profile with controlled logarithmic derivative). Let
v >0 and § > 0. There exists hs € CE([0,00)) such that

hs =0 on[0,5/2], hs(r) >0 (r>4),
hg(r) > 0, hs(r) > —~yhjs(r) for allr > 0.

Proof. Choose (5 € C*°([0,00)) such that 0 < {5 <1, (s =0on [0,0/2], (s > 0 on (,00), (5§ =0
outside a compact subset of (6/2,9), and (5 > 0. Define

'
hs(r) :/ Cs(s)e " ds.
0
Then hg is bounded, nondecreasing, and constant near zero. Moreover

hs(r) =Gs(r)e ™", hi(r) = (G(r) = Cs(r))e™™ = —yhg(r).

This proves the lemma. O

Proposition C.2 (elliptic-norm admissible supersolution criterion). Assume a < 2. Assume
there exists a symmetric positive definite matriz Q satisfying (EN1) and (EN2). Then the solution
to the Lakner—Liu—Reed submartingale problem with drift u admits no stationary distribution.

Proof. We construct a vanishing-core admissible contradiction family and then apply theorem 4.16.
The following elementary differential estimates hold for pg. On S\ {0},

Vq(z) =

for some finite constant Mg. Also

(QZ 2
— V M,
po(2)’ ‘ pQ(Z)’ < Mq

trQ 2TQ%2
Apq(2) = - :
pa(z)  po(2)?
In two dimensions the numerator is nonnegative, because after diagonalizing @ = diag(q1, ¢2)
one has

(trQ)(2TQz) — 2T Q%2 = qgo|2> > 0.
Therefore
Apg > 0.
By (EN2), the function z — (Qu) - z is strictly positive on S\ {0}. Hence, on the compact set
(2€ 8 polz) =1},

mo = min -Vpol(z) = min -z > 0.
@ pqo(z)=1, zESlu pQ( ) pq(z)=1, ZES(QM)

Fix z € S\ {0} and put
r:=pg(z) >0, U= ;
Then u € S, po(u) =1, and

- Vpg(z) = Q' = (Qu) -u>mq.
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Consequently,
1
Lpg = p-Vpg+ iA’OQ > mgQ.
Since Mg > 0, fix explicitly any

0<y< 29
< —=.
Mg
Equivalently,
M,

For each § > 0, let hs be given by lemma C.1, and set
f5(2) = hs(pq(2)).

Since h; is constant on [0,d/2] and pg(z) =< |z| on S, the composition f5 is constant in a
neighborhood of the vertex. Away from that neighborhood pg is smooth and Vpg is bounded.
More explicitly, on the nonconstant region one has pg(z) > ¢/2, hence |z| > ¢5 > 0; the possible
singularity of D2pQ at the vertex is therefore absent. A direct differentiation gives, for z # 0,

Q Q2)(Qz)"
DQpQ(Z): _( )( 3) )
pQ(z) pQ(z)
Let Amin; Amax > 0 be the extreme eigenvalues of Q. Since v/ Amin|2| < po(2) < VAmax|2|,
Amax A?naxyz‘g C,
1D%pq(2)|| < ==

+ =T
Y E S ARTRNE
where Cg := Amax/VAmin + Aﬁlax/)\i{ifl. On the nonconstant region pg(z) > §/2, hence |z| >
0/(2v/Amax), and the preceding bound is uniform there. The profile hs has bounded first and
second derivatives. Therefore the chain-rule expressions
Vs =hi(pq)Vpq.  D*fs = hi(pq)Vpq © Vpq + hi(pq) D?pg

are bounded on the nonconstant region, and hence f5 € CZ(9).

On the boundary side 05;, a point has the form z = ru;. Hence
vi-Qz  rv- Quy
P =00~ alm)

>0

by (EN1). Since h§ > 0,
D;fs = h5(pq)Dipg > 0.
Thus f5 is admissible.
Finally, on S\ {0},
1
Lfs = hs(p@)Lrq + 5h5 (@) Vral™.

Using lemma C.1,
M,
Lfs > hs(pq) <mQ - 72@) > 0.

Moreover this quantity is strictly positive whenever pg(z) > J, because then hj(pgo(z)) > 0.
Hence {f5}5>0 is a vanishing-core admissible contradiction family with core function H = pg.
By theorem 4.16, no stationary distribution exists. U

Proposition C.3 (one-parameter feasibility test for the elliptic-norm criterion). Let p # 0. Fix

)
"l
and let ny, be either unit vector perpendicular to e,. For each w € SY satisfying w - p > 0, write
w w
We 1= W - €y, Wy 1= W - Ny, Uy ::ﬁ>0, Buw = ﬁ
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For t € R, define the symmetric matriz Q¢ = Q¢(w) by its matriz in the orthonormal basis

(CRAE
[Qt](eu,nu) = (Z:j ﬁ:) .

Then Qi = w, and Q¢ is positive definite if and only if
_ B

t > to(w) : o
Moreover every symmetric positive definite matriz Q satisfying Qu = w is equal to Q¢(w) for a
unique t > to(w).

For any vector x, write
Te i= T - €y, Ty 1= TNy
Set
Aj(w) ==, (awui,e + ﬁwum) + BuwVinlie, B; := v nUip, 1=1,2.
Then
v; - Quuy = Aj(w) + tB;.

Consequently, the matriz hypotheses (EN1)—(EN2) hold for some symmetric positive definite
matriz Q if and only if there exist w € SY with w - p > 0 and a number t > to(w) such that

Aif(w)+tB; >0,  i=1,2.

Equivalently, after fixing w, the remaining matriz feasibility problem is the intersection of the
open half-line (to(w), 00) with two affine half-line constraints in the single scalar variable t. If in
addition a < 2, any feasible choice yields stationary nonexistence by proposition C.2.

Proof. The identity Q¢p = w follows from the first column of [Qt](c,, n,)
positive-definiteness criterion is the elementary criterion for a 2 x 2 symmetric matrix:

, since p = |ple,. The

ay > 0, at — B2 > 0.

Now let @ be any symmetric matrix with Qu = w. In the basis (e,,n,), the relation Qu = w

fixes the first column of (), and symmetry fixes the first row. Hence only the lower-right entry

remains free, which gives exactly the family Q;(w). Positive definiteness imposes ¢ > to(w).
Finally, for arbitrary vectors z,y, direct multiplication gives

- Quy = xe(awye + Bwyn) + xn(ﬁwye + tyn)-
Taking x = v; and y = u; yields
v; - Qi = 'Uz',e(awui,e + /Bwui,n) + ﬁwvi,nui,e + U Ui = AZ(w) +tB;.

Thus, for fixed w, the two oblique boundary sign conditions v; - Q;u; > 0 are precisely the two
affine inequalities displayed above. Conversely, if a positive definite @) satisfies (EN1)—(EN2),
then w := Qu € SY and w-p = p-Qu > 0, s0 Q = Q¢(w) for the corresponding unique t > to(w).
This proves the matrix feasibility assertion; the stationary-nonexistence conclusion under a < 2
is then exactly proposition C.2. O

Remark C.4. Proposition C.3 turns the matrix part of the elliptic-norm criterion into a concrete
one-dimensional feasibility test once an outward dual vector w = Qpu is chosen. The search is no
longer over all positive definite matrices, but over w € SY and one scalar parameter t. This is
the form in which the criterion can be analyzed inside the closed reflection cone.

Remark C.5. The criterion in proposition C.2 is two-dimensional. The admissible test functions
are not functions of a single linear coordinate, and the level sets are ellipses determined by the
positive definite matrix ). Thus this proposition gives a concrete matrix search problem for
nonexistence inside regions where one-dimensional supersolutions are unavailable.
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Proposition C.6 (finite-dimensional form of the elliptic-norm criterion). Assume 0 < & < 7.

Let
_ (q11 q12
@ (Q12 QQ2>

be symmetric. The matriz hypotheses (EN1)—~(EN2) in proposition C.2 are equivalent to the
feasibility of the following finite-dimensional system.:

(ENFO0) q11 >0, q11922 — Gig > 0,
(ENF1) vi-Qu; >0,  i=1,2,
and

(ENF2) (Qu)-u; >0, j=1,2

In particular, the matriz part of the elliptic-norm criterion is a finite-dimensional semialgebraic
feasibility problem in the three real variables (q11,q12,q22). If, in addition, a < 2, feasibility of
this system implies stationary nonexistence by proposition C.2.

Proof. A real symmetric two-by-two matrix is positive definite if and only if (ENF0) holds. The
boundary condition (ENF1) is exactly (EN1). Since
S = cone{uy,us},
the condition Qu € SY is equivalent to strict positivity on the two generating rays:
(Qu)-u1 >0,  (Qu) uz>0.

This is precisely (ENF2). All constraints are polynomial equalities or inequalities in (q11, q12, ¢22),
with (ENF1) and (ENF2) linear and (ENFO) the positive-definiteness condition. This proves the
claim. O

Proposition C.7 (two-parameter feasibility form of the elliptic-norm criterion). Assume 0 <
€ <7 and a < 2. Then the two wedge generators ui,us form a basis of R?. Write
U = Ti1Ul + Ti2U2, M= miuy + mous.

Then the elliptic-norm hypotheses (EN1)—(EN2) are equivalent to the existence of two real
parameters
x>0, 7€ (—1,1),

such that

(EN3) r11 + 71272 > 0, rog + 7”21% >0,
and

(EN4) my + moTx > 0, mo + ml% > 0.

Consequently, whenever such (x,T) exists, the solution to the Lakner—Liu—Reed submartingale
problem with drift p admits no stationary distribution.

Proof. Let Q be symmetric positive definite. Relative to the basis uy, us, set

qi1 = u1 - Quy, g22 = u2 - Qua, q12 = u1 - Qua.

<Q11 Q12>

412 422

is positive definite, hence q11 > 0, ga2 > 0, and ¢?, < q11go2. Since multiplying Q by a positive
scalar does not change any of the signs in (EN1)—(EN2), normalize ¢11 = 1. Then write

The matrix

q22 = 5627 qi12 =T, x>0, 7€ (*171)'
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Now compute the four relevant signs. First,

v - Qui = (r1ur + r12ug) - Qui = r11q11 + r12q12 = T11 + 7127,
and
vy - Qua = (r21u1 + T22u2) - QU2 = T21q12 + T22G22 = a? (722 + 7"21%) .
Thus (EN1) is exactly (EN3). The two drift-dual coordinates are computed independently as
(Qu) - u1 = p - Qui = miqi1 +maqi2 = M1 + MaTa,
and
(Qu) - ug = p1 - Qug = miqia + magae = 2 (mz + ml%) :

Since SY = {60 :6-u; > 0,0-uz > 0}, condition (EN2) is exactly (EN4).
Conversely, given (x, ) satisfying (EN3)—(EN4), define a positive definite bilinear form in the
basis w1, us by the Gram matrix
1 7z
(Tx x2> )

22(1—7%) >0,
so the form is positive definite and is represented by a unique Euclidean symmetric positive
definite matrix ). For this matrix,

Its determinant is

v1 - Qui =111 + 127,

v - Qug = 2 (7“22 + T21£) ;
(Qu) - ur = my + maTa,
(Qu) - ug = x? (m2 + m1£> )

The first two quantities are nonnegative by (EN3); the last two are strictly positive by (EN4).
Hence @ satisfies (EN1)-(EN2), and proposition C.2 gives nonexistence. O

Remark C.8. Proposition C.7 turns the elliptic-norm criterion into a concrete two-scalar feasibility
problem. This is a convenient normal form for analyzing the reflection cone: x changes the relative
stretching of the two wedge generators, while 7 records the cross-term of the quadratic gauge.
The result is purely linear algebraic and uses no probabilistic input beyond the already-proved
elliptic-norm criterion.

Corollary C.9 (a concrete isotropic elliptic-norm sufficient condition). Assume o < 2 and
pesSY and wv;-u; >0, 1=1,2.

Then the solution to the Lakner—Liu—Reed submartingale problem with drift p admits no stationary
distribution.

Proof. Take Q = I. Then Q is positive definite, Qu = u € SY, and v; - Qu; = v; - u; > 0. Thus
proposition C.2 applies. U

Remark C.10. Proposition C.6 is well suited to the reflection-cone problem because it converts the
two-dimensional supersolution search into an explicit three-variable feasibility problem. Unlike
the one-dimensional direct cone, the conditions involve the full matrix @, so they can hold even
when no admissible supersolution depending on a single linear coordinate exists.

C.1. Elliptic matrix cones and consistency. The elliptic Foster—Lyapunov criterion and
the elliptic admissible-supersolution criterion are two elliptic criteria with opposite signs. Their
drift regions are described explicitly and are consistent with the one-dimensional phase diagram
developed earlier.
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Define the elliptic Foster—Lyapunov cone by
My = {,uER2:EIQ:QT>OsuChthatvi~Qui§0(i:1,2), Q,LLG—S;/},
and the elliptic admissible-supersolution cone by
b = {peR?:3Q = Q" > 0 such that v; - Qu; >0 (i=1,2), Que SY}.

Here the superscript is only a sign mnemonic: the plus cone corresponds to an outward elliptic
gauge and yields nonexistence; the minus cone corresponds to an inward elliptic gauge and yields
existence.

Proposition C.11 (elliptic matrix cones are open and consistent). Assume 0 < £ < 7 and
a < 2. The sets M and im;l are open cones. Moreover:

(i) If p € M, then a stationary distribution exists.
(i1) If p € sm;l, then no stationary distribution exists.
(iii) The elliptic nonezistence cone does not meet the Lyapunov ezistence cone:

+ —
Smeu N MLyap = 2.
(iv) The elliptic Foster cone does not meet the direct one-dimensional supersolution cone:
My N My = 9.
(v) In the strict case 1 < a < 2,
MY, C cone{—v1, —va}.

Thus every drift covered by the elliptic-norm nonexistence criterion in the strict case lies in
the two-dimensional reflection cone.

Proof. We first prove openness and conic invariance. Fix a symmetric positive definite matrix Q.
The condition Qu € SY is an open condition on j, because SY is open relative to R?. The same
is true for Qu € —SY. Therefore, for each fixed admissible @, the corresponding set of drifts is
open. Taking the union over all admissible matrices @) shows that both 91_; and Em;l are open.
If p belongs to either cone and r > 0, then the same matrix ¢ works for ru, since Q(ru) = rQu.
Hence both sets are cones.

Part (i) is exactly proposition 6.18; part (ii) is exactly proposition C.2. If p € SITI;L N M yap,
then (ii) gives nonexistence of a stationary distribution while the Lyapunov theorem gives
existence. This is impossible. Hence (iii) holds. The proof of (iv) is the same: IM_ gives
existence, whereas My, gives nonexistence.

For (v), recall from proposition 6.14 that in the strict case

mLyap = ]R2 \ cone{—vl, —UQ}.

By (iii), Sﬁgl is disjoint from 9Myyap. Therefore it must be contained in Ky, = cone{—wvy, —va}.
|

Remark C.12. The last assertion locates the elliptic-norm criterion within the phase diagram. It
does not extend into the stationary-existence region and, in the strict regime, applies only inside
the cone not covered by the one-dimensional Lyapunov and direct supersolution criteria. It is
therefore intrinsically two-dimensional.

Proposition C.13 (hyperbolic feasibility form of the elliptic criteria). Assume 0 < & < w and
a < 2. Write
U = Ti1Ul + Ti2U2, H=miul + maus.
Define
gy = {(0,0)} U{(y,2) e R?: 0 < yz < 1}.
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Then the elliptic admissible-supersolution criterion of proposition C.7 is equivalent to the existence
of (y,z) € Hyp such that

(H+1) ri1 +ri2y > 0, rog + 1212 > 0,

(H+2) my + moy > 0, mse +mqz > 0.

The elliptic Foster—Lyapunov criterion of proposition 6.20 is, with all four signs reversed, equivalent
to the existence of (y,z) € Hyp such that

(H-1) r11 + 7112y <0, rog + 1212 < 0,

(H-2) my + moy < 0, mo +myz < 0.

Thus both elliptic criteria reduce to linear inequalities in two vartables, constrained only by the
elementary hyperbolic condition (y,z) € Hyyp-

Proof. We first treat the supersolution criterion. In proposition C.7, set
Y =T, z =
If 7 =0, then (y,2) = (0,0). If 7 # 0, then
yz=12€(0,1),

so (y,2) € Hyp. The inequalities (EN3)—(EN4) become exactly (H+1)-(H+2).
Conversely, suppose (y, z) € Sy satisfies (H+1)-(H+2). If (y,2) = (0,0), take 7 = 0 and
any z > 0. If 0 < yz < 1, then y and z have the same sign. Define

T:=sgn(y)/yz € (—1,1), x = % > 0.

Then

T =Y, =z.

-

T

Substituting these into (H+1)-(H+2) gives (EN3)-(EN4). Hence proposition C.7 applies.
For the Foster—Lyapunov criterion, begin with a feasible pair (x,7) in proposition 6.20 and

use the same change of variables

y =TI, 2=

x

The positive-definiteness restrictions again give either (y, z) = (0,0) or 0 < yz < 1, while the four

inequalities (EF1)—(EF2) become exactly (H-1)-(H-2). Conversely, given (y, z) € iy, satisfying

the latter inequalities, take 7 = 0 and arbitrary = > 0 when (y, z) = (0,0); when 0 < yz < 1, set

4
r=sml)viE  v=L

-
Then x > 0, |7] < 1, Tx = y, and 7/x = z. Substitution recovers (EF1)-(EF2), proving the
claimed equivalence for the Foster—Lyapunov criterion as well. O

Remark C.14. The variables y and z are the normalized off-diagonal coefficients in the two
boundary directions. The condition 0 < yz < 1, together with the isolated point (0,0), is
equivalent to positive definiteness after normalization. The feasible set is therefore the intersection
of four half-planes with the hyperbolic region J4y,.

C.2. A symmetric strict model: limits of the elliptic-norm criteria. The hyperbolic
feasibility form identifies the drifts covered by the elliptic-norm criterion. The following symmetric
example shows that a substantial part of the closed reflection cone lies outside this gauge class.
Proposition C.15 (symmetric strict quadrant verification). Let

2
S:R-}-a up = e, Uz = €2,
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and assume
V1 = —0u1 + U2, Vg = Ul — OU9, o> 1.

Write

U= miuy + mous.
Then the elliptic admissible-supersolution cone is empty:

+ _
My, =9
Moreover, the elliptic Foster—Lyapunov cone coincides with the linear Lyapunov cone:
932;1 = meyap = {Uml + mo < 0} U {m1 +omo < 0}.

Consequently, for this symmetric strict model the elliptic-norm criteria do not resolve the closed
reflection cone
cone{ouy — ug, —uj + ous}.

Proof. In the notation of proposition C.13, the coefficients are
1 =—0, Ti2=1, 1ror=1, 719 =—0.
For the elliptic admissible-supersolution criterion, (H+1) becomes
—o+y >0, —o+2z2>0.
Thus any feasible point would have
Yy > o, z > 0.
Since o > 1, this implies yz > 0 > 1, which is incompatible with (y, z) € J#y,. Hence 9)?;51 = g.
For the elliptic Foster criterion, the boundary inequalities are
y <o, z< 0,
and the drift inequalities are
m1 4+ may < 0, ma +miz < 0.
We claim that such (y, z) € Jy,, exists if and only if
omi1+mo <0 or my+omg <O.
First suppose omy + my < 0. Take z = ¢. Then
mo +miz =mo +omq < 0.

Also
Put

If mg = 0, choose y = 1/(20). If mg # 0, choose

1 d
0<e<ming-—,-—, == —e.
€ mm{Qa 2]m2|} y=_-c
Then 0 < y < 1/0, and
d
my + moy = —d — mee < —d + |male < —5 < 0.
Thus yz = oy < 1, 50 (y, 2) € H,yp, and all Foster inequalities hold. Now suppose m; +omso < 0.
Take y = 0. Then
my + may = m1 +omg <0,
and
mi _ mi 4 omg

mg+—=——"-<0.
g o
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Put ~ m
d::—<TTL2+71) > 0.
o
If m; =0, choose z =1/(20). If my # 0, choose

0czemind ! d 1
e<ming —,— ¢, zZ 1= — —E.
20 Q\ml\ o

Then 0 < z < 1/0, and

~ ~ ~ - d
m2+m1z:—d—m15§—d+|m1\€<—5<0.

Thus yz = 0z < 1, so this choice also belongs to 74y, and satisfies all Foster inequalities.
Conversely, suppose that a Foster-feasible (y, z) € J#,, exists, and assume for contradiction
that
omq +mg > 0, mi1 +omg > 0.

If m1, mo > 0, the two drift inequalities force

mi ma
y < —— <0, z < —— <0,
mo mi

so yz > 1, contradicting (y, z) € Hyp. If mi <0 < mg, then omy + mg > 0 gives

2 >0
The second drift inequality gives
z > 2 > o,
contradicting the boundary inequality z < o. If ms < 0 < my, then my + omeo > 0 gives
my
>0,
—ma
whereas the first drift inequality gives
y > >0,
— o

contradicting the boundary inequality y < o. If m; = 0, the two assumed inequalities give
mg > 0. When mo > 0, the second drift inequality is

mo +miz = mo < 0,

which is impossible; when mo = 0, both strict drift inequalities read 0 < 0. If mo = 0, the
assumed inequalities give m; > 0. When my > 0, the first drift inequality is

my + maoy = my <0,

which is impossible; the case m; = 0 was just treated. Finally, mi, ms < 0 makes both om; +ms
and m1 + omy strictly negative. Hence at least one of the two strict inequalities must hold.
Finally, in this model

cone{—v1, —va} = cone{ou; — ug, —uy + ous},
and membership in this cone is exactly
omi +mg >0, mi1 +omg > 0.

Thus its complement is exactly the set displayed above, which is 9., by the strict-regime
geometry. This proves the proposition. U

Remark C.16. The elliptic matrix criteria introduced above are two-dimensional tools, but they
do not by themselves close the symmetric closed reflection cone. In particular, the central drift
direction p || w3 + ug lies inside the closed reflection cone and is not covered by either elliptic
criterion. The Varadhan—Williams gauge is therefore needed to reach the whole closed cone.
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C.3. A general cone-quadratic admissible-supersolution criterion. The symmetric crite-
rion below is a special case of a general cone-adapted quadratic criterion. In Cartesian coordinates
write
si(z,y) ==y, so(x,y) :==sinfx — cosy.
Then
52{5120, 8220},
and Vs; is the inward unit normal on the corresponding face. The normalization v; - n; = 1

therefore gives
D151 = 1, D282 =1.

Proposition C.17 (a general cone-quadratic supersolution criterion). Assume 0 < & <7 and
a < 2, and fix the drift p in the generator L = L,,. Let

q(2) = As1(2)* 4 Bsi(2)s2(2) + Csa(2)?

with real constants A, B,C, and assume that

q(z) >0 (2€S5\{0}).
Set

k12 = D182, ko1 = Dasi,

and

Wy = - Vsj, j=12.
Assume further that

(CQla) B+ 2Ck15 > 0, B +2Ak9 >0,
(CQ1Db) 2Ap, + Bus > 0, By +2Cus > 0,
and

(CQlc) Ag > 0.

Then the Lakner—Liu—Reed submartingale problem with drift p admits no stationary distribution.

Proof. The boundary signs are as follows. On 051, where s; = 0, one has
D1q = s9(BDys1 +2CDys3) = s9(B + 2Cki2) > 0.
On 0855, where sy = 0, direct differentiation gives
Dog = 51 (BD282 + 2AD231) = 51(B + 2Ak91) > 0.
Next compute the drift part. Since
0s,q = 2As1 + Bsao, 0s,q = Bs1 4+ 2C'sa,

we have
- Vg = (2Am + Buz)si + (Bu1 +2Cu2)ss.
By the strict inequalities in the assumptions this is strictly positive on S\ {0}. Together with
Aq > 0, this gives
1
,Cq:,u,~Vq+§Aq>0 on S\ {0}.

To choose a bounded increasing profile while preserving the generator sign, we use the following

quantitative form of the preceding positivity. Let

Yy ={ueS:qu) =1}
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Since ¢ is continuous, homogeneous of degree two, and strictly positive on S\ {0}, the set X, is
compact. The strict drift inequalities imply

dy == min p- Vq(u) > 0.
q = min o q(u)

Moreover
Gy := max |Vq(u)* < oo,
u€dly

and G, > 0 by Euler’s identity u - Vq(u) = 2¢(u) = 2 on %,. For z € S\ {0}, write r, = ¢(2)'/?
and u = z/ry € ¥,. Since Vq is homogeneous of degree one,

e Va(z) =rep-Va(u) 2 redg,  [Va(2)? = 7| Va(u)]* < riGy.
Using also Ag > 0, we obtain

2
Lq(z) > redy > dg V()]

1T G /1+q(2)
because 74/4/1 472 < 1. Thus the required ratio bound holds with ag = dy/Gy. Euler’s identity

also shows that Vq(z) # 0 for every z € S\ {0}, since z - Vq(z) = 2¢(z) > 0.
Fix 0 < a < 4ag. For § > 0, choose a smooth nondecreasing cutoff 15 with 15 = 0 on [0, /2]
and ¥5 = 1 on [4, 00). Define

hj5(s) = 1bs(s)e v I+s hs(s) = / hs(r) dr.
0
Then hs € CZ([0,00)), hs is constant near zero, hs > 0, and

hi(s) =

(z € S\ {0}),

a /
o)
Set
f5(2) := hs(q(2)).
Since ¢ is positive and two-homogeneous on S\ {0}, there are constants 0 < ¢, < Cy < oo and
C1,Cy < 0o such that

Q2 <alz) <GP, VR <Ol D% <G zes.
The plateau of hs on [0, /2] makes fs constant on the neighborhood {¢q < §/2} of the vertex. On
the compact transition set {§/2 < ¢ < ¢}, all terms in the chain rule are bounded. For ¢(z) > 4,
the cutoff satisfies 15 = 1, and hence
B q Z) — e @ 1+q(z), B! Q(Z _ a P 1+q(z).
balz) = e ()] = 5 e

Therefore, on {q > §},
IV f5(2)] < CrlzfeViTeal,

ID25(2)) < —CHEE o /TP gy emov/TFaleT,
2/1 4 ¢q|2|?
The two right-hand sides are bounded on [0, c0) and tend to zero as |z| — co. Combining these
bounds with the compact transition set and the vertex plateau proves f5 € C’g(S ). The boundary
sign follows from D;q > 0:
Difs = h3(a)Dig = 0.

For the generator,

/ 1 " 2 / a 2
Lfs ha(Q)£q+2ha(Q)!Vq\ > hs(q) | Lq 1 Tq\vq!
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The bracket is strictly positive on S\ {0}: by the preceding ratio bound and the choice a < 4ay,
a ay |Vql”
fo— vz (a4 VI g
1~ v =) A
Therefore Lfs > 0, and the inequality is strict whenever ¢ > §, because then hj(q) > 0. Thus
{fs} is a vanishing-core admissible contradiction family, with core function ¢, and theorem 4.16

rules out stationary distributions. O

Remark C.18. The conditions in proposition C.17 reduce the verification of a two-dimensional
cone-quadratic test to finitely many scalar inequalities in the boundary-distance coordinates.
The symmetric strict criterion in section C.4 is obtained by taking s; = x, s = y, and a suitable
asymmetric or symmetric choice of (A, B, ().

Proposition C.19 (two-parameter form of the cone-quadratic criterion). Assume 0 < & < 7 and
a < 2. Keep the notation of proposition C.17. A cone-quadratic gauge satisfying the hypotheses
of proposition C.17 exists if and only if there exist

x>0, T> =2,
such that
(CQ2a) T+ 2xK12 > 0, TT + 2K91 > 0,
(CQ2b) 2u1 + Tpe > 0, Tl + 2zpg > 0,
and
(CQ20) 14 2% — Tz cos€ > 0.

In particular, whenever such (x,T) exists, the submartingale problem with drift p admits no
stationary distribution.

Proof. First suppose that (z,7) satisfies the displayed inequalities, and set
A=1, C = a?, B =rx.

Then

2 2.2
q = 81 + TxS182 + T7s5.

We verify exactly when this quadratic form is strictly positive on {s; > 0,s2 > 0} \ {0}. If s; = 0,
then ¢ = 2%s3 > 0. If 57 > 0, put t = s9/s; > 0. Then

% =1+ rat + %%
51
For 7 > 0, this quantity is at least one. For —2 < 7 < 0, completing the square gives
2 2 2
Lot 422 =a? (14 ) +1--21-T >0
2x 4 4

Conversely, if 7 = —2, then ¢ = 0 at (s1,s2) = (x,1). If 7 < —2, the polynomial 1 + 7t + 22t

has the two positive roots
-T2 -4
— oy > 0,
x

so the form vanishes at nonzero points of the quadrant. Thus strict positivity on the cone is

tL =

equivalent to 7 > —2.
The boundary sign conditions in proposition C.17 become

B+ 2Ck12 = (T + 22K12) > 0,

and
B +2Ako1 = Tx + 2K91 > 0.
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The two drift inequalities become
2Ap1 + Bpo = 2p1 + Tpg > 0,

and
Buy 4 2Cus = x(tp1 + 2xps) > 0.
Finally, since |Vsi| = |Vsa| =1 and Vs; - Vsg = —cos¢,

1
§Aq = A+ BVs;-Vsy+C =1+ 2% — twcos,
which is nonnegative by assumption. Hence proposition C.17 applies.
Conversely, suppose a cone-quadratic gauge
q = As? + Bsysy + Cs>

satisfies the hypotheses of proposition C.17. Positivity of ¢ on the two boundary rays gives A > 0
and C' > 0. Multiplying ¢ by a positive constant does not change any of the signs in the criterion,
so normalize A = 1. Write

B
93:\/5>0, T=—.

x

The preceding equivalence, applied to ¢ = s2 + 725152 + 253, gives 7 > —2. Substituting 4 = 1,
B = 7z, and C = 2? into the boundary, drift, and Laplacian inequalities of proposition C.17
gives exactly the three displayed inequalities in the statement. (]

Remark C.20. Thus cone-quadratic feasibility is a two-parameter semialgebraic problem. Com-
pared with the elliptic-norm criteria, the parameter 7 is allowed to range over (—2, c0), rather
than the positive-definite interval (—2,2) after normalization. This additional freedom allows
cone-adapted quadratics to cover drift regions not reached by elliptic norms.

Corollary C.21 (right or obtuse wedges with positive inward normal drift). Assume
a < 2, g§§<m

Keep the notation of proposition C.17, and assume that the drift has strictly positive inward
normal components,
pr=p- Vs >0, po = - Vsy > 0.

Then the solution to the submartingale problem of definition 2.1 with drift . admits no stationary
distribution.

Proof. We apply proposition C.19 with z = 1. Choose
7 > max{0, —2k12, —2Ko1 }.
Then 7 > —2, and the two boundary inequalities in proposition C.19 hold:
T4 2Kk12 > 0, T+ 2Kk91 > 0.

Because p1, pu2 > 0 and 7 > 0, the two drift inequalities also hold:

2p1 + T2 > 0, T+ 2u9 > 0.
Finally, since £ > 7/2, one has cos¢ < 0, and hence

1+1—7cos&>2>0.

Thus all hypotheses of proposition C.19 are satisfied. O

Corollary C.22 (positive inward normal drift in acute wedges). Assume

a < 2, 0<§<g

and keep the notation of proposition C.17. Suppose
w1 =p-Vsy >0, pa = - Vs > 0.
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If there exists x > 0 such that

2 1+ a?
L(z) := max {0, —2zK12, —/{21} < Ug(z) = T
x

xcos&’

then the solution to the submartingale problem of definition 2.1 with drift u admits no stationary
distribution.

Proof. Choose T € [L(x), Ug¢(x)]. Since L(x) > 0, we have 7 > —2. The two boundary inequalities
in proposition C.19 follow from
T > —2xK19, T > —%.
Because p1, p2 > 0 and 7 > 0, the drift inequalities
2u1 + Txps > 0, T + 2xps >0
are automatic. Finally, since 0 < £ < 7/2, the Laplacian condition is exactly
1+2%—7xcosé >0,

which follows from 7 < Ug(x). Hence proposition C.19 applies. O

Proposition C.23 (closed-form acute feasibility criterion). Assume the hypotheses of corol-
lary C.22. Put

ce :=cos& > 0, a1z := (—K12)+, as = (—K21)+-
Define
L, := max{0, 2a21c¢ — 1}
and
U, = {+OO, 2a1205 < 1,
(2a12¢c¢ — 1)1, 2a12ce > 1.
Then the scalar feasibility condition in corollary C.22, namely the existence of some x > 0 with

2 1+ 22
L(x) := max {0, —2xK12, _/121} < Ug(x) == i
x

xcos’

18 equivalent to
L, <U,.

Consequently, whenever L, < Uy, the solution to the submartingale problem of definition 2.1 with
drift p admits no stationary distribution.

Proof. Since
2 2
max {O, —2TK12, —Fm} = max {0, 2a19x, am} ,
T x

the condition L(x) < Ug(x) is equivalent to the two inequalities

2 2
2&12x§1+x, 2a21S1+x'

l‘C§ X fL’Cg

Writing y = 22, these become
2a12¢ey < 1+, 2a21ce < 1+y.
The second inequality is exactly
Yy 2> L.
For the first inequality, if 2a;2¢¢ < 1, it imposes no upper restriction on y > 0. If 2a12ce > 1, it

is equivalent to
y < (2a12¢e —1)7" = U..



STATIONARY DISTRIBUTION FOR RBM WITH DRIFT IN A WEDGE: EXISTENCE 69

Thus there exists = > 0 satisfying the scalar condition of corollary C.22 if and only if there exists
y = 22 > 0 with L, <y < U,, where the upper endpoint is interpreted as 400 when 2a12c¢ < 1.
This is equivalent to L, < U,. The final assertion follows directly from corollary C.22. U

Proposition C.24 (the interior reflection cone under the cone-quadratic angle condition).
Assume 0 < &€ < m and o < 2. Work in the boundary-distance coordinates associated with
proposition C.17. Assume that

K12 < 0, Kot < 0,
and put
a:=—kio >0, b:=—k91 > 0.
Assume further that
(CQ3a) ab>1
and that the angle—cross-obliqueness inequality
(CQ3Db) a+b—2abcos€ >0

holds. If the drift lies in the interior of the cone generated by the opposite reflection directions,
p € int cone{—v1, —va},

then the solution to the submartingale problem of definition 2.1 with drift u admits no stationary
distribution.

Proof. Since p € int cone{—v1, —vs}, there exist A1, Ay > 0 such that
W= —A101 — Agu2.
In the boundary-distance coordinates,
Dis; =1, Disy = kK13 = —a, Dss| = ko1 = —b, Dysg = 1.
Thus the inward-normal drift components appearing in proposition C.19 are
p1 = - Vsy = —A1 + by, p2 = - Vsg = al; — Aa.

It remains to verify the two-parameter criterion of proposition C.19.
Introduce the variables

.
Yy =TI, z:= —.
x
The two boundary inequalities in proposition C.19 are exactly
z > 2a, y > 2b.
Define
A1 = 2)\1((1[) — 1) > 0, A2 = 2)\2((1() — 1) > 0,
C1 = aA| — A9, C = —A1 + bAo,
and 5 9
Fy = a+b—2abcos 50
a
Choose €1,e9 > 0 so that
. Ay Fo }
C.1 €1 < min< 1, , ,
) <1 T T e
As a’Fy
C.2 €2 < min « a, , ,
(©-2) 2 { 2(1+ |ea])” 20

where the last bound in (C.2) is omitted when b = 0 (here b > 0, so it is finite). Put

y=2b+eq, z =2a+ €9, T = g, T = /Yz.
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Then x > 0, 7 > 0> —2, and z > 2a, y > 2b, so the two boundary inequalities hold strictly.
The first drift expression is

A
2u1 +yp2 = Ay +e1c1 > Ay — e1]er] > 71 > 0,
and the second is
Ao
zZi1 + 2u2 = Ag + e9co > Ay — e3]ca| > 5 > 0.
It remains to verify the Laplacian inequality. In the variables vy, z,
F(y,z):=14+2% —7xcosé =1+ v_ ycosé.
z

A direct subtraction from the value at (2b,2a) gives

1 b€2
F(2b 2 — Fy = — -
(2b+¢e1,2a+e3) — Fy = €1 <2a+52 cos§> o2t o)
Since g9 > 0,
1 bea ko
F(2b 2 — Fy| < — — < —.
|F(2b+ €1, 2a + €2) o\_51<2a+|cos§>—|—2a2< 5
Consequently F(y, z) > Fy/2 > 0. All hypotheses of proposition C.19 now hold with the explicitly
chosen parameters, and the conclusion follows. O

Corollary C.25 (automatic full-interior nonexistence in the strict regime). Assume
0<¢é<m, l<a<?2.

Then, for every drift

i € int cone{—vy, —va},
the solution to the submartingale problem of definition 2.1 with drift v admits no stationary
distribution. This interior cone-quadratic statement is complemented in the main text by the
quadratic Varadhan—Williams closed-cone theorem, which also handles the two boundary rays

{t(~v1) 1t >0} U {t(—va) : t > O}

Proof. Tt is enough to verify the hypotheses of proposition C.24. Let 61,02 € (—7/2,7/2) be the
Lakner—Liu—Reed reflection angles, measured from the inward normals with positive sign toward

the vertex, so that

01+ 0
o= .

§

Let t; = u; and ty = uo denote the unit tangents along the two wedge faces pointing away from

the vertex, and let n; = V1, no = Vsa be the inward unit normals. With this sign convention,

V; = N; — (tan@i)ti, 1=1,2.

Hence, using ni - no = —cosé&, ng - up = sin&, and nj - ug = siné,

K12 = D1ss = no - v1 = —cosé —siné tan 6y,

ko1 = Dos1 =nq - vy = —cos& — sin € tan 6s.
Thus, with a = —k12 and b = —k9y,

a = cos + sin tan 0y, b= cos& + siné tan 0s.
Equivalently,
cos(§ — 0y) cos(§ — 02)
a=——"= b= ———"=~.
cos 01 cos 05

Since 6 4 02 > £ and each 0; < 7/2, one has

&>g—g, i=1,2.
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Together with §; < /2 and 0 < £ < m, this gives

s s .
—§<£—0i<§, 221,2,

and therefore cos(§ — 6;) > 0. Since cosf; > 0, it follows that
a > 0, b>0.

We verify both trigonometric identities. Substitution of the formulas for a, b and the product-to-
sum identity give

(ab — 1) cos B cos O
= cos(& — 01) cos(§ — 03) — cos b1 cos B2

= %[005(25 — 61 — 02) — cos(61 + 92)]
=sin¢ sin(f; + 62 — &).
Writing s = 61 + 05, the second numerator becomes
(a+b—2abcos&) cos b cos b2

= cos(& — 01) cos b + cos(& — 02) cos 01
—2cos&cos(§ —01)cos(€ — 67)

= cos& cos(6y — b2) + cos(§ — s)
— cos§ cos(f1 — O2) — cos€ cos(2€ — s)

= cos(§ — s) — cos& cos(2€ — s)

= sin¢ sin(2€ — s).

The last equality follows by expanding both sides with the angle-addition formulas. Because
1 < a < 2, we have

£ <01+ 0 < 2€.
Therefore
sin(fy 4+ 62 — &) > 0, sin(2¢ — 61 — 62) > 0,
since 0 < 26 — 01 — 03 < £ < w. Consequently,
ab>1, a+b—2abcos& > 0.

The first three inequalities encode the strict reflection-cone geometry S C cone{—v;, —v2}, and
the final inequality is exactly the cone-quadratic angle condition in proposition C.24. That
proposition therefore applies to every drift in the interior of cone{—vi, —va}. O

Corollary C.26 (the cone-quadratic criterion cannot reach the critical rays). Assume
0<¢é<m, l<a<?2.
Let
Ky = cone{—vy, —va2}.
For each k € {1,2} and each t > 0, set
= t(—vg).

Then the two-parameter feasibility system in proposition C.19 has no solution. Equivalently, no
cone-quadratic gauge of the form

q(2) = Asi(2)* + Bs1(2)s2(2) + Csa(2)?
can satisfy the hypotheses of proposition C.17 for a critical boundary-ray drift.
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Proof. We first treat the ray p = t(—v1). In the boundary-distance coordinates,
p1 = p- Vs = —t, p2 = p- Vg = —tKi2.

The trigonometric computation in the proof of corollary C.25 gives

cos(§ —61) cos(§ — 02)
K12 = ———————, Kol = ——————.
cos 01 cos 05
Because 01 + 69 > £ and 03_; < /2,
T

Together with 6; < /2, this gives —7/2 < £ — 0; < 7/2, and therefore cos(§ — 6;) > 0. Also
cosf; > 0 because §; € (—m/2,7/2). Hence

K12 < 0, ko1 < 0.

Thus pa > 0.
Suppose, for contradiction, that there exist z > 0 and 7 > —2 satisfying proposition C.19.
The first boundary inequality gives
T+ 2xK19 > 0.
The second drift inequality gives
T + 2xp2 > 0.
Substituting p; = —t and ps = —tk1o yields
—t(T + 2.73/4312) > 0,
SO
T+ 2xK19 < 0,
contradicting the boundary inequality.
For u = t(—wv2), one instead has
1 = —tkar >0, po = —t,
and the second boundary inequality
T + 2Kk91 > 0
contradicts the first drift inequality
2u1 + Txpg > 0,
which becomes
—t(T.’L‘ + 2/4321) > 0.

Thus the feasibility system has no solution on either critical ray. U

Remark C.27. Corollary C.26 shows that corollary C.25 is sharp within the cone-quadratic class:
this class covers the interior of the strict reflection cone but not either critical boundary ray.

Remark C.28. The criterion in proposition C.24 is a two-dimensional nonexistence statement.
Corollary C.25 shows that, under the Lakner-Liu—Reed strict nonsemimartingale condition
1 < a < 2, its cross-obliqueness/angle hypothesis is automatic. In this independent form, it
applies to the whole interior of the closed reflection cone whenever the cross-obliqueness constants
and the wedge angle satisfy (CQ3b). For right or obtuse wedges the angle term is favorable; for
acute wedges the inequality records precisely how strong the inward cross-obliqueness must be
for the cone-quadratic criterion to cover the full interior of the reflection cone.

Corollary C.29 (nonnegative cross-obliqueness test). Assume 0 < & < m and a < 2. If
K12 2 07 K21 2 05 H1 > 07 Ho > 07

then the solution to the submartingale problem of definition 2.1 with drift u admits no stationary
distribution.
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Proof. Use proposition C.19 with 7 = 0 and any « > 0. The boundary and drift inequalities
follow directly, and the Laplacian inequality reduces to 1 4+ 22 > 0. O

Remark C.30. Corollaries C.21, C.22 and C.29 extract explicitly checkable nonexistence regions
from the cone-quadratic criterion. The right-or-obtuse case requires no sign assumptions on the
cross-obliqueness constants k12 and ko1. The acute case first reduces the question to a single
scalar feasibility inequality in x, and proposition C.23 rewrites that scalar condition as an explicit
comparison between two endpoint quantities L, and U,. If the cross-obliqueness constants are
already nonnegative, the zero mixed coefficient 7 = 0 is sufficient in every wedge angle.

Remark C.31 (comparison of the gauge criteria). The bounded-profile and cone-quadratic criteria
below cover the interior of the closed reflection cone but not its two boundary rays. The latter
are treated by the two-homogeneous Varadhan—Williams gauge in section 7.

C.4. A cone-quadratic supersolution in the symmetric strict reflection cone. Earlier,
section C.2 showed that elliptic norms of the form pg(2) = (27Qz)"/? are insufficiently flexible
in the symmetric strict model. The next result gives a cone-adapted quadratic criterion inside
the reflection cone. The quadratic form used below is positive on the cone S, but it is not
positive definite on all of R?; this is precisely why it escapes the elliptic-norm obstruction of
proposition C.15.

Proposition C.32 (a cone-quadratic nonexistence subcone). Let
SZ]R%F, u) = eq, U = €3,
and
V] = —ouq + us, Vo = U] — OU2, o> 1.
For this model the corresponding Lakner—Liu—Reed parameter is
4 arctan(o)

=——¢c(1,2).
a —— (12

If

W= miui + maus, m1 >0, mg >0,

then the solution to the submartingale problem of definition 2.1 with drift u admits no stationary
distribution.

Proof. The displayed formula for « follows from the angle convention for the quadrant: the
reflection angle on each face is arctan(o), and £ = 7/2. Since o > 1, this gives 1 < a < 2.

Choose

1
O<n< —
" 20

and define the cone-quadratic gauge
g(,y) =xy +n@® +y%),  (z,y) € R
Then ¢(z) > 0 for z € S\ {0}. On the lower boundary y = 0,
Dig=(—0,1)- 2nz+y, =+ 2ny) =(1—20n)x > 0.
On the left boundary =z = 0,
Daq=(1,-0) - (y + 20z, =+ 2ny) = (1 —20n)y > 0.
Moreover 1
Lg=p-Vqg+ §Aq =mi(y + 2nz) + ma(x + 2ny) + 2n.
Since m1, mo > 0, there is ¢y > 0 such that
Lq(z) > 20+ co(x + ) (z = (z,y) € 9).
In particular £g > 0 on S.



74 ZIRAN LIU

1/2

The following uniform ratio bound will be used. Write z = (x,%) and |z| = (2 + y?)/2. Since

q >n|z|? on S and z +y > |z|, the previous lower bound gives, for |z| > 1,
1+ q(2) Lg(2) > Va(2) co(z +y) > coy/7|2]?
On the other hand, |Vq(2)|> < Cy|z|? for a constant C; < co. Hence the ratio
[Va(2)[?
1+q(z) Lq(z)
is bounded outside the unit ball. On SN By, the denominator is strictly positive because Lq > 2n,

and the ratio is continuous. Therefore
\V4 2
Ry :=sup V()| < 00.
ze5 /14 q(z) Lq(2)

Choose explicitly

1
= >0
1+ R,
Then R R
w
1—-—4=1-— 1 __ > _ >0
2 2(1+R,) ~ 2

For each 0 > 0, choose a smooth function
hs : [0,00) — [0, 00)
with the following properties:
hs(s)=0 (0<s<4/2), hs(s) >0 (s> 4),

Wy >0, Bi(s) > ————f(s),

v1i+s

and hg is bounded. One explicit choice is obtained by setting
hi(s) = ¥s(s)e”“VITe,

where 15 is smooth, nondecreasing, vanishes on [0, §/2], is strictly positive on (J, c0), and is equal
to one for large s, and then integrating from zero.

Define
fs(2) = hs(q(2)).
We verify the global Cb2 property quantitatively. Since ¢ is a positive quadratic form on the
quadrant, there are constants ¢y, Cy, C1,Co > 0 such that

cql2? <q(2) < Cylz?,  [Va(x) < Cilzl,  [ID?q(2)] < Co.
The plateau of hs makes fs constant on {¢ < §/2}. On the compact transition set of 15, all
chain-rule terms are bounded. Outside that set,

—w S W —wy/ S
hs(s) = e e, |15 (s)] = 2\/17?6 e

Hence, for all points outside the compact transition set,
IV f5(2)] < CizfemVITeal,

21,2
17152} < 5B e FT 4 gy,
2¢/1+ ¢4l2]

Both right-hand sides are bounded and tend to zero at infinity. Together with the transition-set
bounds and the vertex plateau, this proves fs5 € Cg(S). Since ks > 0 and D;q > 0 on 95;,

D;fs = hg(q)Dig > 0.
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Furthermore, by the chain rule,

1
Lfs = h5(q)Lq + §h§(Q)!Vql2-

Using the differential inequality for hg,
w wR
Lfs > h Lg— ———|Vq*) > hs(q)Lq (1 - =—=2) >0.
fs = a(q)<q QW\W!) J(Q)Q< 5 )2
Moreover, if g(z) > §, then hf(q(z)) > 0, so the last display is strict.

Thus f5 is a vanishing-core admissible contradiction family with core function ¢. Since g(z) > 0
for z # 0 in .S, theorem 4.16 gives the nonexistence of a stationary distribution. (]

Remark C.33. This gives a nonexistence statement in the closed reflection cone that is not
generated by a one-dimensional coordinate and is not covered by the elliptic-norm criteria. In the
present symmetric model, the positive quadrant {m; > 0,ma > 0} lies inside cone{—v1, —va},

since n n
amq mo mi amso
(m1,ma) = ﬁ(o—v -1) + ﬁ(—LU)-

Thus proposition C.32 gives a two-dimensional nonexistence subcone inside the remaining region.
Proposition C.34 (the full interior reflection cone in the symmetric strict model). In the
symmetric strict quadrant model of proposition C.32, assume

U= miuy + moug € int cone{—vy, —vy}.

Equivalently,
omy + mg > 0, mi + omo > 0.

Then the reflected Brownian motion specified by definition 2.1 with drift u admits no stationary
distribution.
Proof. We use an asymmetric cone-quadratic gauge. Let
q(z,y) = zy +ma® +y°,  (2,y) €RE,
where 11, m2 > 0 will be chosen. We first choose them so that

1 1
SQ1 0<m < — O0<n<—
(SQ1) m< g m <5
and
(SQQ) A, = 2mmy + mo > 0, Ay = my + 2na9mg > 0.

We now construct 71,79 explicitly from the two strict cone inequalities
omi1 +mg > 0, mi + omo > 0.

For 71, use the following exhaustive cases. If m; = 0, then mg > 0, and set n; = 1/(40). If
mq > 0 and mo > 0, use the same value. If my > 0 and mo < 0, put

L1 = —ﬂ.
2m1

The inequality mq 4+ omg > 0 gives 0 < L1 < 1/(20); choose

1 1
=-|\Li+—=).
m 2<1+20>

Then 2mymy + mg = 2my(n — L1) > 0. Finally, if my < 0, then mg > 0, and omy + mg > 0
yields

1 mq mi
2l — |mi+mog=mg+ — > —omp + — > 0;
4o 20 20

again set 1 = 1/(40). In every case 0 < 1 < 1/(20) and A, > 0.
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We now construct ne directly. If mg = 0, then m; > 0, and we set 9y = 1/(40). If mg > 0 and
mq > 0, use the same value. If ms > 0 and my < 0, put

L2 = —ﬂ.
2m2

The inequality om; + mg > 0 gives 0 < Lo < 1/(20); choose

1 1
= | Lo+ — ).
72 2(24—20)

Then mq + 2n9ma = 2ma(n2 — L2) > 0. Finally, if me < 0, then my > 0, and m; + omg > 0
yields

1
mi+2(— m2:m1+@>—0m2+@>0;
4o 20 20
again set 7o = 1/(40). Thus in every case 0 < 12 < 1/(20) and A, > 0, proving (SQ1)-(SQ2).
Since 11, m2 > 0, the function ¢ is strictly positive on S\ {0}. On the lower boundary y = 0,
Dig=(—0,1)-2max+y, x4+ 2ny) = (1 —20m)x >0,
and on the left boundary x = 0,
Daqg = (1,—0) - (y + 2mz, v+ 2n2y) = (1 — 20m2)y > 0.
Moreover,
Lq=mi(y+2mz) +ma(z + 2n2y) +m +n2 = Az + Ayy +m + 2.
By (SQ2), this is strictly positive and grows at least linearly in x + y.
It remains to choose a bounded monotone profile whose concavity is sufficiently controlled to
preserve this positive drift. Put 7, := min{n;,n2} > 0 and ¢, := min{A,, Ay} > 0. Then
q(2) 2 mul2l?, La(z) = eu(z +y) +m+ 2

For |z| > 1, since = + y > |z|, this gives

14 q(2) Lg(2) > cor/m 2%
Also |Vq(2)|* < Cyl2|* for some finite constant C;. Hence the ratio
[Va(2)[?
1+ q(z) Lq(2)
is bounded outside the unit ball. On S N Bj it is bounded because £g > 1, + 72 > 0 and the
denominator is continuous and positive. Thus
Va(2)P

Ry :=sup < 00.
€8 /14 4q(z) Lq(z)

Choose explicitly

2
= 0.
w 1+7'\’,q>
Then R R .
w
1-— 1_1-—9 > _->0.
1 11 Ry 2

For each § > 0, let hy € C*°(]0,00)) be bounded and satisfy
hs(s) =0 (0<s<§/2), hs(s) >0 (s> ),

w /

For example, take

hi(s) = ws(s)e” VI,
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where 15 is smooth, nondecreasing, vanishes on [0, §/2], is strictly positive on (4, c0), and equals
one for all large s, and then integrate from zero. This derivative is integrable at infinity, so hs is
bounded.
Set
f3(2) = hsla(2)).
We verify the global CE property explicitly. Since ¢ is a positive quadratic form on the quadrant,
there are constants 0 < ¢; < Cy < oo and C1,Cy < oo such that

calz <a(z) S Cglz?,  |Va(2)| < Cilzl,  [[D%q(2)] < Ca

The plateau of hs on [0,d/2] makes fs constant on the neighborhood {q < ¢§/2} of the vertex.
On the compact transition set on which 1§ # 0, all chain-rule terms are bounded. Outside that

set, s = 1 and
h/ — oW 1+S7 h// _ w _w\/m'
5(8) € ’ 5(8)‘ 2\/m€

Choose ss < oo such that 15(s) = 1 for every s > ss, and put
R := ﬁ
Cq
If |2| > Ry, then q(2) > c4|z|* > ss, so ¥5(q(z)) = 1. Consequently, for every |z| > Rs,

IV £5(2)| < Calzlem Vel

1D f5()) < — 2L o/ | o/ TP,
2y/1+ cql2?
Both right-hand sides are bounded and tend to zero at infinity. The chain rule gives bounded
first and second derivatives on all of S, with continuous extensions to the open faces. Together
with the vertex plateau, this proves f5 € C’g(S ). The boundary sign follows from A > 0 and
D;q > 0:
D; fs = hi(q)Dig > 0.

Finally,

/ 1y, 2 / w 2 / ‘*’Rq
= — > F— > — 2 >
Lfs = hs(q)Lq + Qha(q)IVCJI > hg(q) | Lq 1 ,—1+q|V(J| > hs(q)Lq (1 T ) =0

This inequality is strict whenever ¢(z) > ¢, since then hj(g(z)) > 0 and Lq(z) > 0. Thus {fs5}
is a vanishing-core admissible contradiction family with core function ¢q. Because ¢(z) > 0 on
S\ {0}, theorem 4.16 implies that no stationary distribution exists. O

Remark C.35. The preceding result extends proposition C.32: in the symmetric strict quadrant
model, the cone-quadratic criterion rules out stationarity throughout the entire interior of the
closed reflection cone Ky, = cone{—wv1, —vy}. Together with the boundary-ray analysis supplied
by theorem 7.12, this yields the symmetric strict phase diagram below.

Theorem C.36 (symmetric strict quadrant phase diagram). Consider the symmetric strict
quadrant model

S =TR2, vl = —ouy + uog, Vg = U] — OU3, o> 1.

For every drift 4 = miu1 + moua, the reflected Brownian motion specified by definition 2.1 with
drift p admits a stationary distribution if and only if

1% ¢ Ky
Equivalently, it admits no stationary distribution if and only if

e Kty
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In particular, the two boundary rays of the reflection cone {t(—wv1) : t > 0} and {t(—wv2) : t > 0},
as well as the zero drift, are on the nonexistence side.

Proof. In this model the corresponding Lakner-Liu-Reed parameter is o« = 4 arctan(o) /7 € (1, 2).
The strict-regime Lyapunov geometry gives

M1 yap = R? \ cone{—v1, —va},

so every drift outside the closed cone has a stationary distribution by corollary 6.13. On the
nonexistence side, proposition C.34 gives a cone-quadratic proof for the interior of cone{—v1, —vq}.
The two boundary rays and the zero drift are covered by the Varadhan—Williams closed-cone
theorem, theorem 7.12. Hence all drifts in cone{—v;, —va2} are on the nonexistence side, and the
displayed equivalence follows. Equivalently, this is the symmetric specialization of the general
strict-regime phase diagram corollary 7.13. (]

Remark C.37. The cone-quadratic criterion in proposition C.34 gives a bounded-profile proof on
the open interior of the closed reflection cone. The two-homogeneous Varadhan—Williams gauge
in theorem 7.12 reaches the whole closed cone by a cutoff-and-tightness contradiction rather than
by a pointwise vanishing-core supersolution.

Proposition C.38 (a critical-ray obstruction for quadratic composition gauges). Consider the
symmetric strict quadrant model

S:Ri_, V1] = —0oul + U2, Vg = Ul — OU9, o> 1.
Let the drift lie on one of the two boundary rays of the reflection cone, for instance
w=1t(—v1) = t(ou; — ug), t>0.
Let
q(z,y) = Az® + Bay + Oy’
be a homogeneous quadratic polynomaial such that ¢ > 0 on R%r \ {0}. Suppose that, for some
nonconstant bounded h € C%([0,00)) with ' > 0, the function

f(z,y) = h(q(z,y))

satisfies
DZfZO on 83“ ,CfZO in S°.

Then no such pair (q,h) exists. The same conclusion holds on the other critical ray pu = t(—vs).

Proof. We first prove the assertion for u = t(—wv). Since g(z,0) = Az? and ¢ > 0 on the positive
quadrant away from the origin, we have A > 0. Along the lower boundary y = 0,

Vq(x,0) = (2Az, Bx),
and hence
D1q(z,0) = vy - Vg(x,0) = (—20A + B)x.
If B < 20A, then the boundary inequality D f(x,0) = h/(A2?)(B —20A)x > 0 for all z > 0
would force h/(Az?) = 0 for all > 0, hence A’ =0 on (0, c0), contrary to nonconstancy. Thus

(QG1) B > 20A.
Along the left boundary x = 0, one has
Vq(0,y) = (By,2Cy),  Dq(0,y) = vz - Vq(0,y) = (B — 20C)y.
Positivity of ¢(0,y) = Cy? for y > 0 gives C > 0. If B < 20C, then the boundary inequality
Daf(0,y) = W(Cy*)(B ~20C)y 20,  y>0,
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would imply h’(Cy?) = 0 for every y > 0. Since the map y — Cy? sends (0, 00) onto (0, 00), this
would give i/ =0 on (0, 00), again contradicting the nonconstancy of h. Therefore

(QG2) B > 20C.

Set p(s) = h/(s). Since h is bounded and nondecreasing, p > 0 and p € L'(0,00). It remains
to restrict the generator inequality to the lower boundary ray in the limiting interior sense. At a
point (x,0), put s = q(x,0) = Az%. Direct calculation gives

Lq(z,0) =A+C+1t(20A—B)x=A+C+t(20A — B)\/s/A,
and 2 )
4 B
Ve, 0) = (44% + B2)a? = ===,

Therefore the open-wedge inequality, extended continuously to this open face, implies, for every
s >0,

(QG3) Kspl(s) + (A +C+t(20A - B)M)p(s) >0,
where e
K= % > 0.
Equivalently,
(QG4) J(s)+ R(s)p(s) >0, R(s) = AFCHU20A- B)\/s/A

Ks
For any a > 0, set

M,(s) :=exp </S R(r) dr) , s> a.
Then M, > 0, My(a) =1, and "

(Map)' = Ma(p'+ Rp) 20 on [a,00).
If B> 20A, define

rn = A + C co = M > 0
0 - K 0 - K\/Z
Then . c
R LR
="2-2.
so direct integration gives
S\ 70
(C.3) Mq(s) = (2) " exp{—20(v/5 = Va)}.

Therefore
Ma(s)_l _ aro6—2(:0\/68—7’062(:0\/57

which tends to +o0; in particular its integral over [a, 00) diverges.
If B=20A, then (QG2) gives C' < A, and

A+C
R(s) = ;(LS ., K=2A01+7%).
In this case A4 C ]
S T
Ma = - 9 - S 1
(5) (a) " 24(1+02) — 1402 <

Hence

/ M,(s) tds = a’”/ s "ds = oo.

If p(s«) > 0 for some s, > 0, take a = s,. Since (M,p)’ > 0, we have

Ma(s+)p(s+)

(s) > W, S > Sy.
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The divergence of fsio M,(s)~1 ds contradicts p € L*(0,00). Hence no such s, exists and p =0
on (0,00). Thus h is constant, contradicting the assumption that h is nonconstant.

It remains to transfer this contradiction to the second critical ray without suppressing any
algebra. Let ~

T(z,y) == (y,z), q=qoT,  fi=hog=foT.
The linear involution T satisfies

Tuy = ug, Tuy = uq, Tv1 = vy, Tvy = vy,
and, because T =TT =T,
V(goT)(z) =TVg(T2),  AlgoT)(z) = Ag(T>).
For any C? function g, these identities follow from the chain rule. If u = t(—wv2), then
Tu=t(—Tve) = t(—v1).
Consequently, for ¢ = 1,2,

vi- V(2) = (Twi) - VF(Tz) = vs—i - VI(T2),
so the two boundary inequalities for f at drift ¢(—v2) become the two boundary inequalities for
f after the faces are interchanged. The generators satisfy

(38+ @) fo) = (840 9) siz2)

Thus a pair (g, h) for the second critical ray would produce the pair (g, h) for the first critical ray.
Moreover, ¢(z,y) = Ay?> + Bry + C2? = C2? + By + Ay? is again a homogeneous quadratic
polynomial strictly positive on Ri \ {0}, and h is unchanged. This contradicts the first-ray result.
Hence no such pair exists on either critical ray. O

Remark C.39. This proposition identifies a limitation of the bounded-profile quadratic approach.
Its role is more precise than the closed-cone theorem: it shows that, even on the boundary
rays of the reflection cone, the quadratic-level composition h(g) cannot provide the required
admissible supersolution. The boundary-ray nonexistence is therefore supplied instead by the two-
homogeneous Varadhan—-Williams gauge and the cutoff-and-tightness argument of theorem 7.12.

C.5. A proper-gauge criterion beyond cone quadratics. The cone-quadratic gauge above
is explicit, but it is not the only possible two-dimensional gauge. The next criterion gives a
sufficient logarithmic-gradient condition for the bounded-profile argument.

Proposition C.40 (a proper-gauge admissible supersolution criterion). Assume o < 2 and fix
the drift p in the generator L = L. Let H : S — [0,00) be continuous, facewise C? and locally
C?-extendable away from the vertex, and proper on S. Assume

H(0) =0, H(z)>0 (z€S\{0}),
that the open-face derivatives satisfy
D;H >0 on9S;\{0}, i=1,2,
and that there exists ng > 1 such that, on S° and by continuous extension to the open faces,

nH 2
C4 LH(z) > —————|VH(2)|".
(©4) ()2 gt VHE)
Assume also that |VH(z)| > 0 on S\ {0}, again through the open-face extensions. Finally,
assume that, for some exponent py € (0,ng — 1),

(C.5) %£O+H@»W”HVH@N<w,

(C.6) sup (1 + H(z))*pH*IHDzH(z)H < 00, sup (1 + ]'17(,27))*1”'7{*2]VH(Z)|2 < 00,
z€S° z€S°
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with the same bounds for the continuous open-face extensions. Then the solution to the sub-
martingale problem of definition 2.1 with drift i admits no stationary distribution.

Proof. Let pg € (0,ng — 1) be as in (C.5)— (C.6). For § > 0, choose ¢s € C*°([0, 00)) such that
0<s<1,95>0,1s=00n[0,§/2], 1bs > 0 on (J,00), and 15 = 1 outside a compact interval.
Define

By(s) = ds(s)(1+ )P0 hs(s) = /0 W) dr.

Because py > 0, the function (1 + s)™P#~! is integrable at infinity; hence hgs is bounded. It is
constant on [0,8/2], belongs to CZ([0,00)), and satisfies

pf—:_sl i ()

Set fs = hg o H. Continuity of H and H(0) = 0 show that fj is constant on a neighborhood of
the vertex.

We verify the global C’g regularity rather than referring only to the decay of the profile. Choose
Rs so large that 15 = 1 on [R5, 00). On the compact set {6/2 < H < Rs}, local C%-extendability
of H, a finite covering, and the bounded derivatives of hs give bounded first and second derivatives
of fs. On {H > Ry},

Ws(H) = (1+ H)™= R (H)| = (p + 1)(1+ H) P2,

(CT) BYs) = 51+ 9) 77— (o + D)1 +9) 7 >

Consequently,
IVfs| < (1+H)™PE~|VH|,
ID?f5)| < (pu + 1)(1 + H)PH 2|\ VH? + (14 H) P2~} | D2H]|.

The three bounds in (C.5)— (C.6) make the right-hand sides uniformly bounded and give the
corresponding continuous open-face extensions. On {H < §/2}, the function is constant. These
three regions cover .S, and therefore f5 € C’E(S ).

Since ks > 0 and D;H > 0,

Difs = hs(H)D;H >0  on dS;,

so fs is admissible. In the open wedge the chain rule and (C.7) give

1
Lfs=hs(H)LH + §h§(H)|VH|2

+1
> ni(H) (cH - PET " vpp)?
> () (et - PP

ng—pa — 1, 2
> —————h5(H)|VH|* > 0.
The coefficient ng — pg — 1 is strictly positive. If H(z) > 6, then ¢s5(H(z)) > 0, hence
hs(H(z)) > 0; the assumption |VH(z)| > 0 then makes the final display strict. Thus {fs}s=o is
a vanishing-core admissible contradiction family with core function H. The conclusion follows
from theorem 4.16. O

Remark C.41. The condition (C.4) is a logarithmic-gradient domination condition. If f = h(H)
is to be bounded and increasing, then A’ must be integrable at infinity, so a negative second
derivative of order at least (1 4+ H)~'h’ is unavoidable for standard bounded profiles. Thus an
admissible gauge of this form must make £LH dominate |VH|?/(1 + H) with margin strictly
larger than one. The usual homogeneous quadratic gauges therefore fail at the critical rays
whenever they attain or fall below this threshold.

C.6. Relation of the gauge criteria to the phase diagram. The criteria in this section
have a common form: a gauge is chosen so that, after a bounded monotone profile or a compact
localization, it becomes an admissible test whose generator is nonnegative and strictly positive



82 ZIRAN LIU

outside a core shrinking to the vertex. The elliptic-norm criterion uses an elliptic distance pg,
the cone-quadratic criterion uses the boundary-distance variables s1, s2, and the proper-gauge
criterion records the abstract logarithmic-gradient condition under which the same bounded-
profile argument works. The finite-dimensional and two-parameter formulations are algebraic
ways of checking the displayed sign hypotheses.

The preceding results give several explicit gauge criteria for the weak oblique elliptic system.
In the strict regime, bounded cone-quadratic profiles yield nonexistence throughout the interior of
the reflection cone, whereas the two critical rays and the zero drift require the Varadhan—Williams
gauge of section 7. The symmetric strict quadrant model provides an explicit instance of this
distinction.

The preceding results identify the elliptic consequences of the admissible-test inequalities. The
drift classification itself follows from the Foster—Lyapunov existence theorem, the borderline
projection argument, and the Varadhan—Williams closed-cone nonexistence theorem.
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